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Special Issue on High Polymer Physics 


The following eight papers were presented at the meeting of the Division of High-Poly- 
mer Physics of the American Physical Society in Chicago, November 24-25, 1950. 


Stress-Temperature Studies of Transitions in Rubbers* 


RoBert S. WITTEt AND ROBERT L. ANTHONY 
Department of Physics, University of Notre Dame, Notre Dame, Indiana 


The stress-temperature method was employed as a means of studying the apparent “second-order” 
transition occurring in rubbers. The rubbers studied were a natural rubber gum, a butyl gum, a loaded 
GR-S, and a loaded Hycar OS-10. Pronounced stress relaxation was observed for all rubbers at temperatures 
not too far below the transition region, but not at temperatures a few degrees above the transition. For both 
the butyl and the Hycar OS-10 rubbers the transition temperature was observed to depend strongly upon 
extension, the transition temperature decreasing with increasing sample extension. No such dependence 
upon extension was observed for the natural rubber stock. Comparison data were also obtained from volume 
dilatometric studies. With the exception of the data for natural rubber, the transition temperatures deter- 
mined by the volume dilatometric method were somewhat lower than the lowest values obtained in the 


stress-temperature studies. 





INTRODUCTION 


ONSIDERABLE attention has been devoted in 
recent years to the problem of the ‘“‘second-order”’ 
transition occurring in rubbers and other high polymeric 
materials. The phenomenon may be described briefly as 
follows. When a high polymeric material is cooled to a 
sufficiently low temperature, it becomes hard and brittle. 
At higher temperatures it is soft and flexible, and fre- 
quently possesses rubber-like qualities. In passing from 
the rubber-like region to this vitreous or glassy region 
many of the physical properties of the material undergo 
very distinct changes within a rather narrow tempera- 
ture interval. For example, in this transition tempera- 
ture region, comparatively abrupt changes in slope are 
observed in plots of volume versus temperature, stress 
versus temperature, and heat content versus tempera- 
ture. These in turn lead to seemingly discontinuous 
changes, in the same temperature region, in plots of 
the volume coefficient of thermal expansion, the tem- 
perature coefficient of stress, and the specific heat, 
* Supported in part by the ONR. 
t Section of a dissertation submitted to the Graduate School of 


the University of Notre Dame, Notre Dame, Indiana, in partial 
fulfillment of the requirements for the Ph.D. degree. 


respectively, as functions of temperature. Since approxi- 
mately discontinuous changes occur in the first deriva- 
tive thermodynamic quantities, but not in the primary 
quantities themselves, this phenomenon is commonly 
termed a “second-order” transition. In sharp contrast 
to a first-order thermodynamic transition, this second- 
order transition involves no latent heat, and x-rays 
show no accompanying structural changes. 

Some authors believe that the transition is a true 
thermodynamic transition of the second order. Buch- 
dahl and Nielsen! have recently argued in favor of this 
interpretation. They believe that the assumption of a 
thermodynamic transition is necessary to explain the 
observed phenomena and that a complete explanation is 
not possible solely in terms of a relaxation theory. 
According to Buchdahl and Nielsen, the hypothesis of 
a thermodynamic transition of the second order is in 
agreement with experimental results and does not rule 
out the possibility of dispersion or rate effects. 

Other workers treat the transition as one from an 
equilibrium to a nonequilibrium state, and speak of an 
“apparent” or “pseudo” second-order transition to dis- 


1 R. Buchdahl and L. E. Nielsen, J. Appl. Phys. 21, 482 (1950). 
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Fic. 1. Schematic of system. 


tinguish the phenomenon from a true thermodynamic 
transition. They interpret the second-order transition 
temperature as being the temperature at which the rate 
of attainment of equilibrium is of the same order of 
magnitude as the time scale of the experiment. Since 
most physical experiments have about the same time 
scale, the transition temperature, according to this 
picture, appears to have a rather uniquely defined 
value. Attention is frequently called to the fact that 
for many materials the transition temperature is the 
temperature at which the viscosity attains a value of 
about 10" poises. Thus, the transition region is some- 
times referred to as an “‘iso-viscous” state for all high 
polymeric materials. This general point of view, namety, 
that the transition is not an equilibrium transition in 
the thermodynamic sense but instead results from a 
rate process, is the one adopted by Fox and Flory? in 
a recent paper. However, on the basis of their work with 
polystyrene fractions they conclude that the transition 
region should more properly be classified as an “‘iso- 
free volume” state rather than an “‘iso-viscous” state. 

For a comprehensive review and discussion of older 
work upon this subject, reference should be made to 
the review article of Boyer and Spencer.’ 

Past experimental studies of the second-order transi- 
tion have been carried out in many different ways. 
Among the principal methods employed have been index 
of refraction studies, dielectric constant studies, and 
volume dilatometric studies; the last named method 
has been employed in a large percentage of the studies. 
In the hope that a different method of study might 
yield some new results of interest and shed further 
light on the problem, the stress-temperature method 
was selected for the study of this transition in rubbers. 
This method is also an interesting one for the following 
reason. The existence of free or quasi-free rotations of 
molecular groups about the single carbon-carbon bonds 
in the long chain molecules is a basic requirement of all 
modern statistical theories of rubber-like elasticity. 
Thus, the temperature above which typical rubber-like 

2 T. G. Fox and P. J. Flory, J. Appl. Phys. 21, 581 (1950). 


?R. F. Boyer and R. S. Spencer, Advances in Colloid Science 
(Interscience Publishers, Inc., New York, 1946), Vol. II, pp. 1-51. 
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behavior is first observed in this method of study (e.g, 
increase in stress with increase in temperature for M 


» sample held at a constant length) should represent the 


temperature at which such rotational motions begin. 
This method is described in the next section. 


EXPERIMENTAL ARRANGEMENTS 


The stress-temperature method of study is an old one 
and has been used by a number of workers. Meyer and 
Ferri* were among the first to employ the method in 
the study of rubbers. Their work was concerned pri- 
marily with an experimental investigation of the equa- 
tion of state of natural rubber gum compounds. How- 
ever, one of their published stress-temperature curves 
namely, one for a 350 percent extension of an 8 percent 
rubber-sulfur gum stock, does show a sharp transition 
at about —50°C. The method has since been employed 
in this laboratory (Anthony, Caston, and Guth;® Peter- 
son, Anthony, and Guth® and at the National Bureau of 
Standards (Roth and Wood;’ Wood and Roth’) in 
studies of the equation of state for synthetic and 
natural rubbers. Second-order transitions were not ob- 
served in these studies, however, owing: to the higher 
temperature ranges employed. 

In this method the sample is stretched to the desired 
extension at room temperature (or at the highest tem- 
perature to be employed in the experiment), and is then 
held at constant length at that temperature until the 
time rate of relaxation of stress becomes negligibly 
small. The time required for the attainment of this 
relative equilibrium at a given temperature depends 
upon the rubber being studied and the extension. It may 
be anywhere from 6 to 24 hours. The temperature is then 
lowered in steps, the length being held constant, and the 
stress is observed as a function of the temperature. 

A schematic diagram of the apparatus used in the 
present work is shown in Fig. 1. The sample G is 
attached to the bottom of the brass doubled-walled 
tank H by means of a clamp. The top end of the sample 
is connected to one side of the balance arm E by means 
of a thin piece of piano wire F. To the other end of the 
balance arm are fastened a number of chains D, the 
number and size of the chains employed being deter- 
mined by the sensitivity desired in a particular run. The 
other ends of the chains are attached to the arm J, 
which is driven up or down by means of the balancing 
motor I. A mirror M is placed so that it will rotate 
slightly under the influence of the up and down motion 
of the balance arm. When the system is not balanced, 
light from lamp L is reflected from the mirror to the 
proper half of the double photocell N, causing the 
balance motor to raise or lower arm J as required to 

*‘K.H.M i i 
reprinted in Robber Chem, Teckel $. TT) (1938). ae 


* Anthony, Caston, and Guth, J. Phys. Chem. 46, 826 (1942). 


6 Peterson, Anthony, and Guth ; 
(1942). y, and Guth, Ind. Eng. Chem. 34, 1349 


7 F. L. Roth and L. A. Wood, J. Appl. Phys. 15, 749 (1944). 
*L. A. Wood and F. L. Roth, J. Appl. Phys. 15, 781 (1944). 
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STRESS-TEMPERATURE STUDIES OF TRANSITIONS 


restore balance. (The balancing motor and its driving 
amplifier were “borrowed” from an old Brown Elec- 
tronik circular chart recorder. The error signal from the 
twin photocell was amplified and fed to the driving 
amplifier.) A pen B attached to arm J provides a 
continuous trace on a chart mounted on the rotating 
cylinder A. The chart cylinder is rotated by a syn- 
chronous motor at the rate of one revolution per hour. 
The total motion of the balance arm is stopped down to 
about 0.005 centimeter, thus insuring that the sample 
length remains practically constant during a run. The 
system is calibrated at the end of each run by removing 
the sample, hanging various known weights on the 
front of the balance arm, and observing the trace on 
the chart when balance is obtained. 

Temperatures inside the sample tank (from about 
+30°C to —70°C) were maintained by controlling the 
temperature of the liquid circulating between the walls 
of the double-walled brass tank. The system employed 
is shown schematically in Fig. 2. The circulating liquid, 
ethyl alcohol, can flow to the test chamber by either 
of two paths. One path leads directly to the test cham- 
ber, while the second path leads through a coil immersed 
in a cold reservoir or tank. The cold tank is a large 
Dewar flask kept filled with a mixture of finely cracked 
dry ice and ethyl alcohol. By properly adjusting the 
amount of flow through each valve any temperature 
from room temperature down to —70°C may be ob- 
tained in the test chamber. In practice, the valves are 
set to produce a temperature in the test chamber 
slightly lower than desired, and the heating coil, shown 
in the figure, is employed to bring the temperature to 
the desired value. Temperatures in the test chamber are 
recorded and controlled with the aid of a Brown Elec- 
tronik strip chart recorder and a copper-constantan 
thermocouple. An adjustable contact attached to the 
cable drive mechanism of the recorder switches on the 
heater current whenever the temperature falls below 
the desired value. With this system temperatures could 
be controlled to about 0.25°C over the complete oper- 
ating range. 

The rubbers studied in this work had the following 
compositions (parts by weight) and cures: 


No. 1 Natural Rubber Gum Stock No. 2 GR-S Loaded Stock 


Smoked sheet 100 GR-S 100 
Zinc oxide 3 Zinc oxide 5 
D.P.G. 1 B.L.E. 1 
Sulfur 5 BRT. No. 7 5 
Cured for two hours at 297°F Sulfur 1.7 
Stearic acid 2.5 
Santocure 1.2 
E.P.C. Black 30 


Cured for 70 minutes at 287°F 


No. 3 Butyl Gum Stock No. 4 Hycar OS-10 Loaded Stock 


Butyl 100 Hycar OS-10 100 
Zinc oxide 5 Zinc oxide 5 
Stearic acid 3 B.L.E. 1 
Sulfur 1.5 B.R.T. No.7 5 
Tuads 1.0 Sulfur 1.7 
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Cured for 10 minutes at 307°F Stearic acid 2.5 
Santocure 1.2 
E.P.C. Black 30 


Cured for 30 minutes at 307°F 


The stress in this work is defined as the force per 
unit original unstrained cross section. The percent 
extension is defined as the ratio of the change in length, 
produced by stretching the sample, to the initial un- 
stretched length measured at room temperature. 


RESULTS 


Some preliminary studies were first made on a natural 
rubber gum stock. This stock was identical in composi- 
tion with No. 1 above, but was cured for only one-half 
hour at 297°F, instead of for two hours. As the tem- 
perature was lowered this stock exhibited strong time 
effects in the temperature region from 0°C to —40°C, 
caused by crystallization. Very pronounced stress re- 
laxation was observed to occur in this region, even 
though no further relaxation of stress was detectable at 
room temperature. Since crystallization was not the 
problem at hand, a rubber of longer cure (Stock No. 1) 
was used. The over-cure increased the amount of chemi- 
cally combined sulfur in the rubber, and this in turn 
inhibited crystallization. The higher percentage of com- 
bined sulfur also served to raise the transition tempera- 
ture from about —70°C to —61°C. This was a more 
convenient temperature region for our equipment, since 
its low temperature limit was, at best, —72°C. As a 
further precaution against the disturbing effects of 
crystallization, the temperature region between 0°C and 
— 40°C was avoided as much as possible for this rubber 
and also for the butyl gum stock. These two rubbers 
were the only ones out of the four studied which are 
known to crystallize. When passing through this region 
the temperature was lowered as quickly as possible in 
order to limit the time available for the crystallization 
process to a minimum. Below —40°C the internal vis- 
cosity appears to be sufficiently great to prevent the 
necessary ordering of chain segments required for 
crystallite formation. 

The results for two different extensions, 50 percent 
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and 150 percent, of the natural rubber gum stock are 
shown in Fig. 3. The transition appears to occur at 
about the same temperature for each extension, namely 
at about —61°C. As shown in Fig. 3, a rather rapid 
relaxation of stress occurred at temperatures a few 
degrees below the apparent transition temperature, Tz. 
The magnitude of this stress relaxation and the time 
required for it are indicated on the graph for several 
different points. For example, in the case of the sample 
held at 50 percent extension, the stress at —62.5°C was 
observed for about six hours. During this time it 
decayed until it lay almost on the extension of the 
equilibrium stress-temperature curve obtained at higher 
temperatures. Thus, the apparent location of Tz could 
be shifted somewhat by varying the time rate of change 
of temperature. No relaxation of stress was observed at 
—70.5°C. However, owing to difficulty encountered in 
maintaining this temperature, the holding time was 
somewhat less than an hour. Stress relaxation was not 
observed at temperatures well above Tz. The point at 
52.5°C (50 percent extension curve) was held for about 
three hours, and during this time no stress decay was 
observed. The history of the sample below the transi- 
tion point appeared to have no effect upon the stress 
values obtained when the temperature was raised again 
to values well above Tz. In each such test the stress 
returned to a value lying upon the equilibrium stress- 
temperature curve at the higher temperature. 

In an attempt to detect a dependence of transition 
temperature upon sample extension, a third run was 
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made upon the natural rubber gum stock at an extension 
of 10 percent. The results are shown in Fig. 4. Again the 
transition appears to come at — 61°C. Time effects were 
not studied in this run. 

The results for one extension (126 percent) of the 
carbon black loaded GR-S rubber are shown in Fig. 5. 
The indicated transition temperature is about —53°C, 
Time effects were again observed at temperatures 
below Tz, but not for temperatures well above Tz. 

Figure 6 shows the results for four different extensions 
of the butyl gum stock and indicates a strong de- 
pendence of Tz upon extension. Here Tz is observed to 
decrease with increasing sample extension, from about 
— 49°C at 33 percent extension to about —65°C at 533 
percent extension. The beginning of the transition at 
about —65°C for the 533 percent extension is just 
barely perceptible on this plot. In Fig. 7 the 33 percent 
extension curve for the butyl gum stock is shown re- 
plotted to a larger scale, in order to show better the 
transition. Stress decay was again observed for each 
extension at temperatures not too far below Tz. 

The results for two different extensions (75 percent 
and 10 percent) of the Hycar OS-10 carbon black loaded 
stock are shown in Fig. 8. A strong dependence of Tz 
upon sample extension is indicated. For the 75 percent 
extension 7'z appears to have a value of about — 15°C. 
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For the 10 percent extension, Tz is difficult to locate 
with any precision. An enlarged plot, Fig. 9, shows 
considerable curvature in the transition region. The 
transition appears to be a gradual one and not sharply 
defined. T'z may be as high as +5°C here. Stress relaxa- 
tion was observed for both extensions of the Hycar 
0S-10 stock at temperatures not far below Tz, but not 
for temperatures well below Tz. In a further check on 
the absence of appreciable relaxation at low tempera- 
tures, the 10 percent extension curve was run again, 
and the temperature was held for about 5 hours at 
—60°C. The total relaxation observed was negligible. 
For comparison purposes, volume dilatometric studies 
were also made in this laboratory on unstrained samples 
of the natural rubber gum stock,® the butyl gum stock, 
the Hycar OS-10 loaded stock, and a GR-S gum stock."° 
The GR-S gum stock was identical in formula and cure 
with stock No. 2 of this paper, except that it contained 
no carbon black. The confining liquid used in the 
dilatometer studies was Dow Corning silicone oil (DC- 
200). A repeat run on the butyl gum stock using ethyl 
alcohol gave identical results. The small amount of 
sample swelling encountered with the silicone oil ap- 
peared to have no appreciable effect on the location of 
the transition region, as determined from repeated trials 
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*R. J. Kane, Master’s thesis, University of Notre Dame, 
Notre Dame, Indiana, August, 1950. 

“F. Fay, Master’s thesis, University of Notre Dame, Notre 
Dame, Indiana, August, 1950. 
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using different immersion times. No time effects were 
noted in this work, although attempts were made to 
observe such effects. In particular, no decrease in 
specific volume with time was detected at temperatures 
slightly below the transition point even for holding 
times up to 14 hours. The dilatometer results are shown 
in Figs. 10-13 for the natural rubber gum stock, the 
GR-S gum stock, the butyl gum stock, and the Hycar 
OS-10 loaded stock. 

For comparison, Table I below lists the transition 
temperatures observed in both methods of study. 
(Stress-temperature values are denoted by Tz, and 
volume dilatometric values by Ty.) 


DISCUSSION 


The following observations summarize the chief re- 
sults obtained in this study. 


(1) A pronounced decrease in the value of Tz with 
increasing sample extension was observed in the studies 
of the butyl gum stock and the Hycar OS-10 loaded 
stock. 

(2) A dependence of Tz upon extension was not 
observed for three different extensions (10 percent, 50 
percent, and 150 percent) of the natural rubber gum 
stock. (This effect was not studied for the GR-S loaded 
stock, only one extension, 126 percent, having been 
run.) 
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(3) With the exception of the values for the natural 
rubber gum stock, Ty was always found to be some- 
what lower than the lowest value of Tz observed for 
the same rubber. (This comparison is questionable in 
the case of the GR-S rubber, since a gum stock was 
used in the dilatometric work and a loaded stock in 
the stress-temperature work.) 

(4) Below Tz the stress was observed to increase with 
decreasing temperature, in contrast to the typical 
rubber behavior noted at higher temperatures where the 
stress decreases with decreasing temperature. 

(5) Considerable stress relaxation was observed for 
all rubbers at temperatures not far below Tz. Appreci- 
able stress relaxation was not observable at tempera- 
tures above T'z. In the case of the Hycar OS-10 rubber, 
no relaxation of stress was observed at temperatures 
well below Tz. 


Observation (1), the effect of sample extension or 
strain upon the location of the transition region, is not 
new. For example, Scott" has shown that for a rubber- 
sulfur compound containing 19.5 percent sulfur the 
transition region is raised from about 36°C, at atmos- 
pheric pressure, to 45°C, at a pressure of 800 bars. 
Over this range of pressures the specific volume at the 
transition region decreases from about 0.930 to 0.912. 
Somewhat similar observations on the effect of tension 
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1 A. H. Scott, J. Research Natl. Bur. Standards 14, 99 (1935). 


stress on the location of the transition region have been 
reported by Miiller’ for polyvinyl chloride, and by 
Boyer and Spencer™ for Saran-B. Miiller also showed 
that for oriented polystyrene the transition temperature 
decreased with increasing degree of orientation. A pos- 
sible explanation of this effect in rubber is that the 
volume of the sample increases slightly with increasing 
sample extension, since after all Poisson’s ratio for 
rubber is not exactly 0.5. Such an increase in volume 
would tend to reduce the interaction between chain 
segments, allowing free rotations of molecular groups 
about single carbon-carbon bonds to persist to lower 
temperatures. Thus, a considerable reduction in tem- 
perature, below the value of 7'z appropriate for a small 
extension, might be required before the transition could 
occur in a more extended sample. 

Observation (2), the apparent absence of any de- 
pendence of Tz upon extension in the case of the natural 
rubber gum stock, would then imply that the volume 
increase accompanying extension is negligible for this 
rubber. This is in agreement with the observations of 
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Holt and McPherson," who were unable to detect any 
increase in volume accompanying the extension of a 
natural rubber gum from 0 percent to about 300 percent. 
Whether a perceptible volume increase actually occurs 
for the butyl gum rubber and the loaded Hycar OS-10 
rubber is not known. 

Observation (3) may be explained qualitatively, fol- 
lowing a suggestion of Eley’s.'® According to Eley, the 
transition may be considered as involving two mecha- 
nisms. These are: 


First, an unlocking and separation of chain segments 
as the temperature is raised through the transition 
region, thus permitting the occurrence of segmental 
rotation or motion of chain segments as units. 

Second, the onset of free rotations of molecular 


2 F.H. Miiller, Kolloid-Z. 95, 138 (1941). 
13 R. F. Boyer and R. S. Spencer, J. Appl. Phys. 16, 594 (1945). 


“4 W. L. Holt and A. T. McPherson, J. Research Natl. Bur. 


Standards 17, 657 (1936). 
% TD. D. Eley, Trans. Faraday Soc. 38, 299 (1942). 
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groups about the single carbon-carbon bonds within 
the chain segments themselves. 


In general, the second of these mechanisms would be 
ted to possess a higher energy of activation than 
the first, and thus require a higher temperature before 
itcan occur. The first mechanism probably accounts for 
the transition observed in volume dilatometric measure- 
ments on unstrained samples. However, typical rubber- 
like behavior (e.g., increase in stress with increase in 
temperature for a sample held at constant extended 
length) cannot occur until an appreciable amount of 
free rotation about the single carbon-carbon bonds sets 
in within the chain segments themselves. Thus, Tz 
would, in general, be expected to be higher than Ty. 
The two mechanisms are, however, closely coupled and 
may occur at the same temperature for some rubbers. 
This appears to be the case for natural rubber. 
Observation (4), namely, the increase in stress with 
decrease in temperature noted in the temperature region 
below Tz, is in agreement with the usual interpretation 
of this region as corresponding to the glassy state. In 
this region the material behaves like an ordinary 
amorphous solid, and since contraction is prevented 
when the temperature is lowered, the stress increases. 
As for observation (5), the pronounced decay of stress 
at temperatures not far below Tz, appears to be similar 
in character to that observed when a “retarded elastic 
material” is suddenly strained. The stress decay is rapid 
at first and then becomes progressively slower, just like 
the stress relaxation curves observed in the initial 
relaxation period, before the start of the stress-tem- 
perature run. It should thus be possible to arrive at a 
relative equilibrium state through such a process of 
stress relaxation carried out at temperatures not too 
far below Tz. This relative equilibrium state would 
then, for still lower temperatures, be equally as good as 
that customarily employed at much higher tempera- 
tures for stress-temperature and equation of state 
studies. That is, time effects should then be negligible. 
Equation of state and stress-temperature studies could 
then be carried out in this region in a manner similar 
to that employed in the region above Tz. For work 
restricted to the temperature region well below Tz, 
a preliminary stress relaxation period probably would 











TABLE I. 
Rubber Ty Tz (approx) 
Natural rubber gum — 61°C —61°C at 10% 
—61°C at 50% 
—61°C at 150% 
GR-S gum —56.5°C —_ 
GR-S (loaded) — —53°C at 126% 
Butyl gum —69.5°C —49°C at 33% 
—60°C at 126% 
— 63°C at 260% 
— 65°C at 533% 
Hycar OS-10 (loaded) — 23°C —15°C at 75% 


— 5°C to +5°C at 10% 








not even be required. With respect to experiments 
involving changes in temperature from above to below 
the transition region (or vice versa), whether or not 
the laws of thermodynamics can be applied to the 
process will depend upon the nature of the experiment. 
If appreciable time effects are not present, and if 
thermal equilibrium is maintained at all times, than 
the process is essentially a reversible one and the usual 
thermodynamic equations may be employed. Such may 
very well be the case for some volume dilatometric 
experiments and also for other types of experiments 
involving only small sample strains. It is doubtful, 
however, that a stress-temperature experiment could be 
carried out through the transition region with sufficient 
rapidity to eliminate appreciable time effects and still 
satisfy the requirement of thermal equilibrium. Accord- 
ing to Fowler and Guggenheim" the application to a 
system of the equalities expressed in the theorems of 
thermodynamics is valid provided that the processes of 
change which occur in the system are either very rapid 
or very slow compared to the change which is imposed 
experimentally. The fast processes will maintain equi- 
librium between the states or phases which they con- 
nect, and the very slow processes may be ignored. 
Subject to the above restrictions then, it follows that 
the transition may be treated as a thermodynamic 
transition for some experiments. 


1% R, H. Fowler and E. A. Guggenheim, Statistical Thermo- 
dynamics (Cambridge University Press, London, 1939), p. 229. 
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Nuclear Magnetic Resonance Study of Transitions in Polymers* 


L. V. Hotroyp,f R. S. Coprincton,f B. A. Mrowca, AND E. Gutu 
Physics Department, University of Notre Dame, Notre Dame, Indiana 


Nuclear magnetic resonance absorption line widths have been studied for several high polymers. The pro- 
ton line widths were studied in a field of 7000 gauss and at a frequency of about 30 mc. Line widths obtained 
for Hevea and GR-S were very narrow, indicating a large degree of “quasi-free rotation” in these materials. 
Vulcanization, carbon loading, co-polymerization, and crystallization produced a broadening of the lines as 
expected from the hindrance to internal motion introduced by these factors. Line width transitions as a 
function of temperature were observed for several polymers. Linear thermal expansion coefficients and 
specific heat vs temperature curves have breaks in the region of line transitions for the polymers studied. 
Swelling of polymers with benzene produced a narrowing of the absorption line throughout the line transition 
and lowered the transition temperature. Vulcanization broadened the transition range and shifted it to 
higher temperatures. Of two closely cut fractions of polystyrene, the larger molecular weight sample exhibi- 
ted a line transition range at a higher temperature. The styrene monomer as well as the two fractions 
exhibited the same low temperature line width of about 8 gauss. The line width transitions were 
also studied for three butadiene styrene co-polymers at temperatures where anomalous behavior was found 
in dynamic measurements. The theoretical implications of these experimental results, together with a survey 
of other pertinent work, indicate the possibilities of the nuclear resonance method as applied to the study 
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of high polymers in conjunction with other methods. 





1, INTRODUCTION 


LL polymers consisting of flexible long chains show 
a transition range on change of temperature. This 
“leathery” transition range separates the soft “rubbery” 
state from the hard “glassy” state. The transition occurs 
both for linear and cross-linked polymers. The location 
and breadth of the transition range may be changed, 
however, by swelling, plasticizing, vulcanizing, and 
loading with pigments. The transition takes place 
whether the polymer crystallizes or not. 

This transition has all the characteristics of a certain 
type of transition of the second order envisaged by 
Ehrenfest.! Both the specific heat and thermal expansion 
coefficient exhibit a finite jump in the transition range, 
leading to step-like curves without a lambda-peak. 
Other physical properties also change in this range as, 
for example, the stress-temperature relationship which is 
studied in the companion paper.” 

Transitions of this type occur, as is well known, for 
inorganic and organic glasses. They also occur for 
simpler substances like glycol and glycerol. These sub- 
stances crystallize very slowly, and on rapid super- 
cooling the liquid-like molecular configurations freeze 
into an irregular network in contrast to the regular 
lattice they form on crystallization. Many non-polymers 
show lambda-type second-order transitions. Such transi- 
tions mark the onset of ferromagnetism, ferro-electricity, 
superconductivity, superfluidity in liquid helium, order 
in alloys, and order in molecular crystals. Thus it is 
clear that the molecular mechanisms for second-order 

* Supported in part by the ONR. 

t Now at the University of Missouri, Columbia, Missouri. 

t Section of a Dissertation submitted to the Graduate School of 
the University of Notre Dame in partial fulfillment of the re- 
quirements for the degree of Doctor of Philosophy. 

1P. Ehrenfest, Commun. Kamerlingh Onnes Lab. Univ. 


Leiden, Suppl. No. 75b (1933). 
2 R. S. Witte and R. L. Anthony, J. Appl. Phys. 22, 690 (1951). 


transitions must show an unusual diversity. At present 
we have little exact knowledge of them. 

The transitions for glasses as well as for polymers are 
usually accompanied by more or less pronounced time 
effects. It has been frequently argued that the transition 
itself is not an equilibrium phenomenon and does not 
represent a true thermodynamic singularity but is 
merely a dynamic freezing in of certain rotational de- 
grees of freedom. This important aspect of the problem 
will be discussed elsewhere. Here we take a view akin to 
that of Fowler and Guggenheim that all equilibria in 
thermodynamics are only “relative” or “metastable” 
and that the applicability of thermodynamics to the 
experiment depends on the time scale of the experiment. 

In most second-order transitions there are changes 
in the internal motion of groups of atoms. The nuclear 
magnetic absorption method‘ or the nuclear induction 
method* demonstrate directly such internal motions and 
their change on varying the temperature. This method 
has already been applied to the study of transitions in 
materials of relatively simple structure.*~* The present 
paper presents a preliminary study of transitions in 
polymers by nuclear magnetic absorption. 

A brief discussion of the nuclear magnetic resonance 
absorption method, inasmuch as it applies to our work, 
is given in Sec. 2. Section 3 contains a brief description 
of the apparatus used. A survey of various factors such 
as cross-linking, loading, co-polymerization, etc., affect- 
ing the line width is given in Sec. 4. Section 5 describes 
results dealing with the change in line width as the 

3R. H. Fowler and E. A. Guggenheim, Statistical Thermo- 
omte (Cambridge University Press, London, England, 1939), 
" Purcell, Torrey, and Pound, Phys. Rev. 69, 37 (1946). 

5 Bloch, Hansen, and Packard, Phys. Rev. 70, 474 (1946). 

bi § S. Gutowsky and G. E. Pake, J. Chem. Phys. 18, 162 
' ™N.L. Alpert, Phys. Rev. 75, 398 (1949). 


8 E. R. Andrew, J. Chem. Phys. 18, 607 (1950). 
*R Newman, J. Chem. Phys. 18, 669 (1950). 
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TRANSITIONS BY MAGNETIC RESONANCE IN POLYMERS 


temperature is varied through the transition region for 
dry and swollen polymers. Section 6 contains a general 
discussion of our results along with a survey of pertinent 
older work on non-polymers. 


2. BRIEF DESCRIPTION OF NUCLEAR RESONANCE 
METHOD AS APPLIED TO THE STUDY OF 
POLYMERS AND OTHER SOLIDS" 


In the nuclear magnetic resonance method, a sub- 
stance containing nuclei of magnetic moment yp and 
spin J is placed in a homogeneous magnetic field H. In 
this field the nucleus may occupy one of (27+1) avail- 
able Zeeman levels. In the following we shall consider 
only the case of protons, where J is equal to 3. Then one 
has only two Zeeman levels, corresponding to a parallel 
and an antiparallel orientation of the proton magnetic 
moment with respect to the applied magnetic field. The 
energy difference between these two levels is 


AE= pH —(—pA)=2yH. (1) 


Now if an alternating field is introduced at right angles 
to the magnetic field H with the Larmor frequency 
given by 


v=AE/h=2pH/h or w=v7H, (2) 


a resonant absorption will take place. 

For a magnetic field H of the order of 7000 gauss and 
a proton magnetic moment yw equal to 1.4x10- 
erg/gauss, one obtains from Eq. (2) a frequency », of the 
order of 30 megacycles, i.e., the alternating field satis- 
fying the resonance condition is in the radiofrequency 
range. The width and amplitude of the absorption line 
will depend on the substance (e.g., the polymer) con- 
taining the protons. When a substance is put into a 
magnetic field H, the interaction between the proton 
spin system and the lattice will enable the spin system 
to attain thermal equilibrium after the lapse of time 
measured by a spin-lattice relaxation time 7,. An rf 
field will tend to disturb this thermal equilibrium of the 
spin system. However, the interchange of energy be- 
tween the proton spins and the lattice will enable the 
spin system to again attain thermal equilibrium pro- 
vided the energy input is sufficiently small to avoid 
saturation. In thermal equilibrium, the fractional ratio 
of the population of the two Zeeman levels varies in 
accordance with the Boltzmann relation as 1:¢~44/*7, 
Using the above values, this ratio is about 1/10~*. This 
accounts for the feebleness of the resonance absorption 
and the need for extremely high amplification. 

A second relaxation time occurs because of the mag- 
netic or spin-spin interaction of the nuclei, leading to an 
interchange of energy between the spins. The resultant 
spin-spin relaxation time 7, will determine principally 

An excellent general discussion of the nuclear magnetic 
resonance method applied to solid state problems is given by E. M. 


Purcell, Science 107, 433 (1948) ; G. E. Pake, Am. J. Phys. 18, 438 
(1950) and 18, 473 (1950) presents a more technical survey, while 


N. Bloembergen’s thesis, “Nuclear magnetic relaxation,” Nijhoff, 


Amsterdam (1948) contains a detailed treatment. 
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the broadening of the absorption line width. The experi- 
mental results in this paper are chiefly concerned with 
this spin-spin interaction as it is modified by transitions 


- in the substance, e.g., the polymers containing the 


protons. 

In a dielectric, paramagnetic, or ferromagnetic sub- 
stance, the effective magnetic field at the site of any 
atom is not simply equal to the externally applied mag- 
netic field. Superimposed on the latter there will be a 
local field due to neighboring atoms. Similarly, the spin- 
spin interaction will lead to the development at the site 
of any resonating proton of a local magnetic field 
H oc, Which in solids and “glassy” polymers may be of 
the order of several gauss. This local field causes a 
fluctuation of the effective magnetic field. Thus, the 
resonance condition is modified so that 


w= yHett.= ¥(A+ Acc), (3) 


implying a broadening in the resonance line width by an 
amount 


bSE=hyHioc, or bw=bE/h=yHioc=yAH. (4) 


The spin-spin relaxation time can now be introduced by 
means of the uncertainty principle 


T2= h/sE= 1/YH ioc. (S) 


Since Hie represents a deviation of the magnetic field 
from an average H, inhomogeneities of the field will also 
broaden the line and determine, in fact, the lower limit 
of line width which can be observed with the particular 
magnet used. From the above simple picture, one would 
expect the line width w/v due to spin-spin interaction 
to be of the order of Hic, ie., of the order of several 
gauss. In fact, most solids, including polymers in the 
“glassy”’ state, exhibit a line width of this order of mag- 
nitude. However, for some solids, for polymers in the 
“rubbery” state, and for liquids and gases, the line width 
is limited only by the inhomogeneity of the magnet used. 
This narrowing of the line width was first explained by 
Bloembergen, Purcell, and Pound" as due to an 
averaging out of the spin-spin interaction resulting from 
free or partly hindered motion of the resonating protons 
in their surroundings. This averaging out process is 
most easily understood in the extreme case of a proton 
residing in a freely rotating molecule, for it is clear that 
the rotational periods in this case are much smaller than 
the times associated with nuclear magnetic resonance. 
For water, Bloembergen, Purcell, and Pound predict a 
theoretical line width of 10~ gauss which in practice is, 
of course, swamped by the lower limit in width imposed 
by magnetic field inhomogeneity. For some “rubbery” 
polymers. containing protons, the line width is pre- 
sumably larger than 10~ gauss but still less than the 
width due to our field inhomogeneity. 

Debye,” in his theory of dielectric dispersion in polar 

1 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 


2 P. Debye, Polar Molecules (Dover Publications, New York, 
1949), Chapter V. 
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liquids, introduced a relaxation time 7, defined as the 
time during which the reorientation of dipoles persists. 
In a similar way Bloembergen, Purcell, and Pound 
introduce a correlation time 7,, which is related to 
Debye’s r by a factor of the order of unity. For the case 
of a polymer, 1/7, may be taken as a measure of the 
average jump-rate with which the movable molecular 
groups change (around a single C—C bond) from one 
minimal position to another in, say,a threefold potential. 
This process, which might be termed a “quasi-free 
rotation,” will be described in more detail later. It is 
well known that for polar polymers, Debye’s single 
relaxation time 7 has to be replaced by several or by a 
whole spectrum of relaxation times. Similarly, the single 
correlation time 7, introduced by Bloembergen, Purcell, 
and Pound will have to be replaced by a whole spectrum 
of correlation times in the case of polymers. In the 
absence of a more elaborate theory, a single correlation 
time 7, could be used, representing an average value for 
the spectral distribution. The effect of +, on T2, and 
consequently on the line width, has been discussed 
quantitatively by Bloembergen, Purcell, and Pound as- 
suming nearest neighbor interaction between the reso- 
nating protons. The relationship between 7, and r, is 
given by 

(1/T2)?=C tan“(2r./T2), (6) 


where the constant C depends on the internuclear dis- 
tance and other constants which are independent of 
frequency and temperature. A distinction must now be 
made for two cases: (a) If 7, is much greater than 72, 











TABLE I. 
30 parts 50 parts 
Uncured Cured carbon carbon 
Natural rubber <0.08 0.16 0.18 
GR-S <0.08 0.27 0.57 0.67 
Hycar OS-10 0.38 0.57 
Butyl 0.38 0.42 
S-polymer 30% styrene 50% styrene 75% styrene 
uncured 
Line width 45 1.9 5.8 








then T= (2/C)!, which can be shown to be equal to 
T,’, the relaxation time associated with a rigid lattice. 
In this case, AH=1/yT?’, and Ty,” represents the 
average lifetime of the nucleus in a particular energy 
state or orientation. Since r, is much greater than T,”, 
the slow fluctuation of the internuclear fields will have 
a negligible influence on the spin-spin interaction. (b) If, 
on the other hand, 7, is much smaller than 72, then 
T,=}Cr, and AH=(1/72C)r.. In this case, the spin- 
spin interaction is greatly diminished and the relaxation 
time increased correspondingly because of the averaging 
out of the local field during the lifetime of a nuclear 
state. Equation (6) may be rewritten in terms of a 
correlation frequency® as 


(6v)?= A*(2/m) tan“ { a(5v/v.)}, (7) 


where v= (2mr,)~ is defined as an average frequency of 
spatial rearrangement of a molecular complex. dy is the 
line width on a frequency scale obtained from the ob- 
served width of the magnetic resonance line, the width 
of the line being taken as the distance on a magnetic 
field scale between the maximum slopes of the ab- 
sorption signal. 

The constant A in the above relationship clearly 
represents the line width for a rigid lattice where », ap- 
proaches zero. With increasing lattice motion, the line 
width will decrease. Line widths for solids are usually of 
the order of a few gauss which correspond to values on 
the frequency scale of several tens of kilocycles. It 
follows then, from the above relation, that absorption 
lines will be narrowed by comparatively low frequencies 
provided these frequencies exceed that represented by 
the half-width of the resonance line. 


3. APPARATUS 


The technique employed in obtaining and measuring 
the absorption signal was basically that described by 
Bloembergen, Purcell, and Pound." A block diagram of 
the apparatus is shown in Fig. 1. The sample (about one 
cubic centimeter in volume) was housed in the rf coil 
L, which is part of the tuned circuit of the twin T 
bridge. A General Radio 805C Standard Signal Gener- 
ator supplied the 30 mc rf field. The bridge was usually 
balanced to 60 or 70 db, although for strong signals a 
lesser balance was sufficient. The unbalanced signal at 
resonance was detected by a Hallicrafter SX-42 re- 
ceiver. For weak signals, the magnetic field was varied 
over a small portion of the absorption line and the final 
amplification was obtained by means of a lock-in 
narrow band amplifier.” 

The magnet used to produce the static field H was a 
high voltage, low current electromagnet. An electronic 
regulator was used to hold the current stable to one part 
in 10°. A current of 300 ma was sufficient to produce the 
necessary 7050 gauss for observing the proton resonance. 
By careful lapping of the pole faces, a region near the 


13 R. H. Dicke, Rev. Sci. Instr. 17, 268 (1946). 
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center of the faces was located with an inhomogeneity 
of less than 0.1 gauss over the area of the sample used. 
The inhomogeneity of 0.08 gauss represents the line 
width obtained for a water sample whose theoretical 
value is of the order of 10~ gauss. Line widths could be 
measured to an accuracy of <0.01 gauss for narrow lines 
and to <0.1 gauss for very broad lines. The static field 
was modulated by a 30-cycle field of several gauss to 
produce a repetitive absorption signal. 

Low temperatures were controlled and maintained by 
a dry ice alcohol reservoir in contact with the shield 
housing the radiofrequency coil and sample. Above 
room temperature, the reservoir was filled with a 
suitable liquid, the temperature being controlled by an 
immersion-type heater. 


4. SURVEY OF LINE WIDTHS AS AFFECTED 
BY VARIOUS FACTORS 


(a) Line Widths at Room Temperature 


Line widths at room temperature have been obtained 
for a number of polymers, some of which are presented 
in Table I. 

The natural rubber and GR-S widths shown are lower 
than those reported in our preliminary results'® because 
of an improvement made in the homogeneity of our 
magnetic field. Room temperature line widths for other 
polymers studied may be obtained from the line width 
transition curves. The width of 0.08 gauss represents the 
minimum value that could be measured and is attributed 
to magnetic field inhomogeneity. Therefore, both the 
unvulcanized natural rubber and GR-S may have line 
widths narrower than 0.08 gauss. GR-S and Hycar 
OS-10 are approximately 70/30 and 50/50 butadiene- 
styrene co-polymers, respectively. The S-polymers are 
isobutylene-styrene co-polymers, the numbers referring 
to the approximate styrene content. Plexiglas is poly- 
methyl-methacrylate. 

The extremely narrow line obtained for natural rubber 
and GR-S makes plausible the assumption of “‘quasi- 
free rotation” of proton groups which is made in the 
statistical network theory of rubber elasticity, since the 
averaging out of the magnetic interaction between 
protons requires a high degree of mobility. The term 
“quasi-free rotation” is not to be understood as a free 
rotation of groups around single C—C bonds as origi- 
nally envisaged in organic chemistry. Rather, it implies 
that molecules or groups of molecules jump quite 
abruptly about the single C—C bonds in a random 
manner from one minimal position to another within, 
say, a three-fold potential. These jumps occur very 
rarely on a molecular time scale and are separated by 
billions of oscillations about these minimal positions. It 
is, of course, the rate » (occurring in Eq. (7)) of these 
sudden jumps which determines the line width and 
which, conversely, is inferred from the line width data. 
This jump rate may be of the order of 10® sec, while 


the torsional oscillation frequency may be of the order 
of 10” sec-, 





Fic. 2. Resonance absorption line for water. 


Figure 2 shows the resonance absorption line for a 
water sample as viewed on an oscilloscope. It represents 
a plot of the rf absorption as a function of magnetic field 
intensity. The width of the line, as measured between 
points of maximum slope on the curve, was 0.08 gauss. 
The theoretical line width for water is of the order of 
10~ gauss." The absorption line for natural rubber is 
shown in Fig. 3. The measured value was the same as 
that obtained for the water sample, representing the 
limit of our resolution. The line width for the rubber 
sample is probably larger than that for the water sample, 
but a further comparison would have to be made by an 
estimate from thermal relaxation data. The occurence 
of “wiggles” in both signals is a transient phenomenon 
characteristic of very narrow lines obtained in homo- 
geneous magnetic fields. Figure 4 shows the line shape 
for butyl. The line width here is several times that for 
natural rubber and represents the actual width, since it 
is above the limit of resolution of our magnetic field. 
Butyl rubber is a co-polymer of isobutylene containing 
isoprene to the extent of a few percent. The bulkier 
structure compared to Hevea and GR-S accounts for the 





Fic. 3. Resonance absorption line for natural rubber. 


4B. Jacobsohn and R. Wangsness, Phys. Rev. 73, 942 (1948). 
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Fic, 4. Resonance absorption line for butyl rubber. 


greater hindrance to “quasi-free rotation” in butyl 
which results in a considerable broadening of the ob- 
served absorption line. 


(b) Effect of Crystallization on Line Widths 


A preliminary study of line width variation with 
temperature in natural rubber was reported by Alpert,’ 
and by Mrowca, Holroyd, and Guth." 

On lowering the temperature, the signal was found to 
decrease in amplitude, indicating a decreased number of 
groups contributing to the resonance phenomena. At 
dry ice temperatures, the signal was so weak as to 
preclude any accurate measurements, although the 
absorption line appeared to be quite narrow. The 
second-order transition in natural rubber is known to 
occur at about —73°C. Hence, no appreciable increase 
due to this cause was expected at temperatures above 
—73°C. Natural rubber, however, is also known to 
crystallize at various rates in the temperature range 
from 0°C to —40°C, the maximum rate occurring at 
about — 20°C. Below —40°C crystallization is negligible. 
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Fic. 5. Solid curves show line width vs temperature for cured 
and uncured Hycar OS-10. The dotted curve shows the linear 
thermal expansion coefficient aX 10‘ vs temperature. 


4% Mrowca, Holroyd, and Guth, Phys. Rev. 79, 1026 (1950). 


An uncured sample of natural rubber was cooled ve 
rapidly to dry ice temperature and inserted into the 
system which had been precooled to about —35°C, 4 
strong signal was obtained and the line width was found 
to be limited by magnetic field inhomogeneity. The 
broadening and disappearance of the absorption line on 
slow cooling could be explained, therefore, by crystal. 
lization, a process which supresses the “quasi-free 
rotation” of molecular groups in a major fraction of the 
material. This was further confirmed by observing the 
broadening and disappearance of the line with time 
when the temperature was held constant at — 25°C, 


(c) Effect of Cross-Linking, Loading 
and Co-Polymerization 


One would expect that vulcanization and loading with 
carbon black would hinder internal molecular motion, 
thus broadening the line as observed. One would also 
expect increasing amounts of styrene to have an effect 
similar to vulcanization or carbon black loading. The 
observed line widths are seen to increase as we go from 
GR-S to Hycar OS-10, and from S-polymer 30 to 50 and 
finally 75 percent. It will be of interest to study all 
these effects in greater detail, in particular the effect of 
loading and the effects as determined by the chemical 
structure of the monomers. 


5. STUDY OF LINE WIDTH THROUGH 
THE TRANSITION RANGE 


Hycar OS-10, Hycar OR-15, polymethyl-metha- 
crylate, and polystyrene do not crystallize. Hence, line 
widths can be studied in these materials as a function of 
temperature without the complications introduced by 
crystallization. 

Figure 5 shows the transition curves for uncured and 
cured Hycar OS-10. For the cured sample, the transition 
range is considerably broader than for the uncured 
stock. The line width change is surprisingly sharp for a 
material so inhomogeneous and irregular. It seems 
plausible to consider the change as a three-step process. 
The initial increase in line width as the temperature is 
lowered could be associated with a gradual decrease in 
the “free volume” of the molecules. This interferes with 
the relative motion of adjacent chain segments. The 
sudden increase in line width as the temperature is 
lowered still more suggests a fairly abrupt cessation of 
the “quasi-free rotation” about single C—C bonds. The 
final step, a further gradual increase in line width, could 
be explained by assuming a further gradual hindrance to 
the sliding of adjacent segments past each other. Con- 
versely, starting with increasing temperatures, one 
would assume that “holes” must first be created for mo- 
tion of the segments before “quasi-free rotation” in the 
segments can set in. As Fig. 6 shows for polystyrene, the 
line width should finally level off on both sides of the 
transition curve. This leveling off seems to start at the 
temperature at which a discontinuity in the curve for 
the thermal expansion coefficient (a) versus temperature 
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occurs. This is shown in Fig. 5. It is likely that this 
discontinuity marks the appearance of “free volume,”’ 
making plausible our tentative interpretations. The 
avs T curve dotted in Fig. 5 was obtained by differ- 
entiation of the volume-temperature relation in Fig. 13 
of the companion paper? and, therefore, shows some 
spread. The a vs T curve refers to the cured stock. 

This three-step transition must be attributed to 
forces involving only near neighbors. The sudden change 
in line widths suggests that it is due to a cooperative 
effect, such as the formation of domains in which 
molecular motion is impeded. These domains, however, 
must be assumed too small to be detected by custom- 
ary x-ray diagrams. One would expect that abrupt 
changes in the elastic properties of the material should 
accompany such a suppression of internal motion. It is 
reasonable to assume that curing would tend to provide 
additional hindrance to group motion, and that it would 
interfere even more strongly with the formation of 
cooperative domains, just ‘as it does in the case of 
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Fic. 6. Line width vs temperature for a commercial 
polystyrene sample. 


crystallization in natural rubber. Thus, one may explain 
the larger initial line width and the more gradual change 
in AH observed in the cured Hycar OS-10. 

In contrast to Hycar OS-10, the line width transition 
for Plexiglas, shown in Fig. 7, is more gradual. The 
initial line width is considerably higher, as one would 
expect in view of the polar character of the material. 

In Fig. 8, the line width transition for Hycar OR-15 
is compared with that for Hycar OS-10. The higher 
initial and final values and the more gradual change in 
AH obtained for Hycar OR-15 are not surprising in view 
of the presence of polar nitrile groups attached randomly 
along the chain. The a vs T curve (lower dashed curve 
in Fig. 7 arbitrary units) also shows a jump to the left 
of the inflection point in the AH vs T curve, as was the 
case for Hycar OS-10. The a vs T curve was obtained by 
differentiation of a volume temperature curve." 





1950), Fay, Master’s thesis, University of Notre Dame (August, 
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Fic. 7. Line width vs temperature for Plexiglas. 


Bekkedahl and Scott!? have measured the specific 
heat of crude Hycar OR-15 over a temperature range 
from 15°K to 340°K. The specific heat-temperature 
curve (upper dashed curve in Fig. 8) shows an abrupt 
increase in heat capacity by about 40 percent at a 
temperature of 250°K. The shapes of the a vs T and 
C, vs T curves are somewhat similar. The difference in 
the temperature at which the jump occurs may be ex- 
plained by the fact that the a vs T curve was obtained 
for a loaded (30 parts E.P.C.) and vulcanized stock, 
while the C, vs T curve was obtained for the crude ma- 
terial. Both vulcanization and carbon black loading tend 
to shift the jump to a higher temperature, as illustrated 
in Fig. 5 where a comparison is made for a crude and 
a vulcanized material. 

The hardening of polymers is undoubtedly due to 
either inter- or intramolecular interactions on a micro- 
scopic scale. Qualitatively, one would think that for 
polymers (such as Hevea for example) which readily 
crystallize, the effect of intermolecular forces is domi- 
nant. On the contrary, for polymers which crystallize 
slowly or not at all one would think that the intra- 
molecular forces should play an important role. In the 
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Fic. 8. Solid curves show the line width vs temperature for 
uncured Hycar OS-10 and Hycar OR-15. The upper dotted curve 
is the specific heat in arbitrary units vs temperature for Hycar 
OR-15. The lower dotted curve shows the linear thermal expansion 
coefficient a in arbitrary units vs temperature for Hycar OR-15. 


17.N. Bekkedahl and R. B. Scott, J. Research Nat. Bur. Stand- 
ards, 29, 87 (1942). 
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Fic. 9. Line width vs temperature for Hycar OS-10 swelled 
in benzene. 


latter case, the energy barriers to “quasi-free rotation” 
may be considerably higher than in the crystallizing 
polymers. In the interest of gaining some insight into 
this mechanism, a study of line widths through the 
transition region was made on samples swollen in 
benzene. 

The absorption line width for pure benzene was in- 
vestigated by Andrew* over a temperature range from 
a few degrees Kelvin up to the melting point. No 
anomalous behavior in the benzene absorption line was 
found between 120°K and the melting point. The line 
width over this region of temperatures was found to 
have a constant value of 3 gauss. The amplitude of the 
absorption signal obtained for the unswelled polymer 
was several orders of magnitude greater than that ob- 
tained for pure benzene. The contribution to the signal 
from the benzene in the polymer was, therefore, 
negligible. The comparatively narrow lines obtained for 
swollen Hycar OS-10 were attributed to the polymer. 

The Hycar OS-10 samples were swelled 5, 10, 25, and 
150 percent by weight, the numbers representing parts 
by weight of benzene added to 100 parts of polymer. 
The samples were allowed to swell at room temperature 
over a period of several days to insure uniformity. The 
results are presented in Fig. 9. As little as 5 percent 
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Fic. 10. Transition temperature vs percent swelling 

for Hycar OS-10. 
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swelling produces a drastic change in the initial line 
width and the transition temperature. The initial line 
width of 8 gauss at a temperature of —35°C for the 
unswelled sample is reduced to about 1.8 gauss, and the 
line transition temperature is shifted to a lower value. 
Increased swelling gave progressively lower starting line 
widths and lower transition temperatures. The line 
widths at the higher temperatures likewise become 
narrower until they were finally determined solely by 
magnetic field inhomogeneity. Figure 10 shows the 
change in transition temperature as a function of 
swelling. The decreased line width with increased 
swelling throughout the entire temperature range shows 
that in the unswelled “glassy” state, the line width is 
mostly due to intermolecular interaction, since swelling 
tends to increase the effective distance between chains 
and thereby decrease the interaction between adjacent 
chain molecules. Thus, more “holes” (or a larger free 
volume) is provided for motion of the chain segments, 
From the present work, however, no quantitative con- 
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Fic. 11. Line width vs temperature for three butadiene 
styrene copolymers. 


clusions can be drawn as to the relative amounts of inter 
and intramolecular interaction involved in the transition 
range. The results do indicate that intermolecular 
interactions seem to predominate at least for Hycar 
OS-10. The probability of phase separation because of 
freezing-out of benzene will have to be considered, how- 
ever. Further swelling studies are underway. 

Figure 11 shows line width transitions for three 
butadiene styrene co-polymers which have been studied 
by dynamic mechanical methods at a frequency of 0.2 
cycles per sec.'® The available data for these three 
samples is listed in Table II. 

The line transition temperatures for samples 1 and 2 
correspond quite well with those obtained by the me- 
chanical test method. Sample 3, however, shows a 
somewhat anomalous behavior. The relatively greater 
sharpness of the transition would indicate greater 
homogeneity of material than was realized in the first 


18, E. Nielsen (Monsanto Chemical Company), private 
communication. Mr. Nielsen kindly provided these samples and 
the data in Table II. 
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TRANSITIONS BY 


two samples. The increased transition temperature is 
consistent with the higher intrinsic viscosity, as seen in 
Table IT. 

Line width transitions have also been investigated for 
two closely cut polystyrene fractions. The molecular 
weights of the samples are 1,500,000 and 447,000, 
respectively. The dynamic mechanical properties have 
been found to be independent of the molecular weight 
over this range of fractions.!® The variation of the 
absorption line width with temperature for these frac- 
tions is shown in Fig. 12. The transitions to narrower 
line widths are quite abrupt when compared to a com- 
mercial polystyrene sample (see Fig. 6), indicating that 
the broadness of the transition region may be at least 
partially due to a distribution in chain length which 
characterizes an unfractionated polymer. The transition 
temperature shifts with increasing molecular weights to 
higher values. Below the transition region, the line 
width for all fractions, as well as for the commercial 
sample, levels off to a common value of about 8 gauss. 
At temperatures above the transition, the line widths, 
in all cases, seem to fall off to a value of the order of one 











TABLE II. 
% swell. 
Styrene Styrene % gel index in Intrinsic Trans. 
Sample charged analyzed inbenzene’ benzene viscosity temp. 
1 60 60 66.6 65.8 0.639 7 
2 60 57.5 _— _— 0.612 4 
3 60 54.2 0.5 to 1 _— 1.58 —5 








gauss. A further decrease in line width to lower values 
was observed at higher temperatures but was not 
studied in detail. 

The line width obtained for styrene monomer was 
investigated over a temperature range from room tem- 
perature to —45°C. As shown in Fig. 13, the width 
remained constant, limited by field inhomogeneity from 
room temperature to —35°C. This behavior is charac- 
teristic of liquids. A very sharp rise to a value of 8 gauss 
for H was obtained at —35°C, a behavior usually ob- 
served at the melting point of crystalline materials. 


Styrene monomer is reported to have a melting point of’ 


—30.56°C. The sample used was not freshly distilled so 
that it may have been partially polymerized in spite of 
the presence of an inhibitor. The line widths for 
crystallized styrene and “glassy” polystyrene are about 
the same. 

A AH vs T curve for polyethylene was obtained by 
Newman.” It shows a transition region about as broad 
as the one obtained for Plexiglas. 


6. SURVEY AND DISCUSSION 


What conclusions about the mechanism of the transi- 
tion in polymers can be drawn from our work? Before 
Dr. R. Buchdahl (Monsanto Chemical Company) kindly pro- 


vided these samples. 
*R. Newman, J. Chem. Phys. 18, 1303 (1950). 
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Fic. 12. Line width vs temperature for two polystyrene fractions. 


we attempt to answer this question, it may be of interest 
to survey briefly some other work on transitions in non- 
polymers by nuclear magnetism, in so far as this work is 
relevant to our discussion. Recent investigations have 
been reported by Alpert,’ Gutowsky and Pake,® 
Andrew,® and Sachs, Turner, and Purcell.”"” A survey 
of the available data on the materials studied by nuclear 
absorption leads to the following considerations. 

A decrease of the line width with increasing tempera- 
ture resulting in an inflection point in the line width 
versus temperature curve must necessarily be attributed 
to the onset, or increase in frequency, of the motion of 
molecular groups containing protons. This, however, 
does not exclude the possibility of internal motion below 
the influection point, if it occurs at such a low frequency 
or is limited to such a small fraction of the material that 
it is not detectable by line absorption. The existence of 
an inflection point in the width vs temperature curve, on 
the other hand, is not sufficient for the occurrence of a 
corresponding change in the macroscopic properties, 
such as specific heat or thermal expansion. This has been 
shown to be the case for some of the hydrocarbons, such 
as 1,1,1, trichloroethane, 2,2, dimethylpropane, ethyl- 
bromide,® benzene, anthracene, and ammonium. By 
measuring the thermal relaxation time (7;), Purcell, 
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Fic. 13. Line width vs temperature for styrene monomer. 


21 Turner, Sachs, and Purcell, Phys. Rev. 76, 465 (1949). 
2 Sachs, Turner, and Purcell, Phys. Rev. 76, 466 (1949). 
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Sachs, and Turner”! were able to show that for benzene 
and the ammonium halides, there are too few molecules 
participating in the line width transition to show up in 
a corresponding change of macroscopic properties. The 
converse situation may also occur. A transition showing 
up in an anomalous specific heat, for example, is not 
necessarily detectable by a corresponding change in the 
line width. The specific heat anomaly in 2,2 dimethyl 
propane is one such example. An interesting example is 
furnished by the transition in methane at 20°K. In this 
case, a specific heat anomally does occur. The transition 
was interpreted as due to the activation of the rota- 
tional rather than the vibrational degrees of freedom. 
However, accurate measurements made by Thomas, 
Alpert,and Torrey*** did not show any change of the line 
width through this transition range; although a change 
in the relaxation time 7, was observed. Therefore, the 
interpretation of this transition as being due to the onset 
of rotation is untenable. It should probably be attributed 
rather to the onset of directional order. Interestingly, 
T, was found continuous across the melting point. 

From the steepness of the step in the line width vs 
temperature curve, some conclusions can be drawn, in 
principle, about the nature of the transition. A steep 
transition may be due to a cooperative phenomenon, 
whereas a more gradual one may correspond to a non- 
cooperative one. The latter, of course, cannot be called 
a transition in a thermodynamic sense. In practice, it 
seems difficult to draw the line between a cooperative 
and a non-cooperative type of transition, particularly in 
the absence of a theory for the transition in question. 
This is exemplified by the work of Gutowsky and Pake 
on perfluoro ethane.* From the specific heat anomaly at 
104°K, one would, perhaps, conclude that this second- 
order transition is of a cooperative nature. However, if 
the step in the width vs temperature curve is broad and 
especially if there is no corresponding change in macro- 
scopic properties (e.g., the case of 1,1,1 trichloroethane, 
reported by Gutowsky and Pake*), it is perhaps more 
reasonable to infer a non-cooperative phenomenon. 

If from the change of macroscopic properties one can 
conclude that the transition is cooperative, then it may 
be possible to decide between various possible mecha- 
nisms responsible for the transition. Alpert,’ in particu- 
lar, has tried to decide in this manner whether the 
transition involved a change from vibration to rotation, 
the mechanism assumed by Pauling* and Fowler,** 
or a change from order to disorder, as postulated by 
Frenkel”* and Landau.”’ For a finer distinction, it would 
be of interest to show that, for instance, if the specific 
heat data can be equally well represented on the basis 


#s Thomas, Alpert, and Torrey, J. Chem. Phys. 18, 1511 (1950). 

*L. Pauling, Phys. Rev. 36, 430 (1930). 

* R. H. Fowler, Proc. Roy, Soc. (London) A149, 1 (1935). 

%R. H. Fowler, Statistical Mechanics (The Macmillan Com- 
pany, New York, 1936), second edition, Chapter 21. 

26]. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, London, 1946), Chapter 2. 

27 L. Landau, Physik Z. Sowjetunion 11, 26, 545 (1937). 
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of either assumption, the line width change computed on 
the basis of Fowler’s model differs greatly from that 
given by Frenkel and Landau’s model. As pointed out 
by Alpert, an order-disorder transition cannot be jn- 
ferred from line width vs temperature data alone. Both 
a gradual as well as a more abrupt transition in AH are 
compatible with an order-disorder transition. 

It is evident that although line width vs temperature 
data are of great value, they must be supplemented by 
other measurements in order to reveal the nature of the 
mechanisms involved in transitions. If this is true in the 
case of simpler substances, it will be even more so in the 
case of polymers. It is for this reason that a compre- 
hensive program was undertaken at Notre Dame to 
measure also the following relationships through the 
transition range. (1) Thermal expansion coefficient (a) 
vs temperature, (2) length vs temperature (at constant 
force), (3) stress vs temperature (at constant extension), 
(4) stress vs relaxation (at constant extension), (4) 
stress vs relaxation (at constant temperature), and 
(5) dynamic measurements (sound transmission). 

We discuss here briefly only the a vs T relationship, 
since it refers to the unstretched state, the state em- 
ployed in the nuclear absorption experiments. As seen in 
Figs. 5 and 8, both Hycar OS-10 and Hycar OR-15 show 
a discontinuity in the thermal expansion coefficient. It is 
plausible to assume a similar behavior in the C, vs T 
curves so that it is sufficient to consider only the a 2s T 
curves. The discontinuity in the a vs T curve for both of 
the above polymers, as well as for polystyrene, is about 
15°C below the inflection point in the AH vs T curve. As 
a molecular mechanism responsible for the discontinuity 
in the thermal expansion coefficient, it has been tenta- 
tively assumed that it is connected with the formation 
of “holes” in the polymer which permit a greater degree 
of mobility in the chain segments. The inflection point 
in the absorption line width on the other hand has been 
attributed to the onset of “quasi-free rotation” around 
a single C—C bond. Regardless of whether these as- 
sumptions are true or not, the occurrence of discon- 
tinuities (in roughly the same temperature region) in a 
macroscopic property and in the line width shows that a 
macroscopically observable number of molecular groups 
participate in the processes leading to a narrowing of the 
line width. From this alone it does not follow, of course, 
that the transitions in polymers are of a cooperative 
character, although this qualitative inference was drawn 
from the steepness of the jump in the line width of 
Hycar OS-10. It was also concluded from the effect of 
swelling that the line width in the “glassy” state is 
mostly due to intermolecular interaction. Furthermore, 
the line width in crystallized styrene seems to be about 
the same as in “glassy”’ polystyrene, showing that in the 
“glassy” polymer, the protons are in the same local field 
as in the crystallized monomer. The specific volume 
is larger in the “glassy” than in the crystalline state. 
The volume-temperature relationship for polystyrene 
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shows an anomaly in the transition region. The loca- 
tion of this transition region has been shown to depend 
ypon the rate of cooling. No such time effects were 
observed in the line width-temperature curves during 
the relatively short times necessary to make the meas- 
yrements. The line width data were obtained by suc-. 
cessively lowering and raising the temperature with 
no observable hysteresis. However, further investigation 
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will be necessary regarding such things as time effects, 
the effects of stress in the material, etc., and how these 
effects are reflected in the line width, line shape, and the 
thermal relaxation time. The preliminary results re- 
ported in this:paper will have to be supplemented by 
further experimental and theoretical work, which, when 
properly correlated, should help to clarify the mecha- 
nism involved in polymer transitions. 
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Electrical Properties of Some Carbon Black-Oil Suspensions* 


MICHAEL J. ForsTER AND DARWIN J. MEAD 
Department of Physics, University of Notre Dame, Notre Dame, Indiana 


The dc conductivity and ac (1000 cps) properties of suspensions of R-40 carbon black in transformer, 
silicone, and linseed oils, and suspensions of Shawinigan black in linseed oil, were studied as functions of 
time, carbon black concentrations, and rotational speed of test cell. The dc conductivity was also studied 
as a function of voltage. Immediately after agitating the suspension, both ac and dc conductivities increase 
rapidly with time, then level off and approach a saturation value. For the dc conductivity, this value in- 
creases with increasing voltage in all suspensions studied except the highest concentrations (10 percent by 
weight), which obey Ohm’s law. The rate of approach to saturation is independent of voltage but depends on 
carbon black concentration. Increasing the concentration increases the conductivity. Increasing the speed 
of rotation decreases the conductivity. Form factors for the carbon black particles are calculated from the 
dynamic values of the dielectric constant by Voet’s method. Agglomeration factors are then determined. 
At low speeds the agglomeration factor decreases rapidly with increasing speed. At higher speeds it 


approaches unity asymptotically. 


INTRODUCTION 


EASUREMENTS of the conductivity (dc) of 
carbon blacks in Hevea and GR-S! show that, 
at low concentrations, the conductivity increases rapidly 
with increasing concentration of the black. As the con- 
centration is increased farther, the conductivity shows 
an asymptotic approach to a constant value. The 
results were interpreted by assuming that the carbon 
black particles tend to form chains, which at higher 
concentrations form in turn a continuous network. 
Measurements on the loaded rubber samples were com- 
plicated by the long times required to establish ‘“equi- 
librium” conductance, due, undoubtedly, to the high 
viscosity of the rubber matrix. It was thought that the 
use of liquid suspending media (e.g., oils) would elimi- 
nate or minimize the time effects. 

It is known that in the process of manufacture of 
R-4 and Shawinigan? blacks, short chain-like agglom- 
erates are formed. The chains are somewhat longer for 
the Shawinigan than for the R-40 black. These primary 
chains combine into secondary chains so that the 
efective chain length for the two blacks may very well 





* Supported in part by the ONR. 

‘Wack, Anthony, and Guth, J. Appl. Phys. 18, 456 (1947). 

*Manufactured by Continental Carbon Company; particle size 
between 100 and 200A. 

*Manufactured by Shawinigan Chemicals, Ltd., Shawinigan 
Falls, Quebec. Mean diameter of particle 430A. Ball-milled for 30 
minutes before putting in suspension. 





be of the same order. For small extensions, R-40 stiffens 
the rubber as much if not more than Shawinigan. On 
further extension, Shawinigan loading leads to stiffer 
stocks.! This behavior would be expected, since the 
higher extensions should tend to disrupt the secondary 
chains, leaving only primary chains which are longer for 
the Shawinigan. 

Voet! and others® have shown that considerable in- 
formation regarding the shape and state of agglomera- 
tion of suspended particles can be obtained from meas- 
urement of the dielectric constant of the suspension. 
If spherical particles of high dielectric constant are 
suspended in a medium of low dielectric constant, the 
“relative dielectric constant” ¢, of the suspension (at 
low concentrations) should be given by the equation 


e-= €/e2=1+3V, (1) 


where ¢ and €2 are the dielectric constants of the sus- 
pension and the suspending medium, respectively, and 
V is the volume concentration of the suspended ma- 
terial. Any departure from spherical shape leads to a 
higher dielectric constant than that predicted by 
Eq. (1). Voet, therefore, suggests modification of Eq. (1) 
to read 


€--=1+3/V, 


4 Voet, J. Phys. and Colloid Chem. 51, 1037 (1947). 
5 Rayleigh, Phil. Mag. 34, 481 (1892) ; Bruggeman, Ann. Physik 
24, 636 (1935); Guillien, Ann. phys. 16, 205 (1941). 


(2) 
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where f is an empirical “form factor” having a value of 
unity for spherical and a value greater than one for non- 
spherical particles. Thus, the form factor is a measure 
of the degree of departure from spherical shape, but no 
attempt has been made to correlate the form factor 
with the actual shape of the particle. 

Consider now two spherical particles in electrical 
contact. They become, in effect, a single nonspherical 














Fic. 2. Photograph of test cell showing driving motor 
and connecting gear box. 
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particle and would thereby give a larger contribution to 
the dielectric constant than when separated. Thus the 
dielectric constant of the suspension is determined not 
only by the shape of the suspended particles but also 
by their state of agglomeration. Voet, therefore, pro- 
poses the equation 


é-=1+3afV, (3) 


where a is an “agglomeration factor” (measuring the 
tendency of the particles to cluster together) to be 
measured experimentally. A value of unity for a would 
indicate no agglomeration. 

The contributions of f and a to the dielectric constant 
can be separated by measuring the dielectric constant 
as a function of rate of shear perpendicular to the 
electric field. Such shear would tend to disrupt any 
agglomeration, and, if the shear be sufficiently large, 
the agglomeration factor could be reduced to unity, 
and the slope of the e, versus V plot -would be simply 37. 
Extrapolation of the relative dielectric constant, ¢,, to 
infinite speed should give values of ¢, from which the 
effects of the agglomeration of the suspended particles 
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have been removed. Values of ¢, obtained in this way 
should fit Eq. (2), allowing calculation of the form 
factor f, which can be used in Eq. (3) to calculate the 
agglomeration factor for all rates of shear. 


APPARATUS AND PROCEDURE 


The test cell, Figs. 1 and 2, consisted of two concentric 
cylindrical electrodes. The inner electrode was held 
stationary while the outer electrode could be rotated, 
by means of a variable speed motor and a suitable 
gear train, at speeds varying from 2 to 240 rpm. The 
inner electrode can be raised, when necessary, to allow 
a thorough stirring of the suspension. 

A block diagram of the apparatus used in the ac 
measurements is shown in Fig. 3. All measurements 
were made at 1000 cps. Figure 4 is a schematic diagram 
of the circuit employed in determination of the de 
conductivity. In all cases, the resistance R; was very 
small compared with that of the cell, so the specific con- 
ductivity could be represented by 


o=2.63X10-(V1/R1V), 
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where Vi, Ri, and V are as shown in Fig. 4, and 2.63 
x 10° is the cell constant. 

Suspensions of R-40 black in transformer® and sili- 
cone’ oils and of R-40 and Shawinigan black in linseed 
oil were made. Preparation consisted of loading the 
different oils with 1/4, 1/2, 1, 2, 5, and 10 percent 
carbon black by weight. The corresponding volume con- 
centrations were calculated from the densities of the 
suspension obtained from pycnometric determinations. 
The volume concentration is defined here as the ratio 
of the true volume of the carbon black to the total 
volume of the suspension. Table I gives volume con- 
centration. 

The experimental procedure consisted of filling the 
cell to a point 1/4 inch above the inner cylinder with 
the suspension to be tested. The ac measurements were 
made with a GR-716C capacitance bridge. In the dc 
experiments, the conductivity was computed from the 
measured values of the potential drop across R,. The 
recording potentiometer provides a continuous meas- 
urement of this potential drop and, therefore, a con- 
tinuous conductivity vs time plot. 
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The dielectric constants of the oils were: linseed, 3.26; 
silicone, 2.69; transformer, 2.24. All measurements were 
made at 25°C and 1000 cps. Preliminary experiments in 
a special cell showed no appreciable settling of carbon 
black for several hours after stirring. This cell, of the 
concentric cylinder type, had the inner electrode divided 
into rings which were stacked one above the other with 
teflon insulation between each. The conductivity meas- 
ured by the lower rings showed no increase over that 
of the upper rings in a period of several hours. 


EXPERIMENTAL RESULTS 


The de conductivity of carbon black suspensions is 
characterized by a rapid increase with time immediately 
after stirring, followed by a gradual leveling off and an 
asymptotic approach to a maximum or saturation 
value. A comparison of the conductivities of all sus- 





*“Compensator oil,” manufactured by the Standard Oil Com- 
pany. 

"Dow-Corning, D-C 200, viscosity 20 cstks; density 0.9574 
g/ec at 25°C, 


* The linseed oil was obtained from painters stock. Density at 
°C, 0.9251 g/cc. 


TABLE I. Volume concentration (%) for the various suspensions. 











Wat. R-40 R-40 R-40 Shawinigan 
conc. linseed transformer silicone lin: 
(%) oil oil oil oil 
1/4 0.13 
1/2 0.25 0.25 0.26 0.25 
1 0.51 0.51 0.53 0.51 
2 1.03 1.02 1.06 1.03 
5 2.65 2.63 2.73 2.65 
10 5.55 5.50 5.69 5.55 








pensions having weight concentrations of 10 percent 
(all graphs show weight concentration unless otherwise 
stated) is made in Fig. 5. No voltage dependence is 
observed for the R-40 in either silicone oil or linseed 
oil, while the conductivity of the transformer oil sus- 
pension of R-40 has a positive voltage dependence. The 
conductivity of Shawinigan in linseed oil, however, 
showed a negative voltage dependence; but this sus- 
pension tended to be unstable, with the conductivity 
drifting toward lower values as the suspension aged. 
The graph shows that the maximum value of the con- 
ductivity is a function of the type of oil and the type 
of black used. For the same concentration and (linseed) 
oil, the R-40 suspension is a better conductor than the 
Shawinigan suspension. For the same concentration and 
black (R-40), the linseed oil shows the lowest con- 
ductivity and silicone oil the highest. 

The dc conductances of lower concentrations of R-40 
and Shawinigan in linseed oil fell below 10-" mho/cm 
and were, therefore, unmeasurable on our experimental 
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setup. In the silicone and transformer oils, however, the 
conductivities of R-40 suspensions having concentrations 
as low as 1 percent were measurable. These lower con- 
centrations (1 and 2 percent) show a definite time lag 
(100 to 200 sec) after stirring before forming sufficient 
carbon chains to produce measurable conductivity. 
A comparison of the various concentrations of R-40 in 
silicone oil is made on the semilog plot of Fig. 6. The 
rate at which the conductivity approaches its maximum 
value is strongly dependent on concentration (being 
greater for the higher concentrations) but appears to be 
independent of the voltage across the cell. 

The effect of reversing the field was also studied. It 
was found that repeated reversals of the field in the 
cell during conductivity vs time measurements caused 
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Fic. 7. Dc conductivity of 10 percent suspensions of R-40 and 
Shawinigan in linseed oil as a function of speed of rotation of cell 
with 6 volts across cell. 
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no change in the curves. There was, therefore, no 
breakdown in the conducting chain structure already 
formed nor a change in the rate of chain formation. 
The conductivity can be determined as a function of 
voltage for both static and dynamic conditions. The 
static relations are obtained by cross-plotting the data 
from the o versus time curves at a time so selected that 
the conductivity is increasing, though slowly, with time. 
Six hundred seconds, for example, is sufficient for all 
concentrations of R-40 in silicone oil. The o versys 
voltage plots are linear within the voltage range used 
with the slope increasing with increasing concentration 
up to the 5 percent concentration. The 10 percent plots, 
of course, have zero slope. The dynamic values of 
conductivity versus voltage were obtained with the cell 
rotating at a constant speed of 110 rpm. All of the 
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suspensions gave a linear relationship (with positive 
slope) between o and the voltage across the cell. 

The relationship between the conductivity and speed 
of rotation of the cell for R-40 and Shawinigan in 
linseed oil is illustrated by Fig. 7. This curve shows a 
large decrease in o with increasing speed of rotation of 
the cell, the rate of decrease being greater for low speeds. 
Again the Shawinigan gives a lower conductivity than 
the R-40. The other suspensions behave. in a similar 
fashion. 

By cross-plotting the conductivity at 600 seconds 
from Fig. 6 against the volume concentration, Fig. 8 is 
obtained. Above 1 percent, the conductivity increases 
exponentially with volume concentration, as evidenced 
by the straight lines on the semilog plot, the higher 
voltages giving the lower slopes. The rapid decrease in 
conductivity below 1 percent indicates that a few 





ots, 
of 
cell 
the 





sitive 


speed 
an in 
OWS a 
ion of 
peeds. 
y than 
similar 


econds 
ig. 8 is 
creases 
denced 
higher 
ease in 
a few 





ELECTRICAL PROPERTIES OF CARBON BLACK-OIL SUSPENSIONS 709 


isolated conducting chains are formed below this con- 
centration only. The break in the curve at about 1 per- 
cent indicates the formation of a network. 

Measurements of capacitance and dissipation factor 
were obtained for the various suspensions under both 
static and dynamic conditions. The static measure- 
ments of dielectric constants and conductivities followed 
the pattern of the dc conductivities, that is, a rapid 
increase followed by a leveling-off and approach to a 
saturation value as time increased. Because of instru- 
mental limitations, it is impossible (except in rare cases) 
to obtain both ac and dc measurements on the same 
sample under the same test conditions. 

The dynamic values of the ac conductivity and di- 
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electric constant showed the same behavior as the dc 
conductivity, viz., decreasing with increasing speed of 
rotation. This behavior is shown for the ac conductivity 
of R-40 in linseed oil in Fig. 9. The conductivity does 
not approach zero at high speeds as in the dc case, but 
it approaches some limiting value which is due to the 
sum of the contributions of the induced dipoles in the 
oil and in the black. The 0 percent line represents linseed 
ol alone. Figure 10 is a plot of ¢, against (rpm)? 
showing the extrapolation to infinite speed. As described 
previously, the infinite speed values of ¢, are used to 
calculate the form factor for the carbon black. For the 
carbon black used in these experiments, the R-40 black 
has an average form factor of 6.4 and the Shawinigan 
an average form factor of 6.2. Using these form factors 
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in Eq. (3), the agglomeration factors for all concentra- 
tions and speeds were computed. Figure 11 relates the 
agglomeration factor @ to the cell speed for R-40 in 
linseed oil. The curves for all concentrations show an 
asymptotic approach to a value of unity. 


DISCUSSION 


The data on de conductivity show that in linseed oil, 
R-40 is more highly conducting than Shawinigan and 
that silicone oil suspensions of R-40 are better con- 
ductors than those of linseed oil. The conductivity then 
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is a function of the type of oil and the type of carbon 
black used. The variation in o with different oils indi- 
cates that the surface condition of the particles or the 
forces between the particles may be affected by the 
suspending medium. The former case may result in poor 
contact between carbon particles, while the latter 
determines the ability of the particles to form con- 
tinuous chains. The higher conductivity of R-40 over 
Shawinigan agrees with the results, reported by Wack, 
Anthony, and Guth,! on the electrical conductivity of 
carbon black reinforced rubbers. They found that, at 
volume concentrations below approximately 20 percent, 
the R-40 gives the higher conductance, while above 20 
percent the Shawinigan reinforced rubbers are more 
highly conducting. 

The voltage dependence of the conductivity of low 
concentrations of carbon black in silicone oil and the 
voltage-independent rate of approach to a saturation 
value are indicative of a semiconductor. (Of course, the 
blacks are themselves semiconductors.) Since the rate 
at which the saturation value is approached is inde- 
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pendent of the voltage across the cell, the rate at which 
conducting chains of carbon black form must also be 
independent of voltage. This has been shown to be the 
case in tests run with a constant voltage applied con. 
tinually across the cell and with the same voltage 
interrupted for varying intervals during the test. The 
two o versus time curves agreed. The voltage dependence 
then is not caused by a change in the number of cop- 
ducting chains but rather by a better electrical contact 
between carbon black particles in the stronger fields, 

Figure 12 shows ¢, as a function of volume concen- 
tration. If the suspensions showed no agglomeration, 
the relation would be a straight line with slope 3f; 
however, even the infinite speed value of ¢, show some 
agglomeration at concentrations above 1.5 percent by 
volume (or our method of extrapolation to infinite speed 
contains a systematical error). At finite speeds (e.g., 110 
rpm), more agglomeration occurs, giving a curve which 
is still more concave upward. This is an indication that 
chain-like agglomerates exist at this speed, with their 
number increasing for lower speeds. One can now explain 
qualitatively why the break in the conductivity curve 
in Fig. 3 occurs at such a low concentration (about 
1 percent). Assuming one starts with individual par- 
ticles, theoretical consideration predicts that the con- 
centration at which network formation becomes appreci- 
able should be the reciprocal of the coordination num- 
ber® (the number of nearest neighbors). Carbon black 
particles should not have a coordination number 
greater than twelve, so the critical concentration should 
not be below 8 percent by volume. The experimental 
value of the critical concentration, however, is about 
1 percent. This large discrepancy may be attributed to 
the availability of the original chains of carbon already 
formed which greatly enhance the building of the larger 
chains and network. Blacks with shorter primary chains 
would be expected to show higher values for the critical 
concentration. 


9 H. M. James and E. Guth (unpublished). 
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Mechanical Properties of Substances of High Molecular Weight. IX. Non-Newtonian Flow 
and Stress Relaxation in Concentrated Polyisobutylene and Polystyrene Solutions 


FREDERIC W. ScHREMP,* JOHN D. FERRY, AND WARREN W. EVANS 
Department of Chemistry, University of Wisconsin, Madison, Wisconsin 


A coaxial cylinder apparatus serves to measure the apparent viscosity of a concentrated polymer solution 
at various shearing stresses and to follow the relaxation of stress after sudden cessation of flow. The depend- 
ence of rate of strain (7) on shearing stress ({) can be represented by the equation y=, sinhk2T. The 
constant ke is almost independent of temperature, and decreases with increasing concentration. The course 
of the stress relaxation depends on the steady-state value of 7 preceding cessation of flow. By assuming a 
logarithmic distribution function ® of elastic mechanisms which are relaxed by hyperbolic sine flow mecha- 
nisms, it can be shown that @Y— (dT /d logt) /2.303kit2 tanh { (y/k1)/(1+[1+(y/h:)*]!)}, where ¢ is the 
elapsed time. Values of obtained from this equation are essentially independent of the rate of shear. The 
reduced distribution function, 6,=@7o/Tc, plotted against the logarithm of the reduced relaxation time, 
tr=1c1/Ton, where T is the absolute temperature, 7>=298°K, c is the concentration in g/cc, and the 
viscosity at zero stress, is independent of temperature and concentration over the ranges studied for each of 


three polymer samples. 





INTRODUCTION 


6 Rowe mechanical behavior of concentrated polymer 
solutions in small oscillating deformations has 
been studied in the audiofrequency range by transducer 
and wave propagation measurements.! The lower limit 
of the frequency range? has been 25 cycles/sec. Although 
it is possible to extend oscillatory measurements to 
lower frequencies,’ it is convenient to obtain equivalent 
information corresponding to very long times from 
transients, such as stress relaxation. 

In solid polymer samples, the relaxation of stress at 
constant strain following instantaneous stress has been 
extensively studied,* and this procedure has also been 
used for liquid solutions.* However, we find it more 
practical to measure the decay of stress in a liquid after 
steady-state flow has been achieved and then suddenly 
interrupted. In contrast to the dynamic studies,!-? where 
amplitude effects appear to be of minor importance, and 
stress relaxation measurements on solids,‘ where the 
course of the relaxation is independent of the strain at 
moderate deformations, it is found that stress relaxation 
in concentrated solutions depends markedly upon the 
rate of steady-state shear preceding relaxation. The re- 
sults can be explained, however, by attributing the 
relaxation to non-newtonian flow processes; and by 
using a hyperbolic sine flow function the distribution 
function of relaxation times corresponding to infini- 
tesimal deformations can be satisfactorily obtained. The 
dependence of this distribution function on temperature 
and concentration has been investigated within the 
limits of the present apparatus. 

* Present address: California Research Corporation, La Habra, 
California. 
us” Sawyer, Browning, and Groth, J. Appl. Phys. 21, 513 

*Smith, Ferry, and Schremp, J. Appl. Phys. 20, 144 (1949). 


*H. Goldberg and O. Sandvik, Anal. Chem. 19, 123 (1947). 
4 aaa J. Appl. Phys. 15, 380 (1944) ; J. Polymer Sci. 3, 669 


°G. Stainsby and A. G. Ward, Proc. Intern. Rheol. Congr. 
ey Holland Publishing Company, Amsterdam, 1949), p. 


DESCRIPTION OF APPARATUS 


The polymer solution is sheared between coaxial 
stainless steel cylinders (Fig. 1). The inner cylinder or 
bob is suspended by a torsion wire 0.1 in. in diameter (1) 
formed by machining down a ?-inch stainless steel rod 
in the center for a length of 1.75 in. The shanks of the 
rod (7) were pressed into the bob and headpiece when 
the latter were heat-expanded. The apparatus is as- 
sembled as follows: the inner cylinder is carefully 
lowered into the solution contained in the outer 
cylinder ; its bottom is centered by a pin (9), and its top 
by slots in the headpiece which take keys fixed in the 
head (2). After any stresses introduced in the solution 
during assembly have relaxed, the bob is raised above 
the centering pin by tightening the head screw (5). The 
outer cylinder revolves in ball bearings and is turned by 
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Fic. 1. Coaxial cylinder apparatus for measurement of viscosity 
and stress relaxation. 
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a belt drive which, using a variable speed motor® and a 
specially designed gear box, covers a range of angular 
speeds of 2X10~* to 40 radians/sec. The speed is 
measured at the input to the gear box by a Boulin’ 
chronometric tachometer. The torque on the inner 
cylinder is measured by deflection of a light beam 
reflected by a mirror (8) attached to the bottom shank. 
The optical lever is approximately 10 meters ; because of 
the stiffness of the suspension, the rotation of the inner 
cylinder rarely exceeds 0.01 radian. Temperature is 
controlled by circulating Ucon oil® LB-135 through the 
outer bronze casting, which is surrounded by insulation. 

To make stress relaxation measurements following 
achievement of steady-state flow, the motion of the 
outer cylinder is stopped by a switch which simultane- 
ously opens a clutch in the drive, applies an electric shoe 
brake to the belt drive, and starts an electric timer. The 
first few minutes of relaxation are recorded by an auto- 
matic camera with a rotating shutter which exposes a 
moving film to the deflected light beam at one-second 
intervals. Simultaneously with the moving slit images, 
reference flashes from an argon lamp actuated by the 
camera shutter are recorded, so that, even though the 
motion of the film is not carefully regulated, the deflec- 
tion of the light beam can be accurately measured. After 
the relaxation becomes slower, it is followed by visual 
observations on a ground-glass scale, using the electric 
timer. 

Since during stress relaxation the inner cylinder 
rotates from its position during steady-state flow back 
to its rest position, turning through an angle of the 
order of 0.01 radian, the relaxation does not take place 
strictly at constant strain. It can be shown,’ however, 
that for time intervals much longer than a critical time 
t.=bn/k the relaxation is essentially at constant strain, 
and it is considered to be so in analyzing the data. Here 
b is an apparatus constant to be described below, 7 is 
the viscosity of the liquid at infinitesimal stress, and k 
the torsional stiffness of the bob suspension in dyne- 
cm/radian. In practice, the relaxation readings are 
taken beginning at ‘= 10/.. Because of the high value of 


* A “Transitorq” (General Electric Company) was kindly lent 
to us by Professor J. W. Williams. 

7 Boulin Instrument Corporation, 65 Madison Avenue, New 
York 16, New York. 

® Carbide and Carbon Chemicals Corporation, South Charles- 
ton, West Virginia. 

* The condition for neglecting the rotation of the inner cylinder 
during stress relaxation can be obtained by considering the 
maxwell model employed below. During steady-state flow, the 
stress on the ith mechanism is (n¢/n)Gi7i’‘y, and the ith spring is 
deformed corresponding to a shear strain (n4/n)7:’y. Only for those 
elements whose deformation much exceeds the strain corresponding 
to rotation of the bob back to its rest position can the relaxation 
be said to be taking place at constant strain. The bob rotates 
through an angle a= $y, where & is the torsional stiffness of the 
suspension; the corresponding change in strain of the sample is 
a(y/2)=bnay/k. This can be neglected if it is small compared 
with the internal strain; i.e., (na/n)ri’Y¥>>bnay/k. Relaxation times 
ti>>bn/k can therefore be correctly estimated, and these will be 
obtained from data at values of the elapsed time >bn/k. 
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k(7X 10), ¢. never exceeds a few seconds, so only a smal] 
part of the beginning of the relaxation must be rejected, 

The torsion wire was calibrated in situ by attaching 
to the bob a collar carrying two thin drill rods which 
were strained in flexure, while the bob rotation was 
measured with the same optical system employed jn 
experimental torque measurements. The flexural stiffness 
of the drill rods was determined in turn by clamping the 
collar horizontally and measuring the deflections pro. 
duced by attaching small weights. 

The apparent viscosity at a given rate of rotation Qjs 
calculated by the equation 


na= 8/bQ, (1) 


where § is the measured torque. The constant } js 
derived from the dimensions of the cylinders, as the 
sum of three terms, following the example of Goldberg 
and Sandvik.’ The annular gap between the cylinders 
contributes about 97 percent of the viscous drag; the 
space between the bottom ends, about 1 percent; the 
annular gap above the bob, between the torsion wire 
shank and the outer cylinder, about 2 percent. The 
latter depends, of course, on the level of solution, which 
is adjusted to come about halfway between the top of 
the bob and a guard ring (not shown) at the base of the 
mirror mount. At high rates of rotation, because of the 
well-known effect described by Weissenberg’® and 
Rivlin," the more concentrated solutions tend to climb 
up the shank here and accumulate at the guard ring. 
Measurements are interrupted at intervals, therefore, to 
permit this material to flow back. However, the 2 
percent contribution to the viscous drag above the bob 
is within experimental accuracy, so rearrangement of 
material in this space is of no consequence. The value 
of b is 214 cm’. 

To analyze the dependence of apparent viscosity on 
shearing stress, the average value of the shearing stress 
in the instrument must be estimated. It is, of course, 
proportional to the measured torque. Calculation of the 
proportionality constant, de, is restricted to the annular 
gap between the cylinders, since the contributions of the 
other spaces are in fact negligible. Since 7, is the ratio 
of the average stress, T, to the average rate of strain, 7, 
it follows from Eq. (1) that 


T= Yna= (1/b)(y/2)S= a8. (2) 


The ratio of rate of strain to angular velocity at radiusr 
is given” by (2/r*)R?R2?/(R2—R,), where Rz and R 
are the radii of the outer and inner cylinders. This ratio 
is 2.57 at the edge of the outer cylinder and 4.57 at the 
inner. The average is taken as the geometric mean, 3.43, 
for y/Q. The constant a2, giving the ratio of average 
shear stress to measured torque, is thus 0.0160 cm™~. 


10K. Weissenberg, Proc. Intern. Rheol. Congr. (North Holland 
Publishing Company, Amsterdam, 1949), p. I-29. 

" R.S. Rivlin, Trans. Faraday Soc. 45, 49 (1949). 

2 E. Hatschek, The Viscosity of Liquids (G. Bell and Sons, 
London, 1928), p. 30. 
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MATERIALS 


Solutions of two samples of polyisobutylene and one 
of polystyrene in Decalin were employed. Polyiso- 
butylene N was an unfractionated polymer of viscosity- 
average molecular weight 1.2 million, furnished through 
the kindness of Dr. John Rehner, Jr., Esso Laboratories, 
which has been the subject of several other investiga- 
tions in this laboratory."—'® Polyisobutylene W-2 was a 
rough fraction of commercial Vistanex B-120, generously 
supplied by the Enjay Company, Inc., comprising about 
56 percent of the total polymer after removal of 13 
percent of higher and 31 percent of lower molecular 
weight material. Its viscosity-average molecular weight 
was 2.5 million. Polystyrene 19F was a specially pre- 
pared sample given us by Mr. R. F. Boyer, Dow 
Chemical Company, of number-average and weight- 
average molecular weights 0.19 and 0.36 million, re- 
spectively. The Decalin was redistilled through a 30- 
plate Oldershaw column; it was a mixture of the 
isomers with a refractive index at 25° of 1.4798. 


VISCOSITY RESULTS 


Measurements were made at several different concen- 
trations at 15°, 25°, and 35°. The apparent viscosity 
decreased with increasing shear stress. In earlier 
work'® with concentrated polymer solutions, such non- 
newtonian flow was described by writing the apparent 
fluidity as a linear function of the stress. Subsequent 
recalculation!’ has shown that a hyperbolic sine function 
gives nearly as good a fit, and for the present results the 
latter function is better, although the data do not permit 
a critical test, as illustrated in Fig. 2. Here 2/8 (pro- 
portional to apparent fluidity) is plotted against $ with 
logarithmic scales. The points are fitted in each case by 
amaster curve of log sinha—logx against logx, cut on a 
transparent template, and marked by a cross at the 
point corresponding to x=1. If the rate of shear is 
written as y= k; sinhk,S, where k; and k2 are considered 
as empirical parameters for present purposes, these 
parameters can be determined from the coordinates 
of the cross point, (Q/8)* and 8*; ko=1/a2S* and 
b= (b/k2)(Q/S)*/1.175. Moreover, the viscosity extra- 
polated to zero stress, 7, is equal to 1/kyR,. 

Although the use of the hyperbolic sine function to 
describe non-newtonian flow has been criticized,!*:! it 
fits the present data up to values of stress corresponding 
to kkE=3, and it has the advantage of permitting 
explicit evaluation of stress relaxation data as shown 





108) N. Ashworth and J. D. Ferry, J. Am. Chem. Soc. 71, 622 
b 

“ Marvin, Fitzgerald, and Ferry, J. Appl. Phys. 21, 197 (1950). 
- (ios Fitzgerald, Johnson, and Grandine, J. Appl. Phys. 22, 
| 1). 

*J. D. Ferry, J. Am. Chem. Soc. 64, 1330 (1942). 

"This recalculation was made following a discussion with 
Professor R. E. Powell, University of California. The method of 
curve fitting illustrated in Fig. 2 is an adaptation of one used by 
Professor Powell. 

*R. S. Spencer, J. Polymer Sci. 5, 591 (1950). 

*H. Leaderman, private communication. 
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Fic. 2. Logarithm of the ratio of angular velocity to torque 
plotted against logarithm of torque, for a 16.5 percent solution of 
polyisobutylene W-2 at three temperatures. The curves have the 
shape of log sinhx—logx vs logx. 


below. Moreover, it satisfies the requirement that a 
series expansion of y should contain only odd powers 


of F. 


TABLE I. Constants characterizing non-newtonian flow of 
polyisobutylene and polystyrene in Decalin. 











Concen- 
tration k2 X10 
wt. Temp. 1X10 ki X10? cm? 
Polymer percent °C poise sec™ dyne™ 
PolyisobutyleneW-2 12.0 15.0 2.77 6.39 5.65 
25.0 2.06 8.60 5.65 
35.0 1.59 11.2 5.65 
13.8 15.0 5.46 3.97 4.61 
25.0 4.14 4.73 5.10 
35.0 2.93 7.68 4.44 
65 8 i235 2.47 3.29 
25.0 9.35 3.34 3.29 
35.0 6.62 4.83 3.29 
20.0 15.0 31.1 1.37 2.42 
aan 6 1.89 2.42 
35.0 16.5 2.50 2.42 
Polyisobutylene N 149 15.0 0.36 47.7 5.81 
25.1 0.26 66.1 5.81 
35.1 0.19 90.5 5.81 
25.0 15.0 6.03 6.35 2.61 
24.9 4.46 8.57 2.61 
34.9 3.09 12.4 2.61 
Polystyrene 19F 30.4 15.1 0.188 274 1.94 
24.9 0.085 612 1.92 
50.4 0.047 1110 1.92 
33.4 54 1.13 42.2 2.05 
25.1 0.45 110 2.03 
35.0 0.22 224 2.03 
41.4 15.1 5.25 15.7 1.21 
25.1 1.98 44.6 1.13 
35.0 0.84 108 1.10 
464 15.1 36.5 2.80 0.98 
25.1 10.1 10.7 0.93 
35.0 3.67 33.0 0.83 
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Fic. 3. Parameter 1/k2 plotted against concentration. 


Table I gives values of 7, ki, and k2 determined by 
plots of the type of Fig. 2 for the three polymer samples 
at various temperatures and concentrations. Falling ball 
viscosity measurements made on the same solutions, at 
shear stresses small enough so that non-newtonian 
deviations should be negligible, give values ten to 
twenty percent higher than those in Table I. However, 
the primary interest of this study is in the use of the 
parameter &, for the analysis of stress relaxation data; 
this is not seriously affected by such an uncertainty in 
absolute magnitude. 

Within the rather narrow experimental range, ke is 
almost independent of temperature. Its reciprocal in- 
creases with concentration, more rapidly than with the 
first power, as shown in Fig. 3. 


NON-NEWTONIAN STRESS RELAXATION 


The course of stress relaxation in a solution of polymer 
W-2 is illustrated in Fig. 4 by plotting relative stress 
(ratio of the stress at time ¢ after cessation of flow to 
that maintained during steady-state flow) against log/. 
The higher the steady-state rate of strain, the faster is 
the subsequent relaxation ; this shows that the viscoelas- 
tic properties revealed in these measurements cannot be 
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Fic. 4. Relative stress plotted against logarithm of time, for a 
16.5 percent solution of polyisobutylene W-2 at 15°C. The figures 
denote average rate of shear preceding relaxation. 
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represented by a model of linear elements, as is cys. 
tomary in dealing with dynamic mechanical properties 
of polymer solutions in small deformations. 

For analysis, and particularly for correlation with 
dynamic measurements, it is desirable to extrapolate the 
experimental results to determine the course of relaxa- 
tion which would take place after an infinitesima| 
steady-state stress. It is not practical to extrapolate the 
relaxation data directly. However, by deriving a dis. 
tribution function of relaxation times, it is possible to 
obtain this function corresponding to infinitesimal stress 
explicitly from experimental data at finite stress, as 
shown by the following calculation. 

We consider first a finite series of rigidity mechanisms 
(G,) in parallel (the maxwell model), each relaxed by a 
non-newtonian hyperbolic sine flow mechanism with pa- 
rameters k;; and k2;. Such a model can give over-all hy- 
perbolic sine flow behavior only if all 1; are the same; 
in this case, in steady-state flow, 


To= LT so= Z(1/k2:) sinh (y/h), (3) 


where T jo is the stress on the ith spring-dashpot pair. 
The relaxation at constant strain of a single spring by 

a hyperbolic sine dashpot has been calculated by 

Tobolsky and Eyring.”° In our notation, it is given by 


tanh(k2,;d ;/2) a exp(— Rik Git) tanh(k2,5 io/ 2), (4) 


where T; is the stress after time ¢. The relaxation time 
7; is defined as usual as 9;/G,= 1/kik2Gi, where n; is the 
viscosity of the single dashpot at infinitesimal stresses. 
This relation permits elimination of k2;; substituting 
for Zio from Eq. (3), and noting that tanh(x/2) 
= sinhx/1+(1+sinh?x)!, we obtain 


=;= 2G tik tanh 
fe" s(y/ki)/(A+L1+(y/ki)?})}. (5) 


The finite series of elements is now replaced by an 
infinite series in which the usual distribution function 
F(r)dr corresponds to G;. The total stress at time t is 
then 


T=2h rF(r) tanh 
fe-!*(y/ha)/(A+ [1+ (4/ha)? Pha 


A cut-off approximation,” analogous to that used 
in the treatment of dynamic properties,” is next 
introduced; it is assumed that e~‘/? can be replaced by 
zero for r<t and by unity for r>¢. The function F(r)dr 
is replaced by the defined equivalent (In7)d Inr. Then 
we have 


T= 2k, tanh-"{ (7/ks)/ (14+ [1+ (¥/ks)*P)} f réd Int 
7 int 


2 A. V. Tobolsky and H. Eyring, J. Chem. Phys. 11, 125 (1949). 


2 T. Alfrey, Mechanical Behavior of High Polymers (Interscience 
Publishers, Inc., New York, 1948), p. 553. 
% A. W. Nolle, J. Polymer Sci. 5, 1 (1950). 
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Finally, from the usual differentiation with respect to 
the limits of the integral, we have 


(Ini) = — (dX /d logt)/2.303%12 tanh 
{(¥/k1)/+ [i+ (y/ki)?})}. (6) 


Thus, from the slopes of plots such as Fig. 4, together 
with values of k, from Table I, the function ® can be 
calculated explicitly by Eq. (6) for various rates of shear 
(7) preceding relaxation, and values obtained for differ- 
ent rates of shear should coincide. 


RELAXATION RESULTS 


Values of ® calculated from the curves of Fig. 4 are 
represented by curve 2 of Fig. 5, where similar data for 
other solutions are also plotted. In most cases the values 
corresponding to different initial rates of shear fall quite 
close together, whereas without the non-newtonian 
correction they would differ by several hundred percent. 
This agreement lends confidence to the application of 
Eq. (6). 

To present values of ® calculated similarly for other 
temperatures and for the other polymers, use is made 
of the reduced relaxation function! ®,(Inr,)=®T7)/Tc, 
where t-=7¢7'/Ton; c is the polymer concentration in 
g/cc, T the absolute temperature, and Tp= 298°K. If all 
relaxation mechanisms depend identically on tempera- 
ture and concentration, and the contributions of all 
rigidity mechanisms are proportional to T and c, data 
for different temperatures and concentrations should 
combine to give a single curve when 9, is plotted against 
t, This is achieved very closely for the two polyiso- 
butylene samples (Figs. 6 and 7) and fairly well for the 
polystyrene (Fig. 8). 


DISCUSSION 


Measurement of stress relaxation following steady- 
state flow is particularly advantageous for determining 
the shape of the distribution function in the region of 
long relaxation times. In this respect it is superior to 
stress relaxation after instantaneous strain. In the latter 
method the stress at time ¢ (for newtonian relaxation 
using the cut-off approximation) is 


vf €d Inz, 
1 


where 7 is the strain, whereas in the former it is 


vf réd Inr. 
1 


The additional factor of + weights the contribution of 
long relaxation times to the stress and prolongs the 
period over which measurements can be made. From 
gaphical integration of ®, values of the dynamic 


rigidity! corresponding to extremely low frequencies can 
be predicted. 
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Fic. 5. Distribution function # plotted against logarithm of 
relaxation time, for solutions of polyisobutylene W-2 at 15°C. 
O, ©, ®@, @ correspond to increasing values of the rate of shear 
preceding relaxation, covering a range of from seven- to tenfold. 


The function r#, graphical integration of which 
yields values of dynamic viscosity, goes through a 
maximum. Previous dynamic measurements on polymer 
solutions! have defined only the left side of the maximum 
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Fic. 6.ZReduced distribution function for polyisobutylene W-2 at 
four_concentrations_and‘three temperatures. 
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Fic. 7. Reduced distribution function for polyisobutylene N, 
concentration 25.0 percent, at three temperatures. 


(plotted against logr), leaving its position rather un- 
certain. From the stress relaxation measurements, the 
position of the maximum and the shape of the curve on 
its right side are obtained, as shown for polyisobutylene 
W-2 in Fig. 9. 

Figure 9 shows also a plot of 7° against logr, using 
reduced variables. This function is of interest because 
its integral is related to the amount of elastic energy 
which can be stored in the system during steady-state 
flow. In terms of the maxwell model of finite elements 
previously employed, the stress on the ith mechanism is 
k,G,r; sinh—(y/ki), and the spring is deformed corre- 
sponding to a shear strain £;/G;=y7; sinh—(y/h:). 
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Fic. 8. Reduced distribution function for polystyrene 19F, at two 
concentrations and three temperatures. 
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Within a range of deformation where the shey 
is hookean (even though the viscosity may } 
non-newtonian), the work of deformation 
GL hir; sinh (y/ki) P/2. Replacing the sum of finite 
elements by an integral over the distribution function a 
before, we find for the total work of deformation (per cr) 
of all the elastic mechanisms 


W=3[k, sink-"(y/b) Ff 7°bd Inr. 

This work can also be expressed in terms of ap 
“internal” modulus of rigidity, G, discussed by Spencer:! 
W=?/2G within the hookean range. It follows that 
Spencer’s G is equal to 


v/f 7’éd Int. 
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Fic. 9. Plots of 7,@, and 7,*,, for polyisobutylene W-2. 


If reduced variables are used, 


G-1/ f T,°®,d Inr,. 


To obtain G for the pure polymer at 25°C, G, is simply 
multiplied by the density of the polymer. Graphical 
integration of 7,°@, in Fig. 9 (with conversion to natural 
logarithms) yields in this manner G=0.43 X 105 dyne/cm’ 
for polyisobutylene W-2. A similar calculation for 
polystyrene 19F gives 0.62 10°. Spencer obtains from 
analysis of the non-newtonian flow of pure polymer 
values of 1.5 10° for polystyrene 19F and 1.0X 10° for 
masticated rubber. The similarity in order of magnitude, 
considering the fact that our predictions from data on 
concentrated solutions involve a rather extreme use of 
reduced variables,” suggests that various linear poly- 
mers do not differ greatly with respect to this property. 

It is Spencer’s G which determines the free elastic 
recovery, or recoil, following cessation of steady-state 
flow, as can easily be shown by equating the energy 








% The use of reduced variables to predict the properties of pute 
polymers from those of their concentrated solutions is succ 
only as a rough approximation, as shown in the following pape 
(reference 15). 
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storage in a maxwell and a Voigt model. Thus, the re- 
covery Y following steady-state flow under stress T is 
equal to 


(T/x?) f 6d Int. 


The constant 1/k2, which has the dimensions of a 
modulus of rigidity, is probably also related to internal 
elastic deformations ;!*-!* but its significance is not clear 
at present. 

It is somewhat surprising that the distribution func- 
tions of Figs. 6-8 are so nearly identical in shape, since 
the high r-end would be expected to be the most 
sensitive to differences in molecular weight distribution. 
However, a comparison of unfractionated polymers with 
sharply fractionated material has not yet been made. 
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The distribution function @ for polyisobutylene N, as 
obtained here from stress relaxation in concentrated 
solutions, is correlated in the following paper’ with data 
from dynamic measurements on solutions as well as 
stress relaxation in the undiluted solid.‘ 
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Mechanical Properties of Substances of High Molecular Weight. X. The Relaxation 
Distribution Function in Polyisobutylene and Its Solutions 
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Previous twin transducer measurements of the dynamic rigidity 
and viscosity of a polyisobutylene sample of viscosity-average 
molecular weight 1.2 million have been extended over a wider 
temperature range, and previous wave propagation data on solu- 
tions of this polymer in xylene have been extended by transducer 
measurements at lower concentrations. Values of the relaxation 
distribution function are derived from all these data and are 
compared with values obtained from stress relaxation measure- 
ments on solutions of the same polymer in Decalin, as well as stress 
relaxation data of Andrews and Tobolsky on solid polyisobutylene 
and dynamic measurements on butyl] rubber from several sources. 
When reduced to a common reference state at 25°C by the as- 
sumption that all relaxation processes depend identically on 


INTRODUCTION 


HE response of a polymer to time-dependent 

stresses of small magnitude, within which the 
viscoelastic behavior is linear, can be described by a 
distribution function of maxwellian relaxation times.' 
For concentrated solutions of an amorphous polymer, a 
single reduced distribution function can be obtained 
which represents dynamic mechanical properties? and 
stress relaxation data* over a considerable range of tem- 
peratures and concentrations. It is of interest to de- 
termine how the reduced distribution function derived 
fom data for concentrated solutions is related to the 





* Department of Physics. 


Present address: Southwest Missouri State College, Spring- 
, Missouri. 
t Carbide and Carbon Chemicals Fellow, 1950-51. 
tee a n, Kiinzle, and Preissmann, Helv. Chem. Acta 30, 307 


Cos” Sawyer, Browning, and Groth, J. Appl. Phys. 21, 513 


*Schremp, Ferry, and Evans, J. Appl. Phys. 22, 711 (1951). 


temperature, the data for solid polyisobutylene provide a picture 
of the distribution function over eleven cycles of logarithmic time. 
It appears to have a plateau from 0.1 to 10‘ sec with a sharp rise 
at shorter times and a sharp drop at longer times. From 10 to 0.1 
sec the functions for polyisobutylene and butyl rubber are similar 
in shape, the latter being somewhat higher. When data for 
polyisobutylene solutions from 5 to 25 percent concentration are 
reduced to the reference state of the solid polymer by the assump- 
tion that all relaxation processes depend identically on concen- 
tration, a single distribution function is obtained which from 10 to 
10° sec is similar in shape to that derived from direct measure- 
ments on the solid polymer but lies somewhat below it. 


properties of the undiluted polymer. To make such a 
comparison, the polymer must be studied above its 
brittle point. Polyisobutylene is a convenient choice, 
since its brittle point lies far below room temperature, 
and data are available on dynamic‘ and relaxation® 
properties of the solid polymer, as well as wave propa- 
gation® and relaxation® properties of concentrated solu- 
tions. In the present study, the existing data have been 
supplemented by transducer measurements on the solid 
over a much wider range of temperatures and on 
solutions at lower concentrations. 


MATERIALS AND METHODS 


The polyisobutylene, sample N, was an unfractionated 
polymer furnished through the kindness of Dr. John 


* Marvin, Fitzgerald, and Ferry, J. Appl. Phys. 21, 197 (1950). 

5 Andrews, Hofman-Bang, and Tobolsky, J. Polymer Sci. 3, 669 
(1948). 

6 J. N. Ashworth and J. D. Ferry, J. Am. Chem. Soc. 71, 622 
(1949). 
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_ Fic. 1. Reduced dynamic rigidity and viscosity plotted loga- 
rithmically against reduced frequency, for solutions in xylene. 
O, transducer measurements; @, wave propagation measurements. 


Rehner, Jr., Esso Laboratories. The material used was 
cut from the center of the original sample, which had 
been stored for three to four years, to avoid inclusion of 
possible oxidative degradation products from the sur- 
face. A determination of intrinsic viscosity indicated 
that the viscosity-average molecular weight was 1.1 
million, in reasonable agreement with the value of 1.2 
million reported for this sample in previous investi- 
gations.*® _ 

Values of the wave rigidity, G, of solutions of this 
material in xylene, derived from wave propagation 
measurements reported previously,* were combined 
where possible with values of the damping index to give 
the dynamic rigidity, G’, and dynamic viscosity, 7’, 
using equations given elsewhere.” These data covered a 
concentration range from 13 to 25 percent. Transducer 
measurements on solutions in xylene at concentrations 
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Fic. 2. Reduced wave rigidity plotted logarithmically against 
reduced frequency for solutions in various solvents. 


from 5 to 12 percent polymer were made with the Model 
2 transducer of Smith, Ferry, and Schremp’ as preyi. 
ously described.? Steady flow viscosity measurements 
were also made on these solutions by the falling balj 
method, using the Ladenburg correction for the effect of 
the container wall. 

Dynamic rigidities and viscosities of the undiluted 
polymer were measured by the twin transducer of 
Marvin, Fitzgerald, and Ferry* (Model 1). Instead of 
the original electrical method for determining the 
transfer impedance, E,/J, (where E, is the emf gene 
rated by the driven coil and J; is the current through the 
driving coil), a specially designed bridge® was used to 
measure the transfer impedance with improved pre- 
cision and convenience. This bridge will be described in 
detail in a later communication. Measurements are re- 
ported from 25 to 250 cycles/sec; at higher frequencies 
it has been found that the mutual inductance of the two 
coils introduces appreciable errors. This limitation will 
be overcome in later designs. Two series of measure- 
ments were made over a wide range of temperatures. In 
series 1, from —8° to 50°C, the apparatus was mounted 
in the original air thermostat. In series 2, from —15° to 
50°C, it was mounted in an improved thermostat con- 
sisting of a liquid bath (alcohol below 0°, dibutyl 
phthalate above 0°) in which the base plate of the 
apparatus was immersed, while the upper part was 
enclosed by an insulated box. This provided control 
within +0.2°C at the extreme temperatures, and much 
better near room temperature. The geometrical factor 
2A/h(=2V/h?) was 22.8 cm in series 1 and 17.6 cm in 
series 2, at 25°C. The value of hk was obtained by 
measuring the distance between the outer ends of the 
clamping cylinders with and without samples in place, 
and V was determined as before by weighing the 
samples, the density being taken as 0.91 g/cm’. At other 
temperatures, 2A/h was calculated by assuming that h 
remained unchanged and the temperature dependence 
of V was given by® (1/V)(dV /dT) =0.59X 10 deg". 


RESULTS ON SOLUTIONS 


Values of G’ and 7’ from wave propagation and 
transducer measurements on xylene solutions are not 
given directly ;!° instead, the reduced dynamic rigidity 
(G,’=G’T,/Tc) and viscosity (n,’=n'/n) are plotted 
logarithmically against the reduced frequency (w, 
=wnT>/Tc) in Fig. 1. Here 7 is the steady flow viscosity 
(at small shearing stresses), ¢ is the concentration in g 
polymer per cc solution, T is the absolute temperature, 
and 7T)=298°K. As previously found for polyvinyl 
acetate solutions,? the data fit together quite well to 
form two composite dispersion curves. 


7 Smith, Ferry, and Schremp, J. Appl. Phys. 20, 144 (1949). 

8 E. R. Fitzgerald, Ph.D. thesis, University of Wisconsin, 1951. 

* J. D. Ferry and G. S. Parks, J. Chem. Phys. 4, 70 (1936). 

10 The original data are given in the Ph.D. thesis of M. F. 
Johnson, University of Wisconsin, 1950. 
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RELAXATION DISTRIBUTION FUNCTION IN 


In earlier studies of polyvinyl acetate in several differ- 
ent solvents," the reduced wave rigidity G, (which 
differs from G,’ by a nearly constant factor not far from 
unity) was found to be almost independent of the nature 
of the solvent when plotted against w,. A similar com- 
parison of solvents for polyisobutylene, from the wave 
propagation data of Ashworth,® is now presented. For 
the conversion of w to w,, values of the steady flow 
viscosities of chlorobenzene, n-heptane, and isooctane 
solutions were estimated from measured viscosities of 
xylene solutions by assuming that the viscosity at a 
given concentration (in g/cc) is proportional to the 
viscosity of the pure solvent. The latter relationship has 
been found to be approximately true for polyvinyl 
acetate solutions.” When G, is plotted against w, for 
solutions in all four solvents, the values fall closely on a 
single curve (Fig. 2), indicating that the nature of the 
solvent has no influence other than a shift of the dis- 
persion along the frequency scale. 


RESULTS ON UNDILUTED POLYMER 


The twin transducer results of series 1 and series 2 
were Closely similar ; and only the latter, which extended 
over a slightly wider temperature range, are given here. 
The results also agreed closely with previous measure- 
ments‘ made in a much narrower temperature range. 
Steady flow viscosity data on the pure polyisobutylene 
were not available at all temperatures; this will usually 
be the case for dry polymers and rubbers (for cross- 
linked polymers, of course, this viscosity is always 
infinite). To apply the method of reduced variables" to 
such systems, therefore, we use a somewhat different 
set of definitions from that employed for solutions. The 
original postulates concerning the dependence of elastic 
and relaxation mechanisms on temperature and con- 
centration (for an undiluted polymer, the concen- 
tration is the density) lead to the reduced quantities 
Gy’ =G'T opo/T p, np’ =n'Topo/arTp, and w,= war. Here 
p and po are the densities at T and 7) (298°K), re- 
spectively, and a7 is the factor by which all relaxation 
times are multiplied when the temperature is changed 
from 7) to T. If the proper value of ar is chosen 
empirically at each temperature, then values of G,’ and 
Np corresponding to all different frequencies and tem- 
peratures should superpose to give two universal dis- 
persion curves. These curves represent reduction to the 
reference state of the pure polymer at 25°C, whereas the 
reduced variables used for solutions, G,’ and 7,’, apply 
to a hypothetical reference state of unit concentration 
and unit viscosity. 

Values of ar can be determined more precisely from 
the data for »’ than those for G’, since the latter at the 
higher temperatures shows a rather flat dispersion. For 





1950); M. Sawyer and J. D. Ferry, J. Am. Chem. Soc. 72, 5030 


"Ferry, Foster, Browning, and Sawyer, J. Phys. and Colloid 
Chem., to be submitted. 
8 J. D. Ferry, J. Am. Chem. Soc. 72, 3746 (1950). 
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Fic. 3. Logn’Topo/Tp plotted against logw, for empirical de- 
termination of ar by shift along line with slope of —1. Figures 
denote temperatures (°C). 


this purpose, log(n’Top0/Tp) is plotted against logw at 
all different temperatures (Fig. 3). These coordinates 
can be converted to logy,’ and logw, by subtracting and 
adding logar, respectively, so the application of this 
reduction factor is equivalent to shifting the experi- 
mental curves to varying extents in the direction of a 
line with a slope of —1. A line with this slope is drawn 
through some convenient reference point on the experi- 
mental curve for 25°C (in Fig. 3, at logw=3). The ex- 
perimental 25° curve is traced on a piece of transparent 
paper, the latter is slid along the 45° line until the curve 


TABLE I. Values of logar for polyisobutylene. 














Temperature, 

“— logar 
— 15.0 2.27 
— 10.5 1.99 

—5.0 1.63 
—1.0 1.37 
5.1 0.96 
9.8 0.72 
15.0 0.46 
19.8 0.25 
25.0 0 
30.2 —0.20 
34.7 —0.38 

40.0 —0.61 

45.5 —0.79 

49.7 —0.93 
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Fic. 4. LogG,’ and logy,’ plotted against logwa7, for undiluted 
polyisobutylene at temperatures from —15.0 to 49.7°C (series 
2). 


at the next higher temperature overlaps the 25° curve, 
and the second curve is traced. When this process is 
repeated to include all temperatures, the data of Fig. 3 
form a single composite curve. At any given tempera- 
ture, the total distance shifted in either the horizontal 
or the vertical direction is logar. 

The values of logar obtained in this way are given in 
Table I. Although they are determined empirically, 
there are two independent checks on their validity, both 
of which are found to be satisfactorily fulfilled. First, 
when reduced variables are calculated from these values, 
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Fic. 5. Logn/no plotted against reciprocal absolute temperature 
for undiluted polyisobutylene. Black circles, experimental values; 
others, calculated, i.¢e., log(arTp/Topo), from Table I and also 
unpublished dynamic data of series 1. 


not only ny’ but also G,’ should superpose at all fre. 
quencies and temperatures to give a single composite 
curve; this superposition is very successful, as shown jn 
Fig. 4. Second, the temperature dependence of the 
steady flow viscosity can be calculated from ap and 
compared with experimental measurements. Since 
log(n/no) has been found to be independent of molecular 
weight for polyisobutylene,“ data for several different 
samples'*:!> can be combined for this purpose, including 
one isolated value for sample N of the present investiga. 
tion.'® Here no is taken as the viscosity at 25°C. Values 
of log(n/no) are plotted against reciprocal absolute tem. 
perature in Fig. 5 together with values of log(arT p/Tp,) 
from both series 2 (Table I) and the unpublished data 
of series 1. According to the postulates on which the 
reduction treatment is based, these two quantities 
should be identical; they are found to be in very close 
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Fic. 6. LogG,’ and logy,’ plotted against logwar, for butyl 
rubber at temperatures from 1° to 41°C—data of Nolle (reference 
17), Guth (reference 18), and Blizard (reference 19). 


agreement, providing further support for the correctness 
of ar. 

A further application of the a7 values obtained from 
dynamic mechanical measurements of polyisobutylene 
is to express dynamic data on butyl rubber in terms of 
reduced variables. Since the chemical compositions of 
these two materials are practically identical, it would be 
expected that values of ar applying to relaxation times 
responding in the audiofrequency range would be the 
same for both. Data for butyl gum rubber from which 
and 7’ may be calculated have been obtained by Nolle” 
from 10° to 40°, Guth!* from 1° to 41°, and Blizard” at 
5° and 20°. When these are converted to reduced vari- 

4 T, G. Fox and P. J. Flory, J. Am. Chem. Soc. 70, 2384 (1948). 

16 J. D. Ferry and G. S. Parks, Physics 6, 356 (1935). 

16 G. T. Howe, unpublished measurements in this laboratory. 

17 A. W. Nolle, J. Polymer Sci. 5, 1 (1950). 

18 Ivey, Mrowca, and Guth, J. Appl. Phys. 20, 486 (1949). 


19 R. B. Blizard, Ph.D. Thesis, Massachusetts Institute of 
Technology, 1950, and private communication. 
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ables by interpolating a7 from Table I, the data 
superpose reasonably well on two composite curves 
(Fig. 6) and show fair agreement among the different 
sources. At extremely low frequencies, of course, the 
properties of polyisobutylene and butyl rubber become 
very different because the latter has cross-links and has 
no extremely long free chains; here the temperature 
dependence of its mechanical properties could not be 
treated in this way. 


THE RELAXATION DISTRIBUTION FUNCTION 


A logarithmic distribution of relaxation times, # (In7), 
can be derived from either G’ or 7’ (or G”’), and if the 
same function is obtained from both independent 
measurements, a valuable confirmation of the experi- 
mental data is provided. A further advantage of this 
function is that it serves to combine data from dynamic 
measurements corresponding to short time intervals 
with data from transient measurements corresponding 
to long time intervals. There are, it is true, direct 
methods for interconverting dynamic and transient 
data ;?° but these involve integral inversions which are 
tedious ; moreover, they require dynamic measurements 
over a wide range of frequencies to predict transient 
data, and vice versa. The wide range is usually not 
available; indeed, if it were, combination of data from 
the two different sources would not be necessary. 
Interconversion methods based on an assumed analytical 
expression! ”!-” for relaxation or frequency dependence 
of dynamic properties may not be safe, because such 
expressions can be applied only to limited regions of the 
relaxation spectrum. We prefer, therefore, to convert 
both dynamic and transient data to the distribution 
function, using approximations™-!7 which permit very 
simple calculation and are probably well within present 
experimental accuracy. 

From dynamic properties we obtain? 


$(—Inw) = G’(d logG’/d logw) 
= — wn’ (d logn’/d logw) 
=G"(1—d logG”’/d logw), (1) 


and from relaxation of stress (£) following sudden 
strain (y) 


& (Int) = —(1/2.303y)(dE/d log?), (2) 


and from stress relaxation following cessation of steady 
rate of strain (7) 


@ (Int) = — (1/2.303-yt)(dZ/d logit). (3) 


Equation (3) is for the case of newtonian relaxation; in 
polymer solutions a non-newtonian correction must be 
applied.* 


*B. Gross, J. Appl. Phys. 18, 212 (1947); 19, 257 (1948). 

*C. Zener, Elasticity and Anelasticity of Metals (University of 
Chicago Press, Chicago, 1948). 
wos, A. Dunell and A. V. Tobolsky, J. Chem. Phys. 17, 1001 

*T. Alfrey, Mechanical Behavior of High Polymers (Interscience 
Publishers, New York, 1948), p. 553. 
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Fic. 7. Distribution function &, plotted logarithmically against 
Tp (reduced to undiluted polymer at 25°C). Stress relaxation data 
on undiluted polyisobutylene from Andrews and Tobolsky 
(reference 5), on solutions from Schremp, Ferry, and Evans 
a 3). Data on butyl rubber from Nolle, Guth, and Blizard 

ig. 6). 


Curve 1 of Fig. 7 represents the distribution func- 
tion for undiluted polyisobutylene reduced to 25° 
(,=T op0/Tp) plotted against reduced relaxation 
time (r,=7/ar). The dynamic values, obtained by 
graphical differentiation of Fig. 4 together with Eqs. 
(1), show that the calculations from G’ and 7’ are in 
good agreement with one exception.* The values from 
stress relaxation data of Andrews and Tobolsky®*® 
leave a gap of nearly three cycles unbridged, but the 
essential features of the distribution function are 
defined: a plateau from 0.1 to 10‘ sec with a pro- 
nounced rise at shorter times and a drop at longer 
times. 

Curve 2 represents the distribution function as 
derived from measurements on solutions. Application 
of Eqs. (1) to Fig. 1 directly gives the function re- 
duced to unit concentration and unit viscosity, ®,, as 
used previously for solutions;? this is reduced in turn 
to the undiluted polymer by the relations ,=®,p 
and r,=7-Mo/po. The viscosity of the polymer (m0) at 
25° is 10"? poises.’* Here again the dynamic values 
from G’ and 7’ are in quite good agreement, and they fit 
quite well with the values from stress relaxation. Al- 
though the latter refer to solutions in Decalin* and the 
former in xylene, it would not be expected from Fig. 2 
that the nature of the solvent would make much 
difference. 


* The use of an additional parameter a as previously attempted 
~ improve the cut-off approximation (reference 2) is of no value 
ere. 
26 We are much indebted to Dr. Rodney D. Andrews for kindly 
supplying numerical data appropriate to a poy of our molecu- 


lar weight, from which absolute values of shear stress could be 
calculated. 
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Although data for concentrations ranging from 5 to 25 
percent are combined in curve 2 by assuming that all 
relaxation times depend identically on concentration, 
the failure of curve 2 to coincide with curve 1 shows that 
this assumption cannot hold when the concentration is 
increased to 100 percent. Nevertheless, curves 1 and 2 
are similar in shape, and it is perhaps surprising that 
they are so close together in view of the enormous 
differences in actual properties between the solid 
polymer and the solutions. This suggests that the 
method of reduced variables will be useful, even in 
ranges where it does not give coincidence of mechanical 
properties, by bringing values close enough together to 
facilitate interpolation. In this case, it also clarifies 
theoretical interpretation by indicating that the mecha- 
nisms governing the properties of the solutions at 
audiofrequencies are the same as those governing the 
properties of the solid at long time intervals. 

Curve 3 represents the distribution function derived 
from the butyl rubber data of Fig. 6. It is closely similar 
in shape to that for polyisobutylene from 10~* to 0.1 sec, 
and lies somewhat above it. 


DISCUSSION 


The distribution function for polyisobutylene shows 
three distinct regions. At short times ® is inversely 
proportional to the 0.6 to 0.7 power of r, at intermediate 
times it is independent of 7, and at long times it again 
falls with increasing r. The first region is reminiscent of 
the viscous coupling theory of Blizard,!* which when 
applied to an unvulcanized polymer predicts that, for 
small r, ® will be proportional to 7~*. The second, flat 
region is not explained by Blizard’s or any other theory, 
though it has been recognized empirically,'-* and a box- 
shaped approximation to this portion of the function has 
been used for various derived calculations. The third 
region undoubtedly represents the progressive disap- 
pearance of elastic mechanisms with increasing + owing 


to the finite length of the polymer molecules. It jg 
evident from the work of Andrews and Tobolsky® that 
this region is profoundly dependent on the average 
molecular weight, and it would be expected to be 
influenced by molecular weight distribution also. On the 
other hand, the first two regions depend very little on 
molecular weight,*> and are probably determined pri- 
marily by chemical composition. 

The distribution function for butyl rubber falls 
slightly above that for polyisobutylene in the first 
region, as though the presence of cross-links increases 
somewhat the strength of elastic mechanisms associated 
with a given relaxation time in the millisecond region. It 
appears to cross the polyisobutylene function at about 
0.1 sec and fall below, as would be expected from the 
fact that the vulcanized material has few chains corre- 
sponding to molecular weights of 50,000 and more. 
Although Flory** has shown the existence of mechanisms 
in butyl rubber with relaxation times of the order of 
minutes, their contribution (attributable to loose ends 
of the network) is small and the function ® would be 
expected to drop sharply in this region. If relaxation by 
chemical scission is taken into account,”’ there may be 
another contribution to ® at very long times. 
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Coveted National Honor Has Come to Pittsburgh Scientist 


Dr. Frederick D. Rossini, professor and head of the Department 
of Chemistry at Carnegie Institute of Technology, has been 
elected to the National Academy of Sciences. He is one of 29 
American scientists recently elected to the group, bringing total 
national membership to 481. 

At Carnegie, Dr. Rossini is also director of the Petroleum 
Research Laboratory, which is engaged in distillation of crude oil 
and its various fractions. This is the only project of its kind in 
existence and makes Carnegie the world center for fundamental 
research in crude oil. 

Dr. Rossini becomes the third Academy member in Western 
Pennsylvania, the 14th in the State, and the first Carnegie 
alumnus to gain this high honor. 


Purpose of the National Academy of Sciences is “to advance 
science, and especially to investigate, examine, experiment and 
report on any subject of science or art whenever called upon by 
any department of the Government of the United States.” 

With headquarters in Washington, the Academy was incor- 
porated by Act of Congress approved by President Abraham 
Lincoln in 1863. Its members represent eleven branches of 
science: mathematics, astronomy, physics, engineering, chemistry, 
geology, botany, zoology and anatomy, physiology and bio- 
chemistry, pathology and bacteriology, anthropology, and 
psychology. 
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, Relation of Tensile Strength to Brittle Temperature in Plasticized Polymers 
1s : 
at R. F. Boyer 
ge The Dow Chemical Company, Midland, Michigan 
be 
he Since both the second-order transition temperature and the tensile strength of plasticized polymers de- 
crease linearly with plasticizer content, and frequently in inverse proportion to the molecular weight of the 
om plasticizer, it was predicted that a linear relationship should exist between tensile strength and transition 
r- temperature for plasticized polymers, independent of the nature of the plasticizer. Tensile strength versus 
heat distortion for four different plasticizers in polystyrene follows this prediction very well. However, tensile 
lls strength versus brittle temperature for plasticized Vinylite VYNW gives a different straight line for each 
rst plasticizer. It is suggested that the diffusion rate of a plasticizer molecule is important in the fast brittle point 
test. The hypothesis is proposed that the brittle temperature of a plasticized polymer represents an iso- 
3€S diffusion constant state. It follows on the basis of some semi-empirical equations that the brittle temperature 
ed should decrease linearly with plasticizer content, and inversely as the activation energy for diffusion of the 
It plasticizer molecule in the plasticized polymer. This latter prediction appears in accord with existing data. 
ut This diffusion concept allows one to predict that the brittle temperature should increase linearly with 
he logarithm of frequency of the test, but inversely as the activation energy for diffusion. 
Te- 
re. aie . 
ms INTRODUCTION plasticized polymer might be expected to obey the 
of T is evident that the addition of a plasticizer to a relation, T.S.=a—(6/M.)—(bw,/M,) , 
nds polymer will alter nearly every physical property os . eae (2) 
~ of the base polymer. For example, it will lower the where M2 is the number average molecular weight of the 
ed softening point, the second-order transition temperature, original polymer, and M, the molecular weight of the 
be the brittle temperature, and other characteristic temper- plasticizer which is present in w; weight percent. This 
atures which might be used to define a certain state of predicted linear lowering of the tensile strength is in 
rigidity of the polymer. The tensile strength and approximate agreement with existing data. 
modulus of elasticity are also lowered. The effect of Table I represents data of this type for polystyrene 
eh plasticizers on these various individual properties has obtained by Peterson.’ In a general way, it is seen that 
y of been the subject of many experimental and theoretical the tensile strength drops off in linear fashion with 
mni papers, some of which will be quoted later. ; increasing plasticizer content. However, the dibenzyl 
rom We are primarily concerned in what follows here with sebacate behaves in an anomalous fashion; it has almost 
vide the interrelationship between tensile strength and the highest molecular weight of the five plasticizers 
and softening temperature (and other related temperatures) shown and yet produces the most marked lowering of 
ship in plasticized polymers. This topic is one on which some tensile strength. Diamyl naphthalene, with the lowest 
theoretical predictions are now possible. Moreover, it molecular weight, shows almost the least lowering of 
has an immediately useful significance, because in many _ tensile strength. 
applications, especially with vinyl films, the desired goal The data of Rider, Sumner, and Myers‘ on plasticized 
13, 3 of plasticization is a maximum lowering of the brittle polyvinylchloride and Vinylite VYNW, all at higher 
temperature coupled with a minimum lowering of the plasticizer concentrations, show a roughly linear de- 
tensile strength. It leads us on to some speculations crease of tensile strength with plasticizer content. 
about the role of plasticizer diffusion rate in brittle Again, the slopes of the lines are not always in inverse 
point tests. proportion to molecular weight. 
EFFECT OF PLASTICIZER ADDITION ON EFFECT OF PLASTICIZER ADDITION ON 
vance TENSILE STRENGTH BRITTLE POINT 
t and Flory! has demonstrated that the tensile strength of a The other problem of effect of plasticizer.on second- 
on by rubbery material is related to its number average mo- order transition point and on brittle point is in a some- 
lecular weight, M,, through the equation, what more complex state. As Boyer and Spencer® have 
incor- ° . 
_ 3 pointed out, there are at least two approaches which 
_ T.S.=a—(6/M,), (1) have been considered. In that of Zhurkov,*® each 
0 . . . ° b4 . 
poi where a and 6 are constants. The significance of this plasticizer molecule is presumed to block out one at- 
bio. | @quation is that the end groups are sources of weakness __ tractive site along the polymer chain. This results in a 
and | leading to tensile failure. Boyer? has therefore suggested lowering of the softening temperature (and perhaps also 
| that si ddition of a plasticizer lowers M, (i.e., it —— > — 
nce the addition of a p — ca a (i.e., *R. E. Peterson, The Dow Chemical Company, unpublished 
creates more end groups), the tensile strength of a gata. 
—_—__ * Rider, Sumner, and Myers, Ind. Eng. Chem. 41, 709 (1949). 
1P. J. Flory, J. Am. Chem. Soc. 67, 2048 (1945). 5 R. F. Boyer and R. S. Spencer, J. Polymer Sci. 2, 157 (1947). 
*R. F. Boyer, J. Appl. Phys. 20, 540 (1949). 6S. N. Zhurkov, Compt. rend. 47, 475 (1945). 
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Taste I. Tensile strengths and heat distortion temperatures of plasticized polystyrene. (Data by Peterson, see reference 3.) 














Diamyl Dibutyl Triphenyl Dibenzyl Tri-p-tert. butyl 
naphthalen hthala 

262)" P78) mngze)e “a2 — 
% plasticizer T.S.> H.D.* T.S. H.D. T.S. H.D. T.S. H.D. T.S. H.D. 
0 10,500 77 10,500 77 10,500 71 10,500 77 10,410 - 
2 9,450 75 9,650 70 —_ _— 9,450 68 —- — 
4 9,450 72 9,250 68 9,350 72 8,550 64 9,710¢ 754 
7 -- -— 7,950 62 8,850 67 6,850 58 — “i 
10 8,450 64 7,100 §2 7,000 62 6,550 53 8,940 72 
15 6,300 57 5,350 48 6,050 53 5,000 44 8,180 69 
20 —_ = 4,550 32 4,500 50 3,850 34 7,140 64 








* Molecular weight of plasticizer. 
» Tensile strength in psi at 25°C. 
* Heat distortion temperature, °C. 
45 percent plasticizer instead of 4'percent. 


of the brittle point) which is proportional to the mole 
percent of plasticizer present. Boyer and Spencer’ 
believed that a plasticizer might act through lowering 
the melt viscosity of the system, which leads to a linear 
dependence of reciprocal transition temperature on the 
square root of the weight fraction of plasticizer (see 
Eq. (10)). As they later showed! this is equivalent, under 
certain conditions, to a linear decrease of the brittle 
point with weight percent of plasticizer. In fact, one can 
write, as an approximation, 


tm= to— (aw:/E,)(1—M/M2), (3) 


where a is a constant, EZ, is the activation energy for 
melt viscosity of the plasticized system, Mj, is the 
molecular weight of the plasticizer, M2 that of the 
polymer. This indicates only a mild dependence of 
plasticizer efficiency on molecular weight. Indeed, the 
ratio of M,/Mz will be no more than 0.01 for many 
common systems. Polymeric plasticizers whose molecu- 
lar weights approach that of the base polymer would be 
expected to be very inefficient on the basis of Eq. (3), 
whereas actually they are intermediate in efficiency be- 
tween the best and poorest of the conventional 
plasticizers.‘ 

In addition to the two points of view just outlined, 
there are two additional lines of attack. Nielsen, 
Buchdahl, and Levreault® assume the transition tem- 
perature to represent an iso-elastic rather than an iso- 
viscous state. This also leads to a prediction that the 
square root of the weight fraction of polymer is linear 
with respect to reciprocal absolute transition tempera- 
tures, which should likewise approximate to a relation 
such as Eq. (3). Here, however, the activation energy 
for melt viscosity would not be involved. 

Fox and Flory® have found that the second-order 
transition temperature, fm of”a series of polystyrene 
fractions, is related to M, by the equation 


lm=c— (d/M,), (4) 
where ¢ and d are constants. Now the addition of a 


7 R. F. Boyer and R. S. Spencer, J. Appl. Phys. 16, 594 (1945). 

8 Nielsen, Buchdahl, and Levreault, J. Appl. Phys. 21, 607 
(1950). 

*T. G. Fox and P. J. Flory, J. Appl. Phys. 21, 581 (1950). 


plasticizer will lower M,, precisely as in the tensile 
strength case, and hence, 


tm=c— (d/M2)— (dw:/M)). (5) 


Thus, all four types of approach suggested that the 
lowering of some characteristic temperature is linear in 
regard to the weight or mole percentage of plasticizer, 
More specifically, the first and fourth approaches lead to 


tm= to— (Bw1/M1), (6) 


while the melt viscosity and iso-elastic approach give 
only a minor dependence on the molecular weight of the 
plasticizer, as shown in Eq. (3). For a series of similar 
plasticizers, E, in kcal/mole would be roughly pro- 
portional to molecular weight. 

The difference between Eq. (3) and Eq. (6) is mainly 
a question then of whether the transition temperature 
depends on the number or weight average molecular 
weight of the plasticized system. 

The possibility of plasticizer efficiency being clearly 
related to molecular weight of the plasticizer was defi- 
nitely shown by Mead, Tichenor, and Fuoss!® from their 
dielectric data on polyvinylchloride. They found that 
the amount of plasticizer corresponding to maximum 
loss factor at a given temperature and frequency in- 
creased linearly with the molecular weight of the 
plasticizer. There were two marked exceptions—dibenzy 
sebacate and dioctyl phthalate. The dibenzyl sebacate 
point fell on the general plot if it were assigned half its 
actual molecular weight, thus suggesting that the two 
ends of the molecule were acting more or less inde- 
pendently. Mead, Tichenor, and Fuoss concluded that 
the weight, size, and shape of the plasticizer molecule 
all have a part in determining its efficiency. 

Quite recently, Jenckel and Heusch" have measured 
the lowering of the second-order transition point of 
polymethylmethacrylate per mole percent of various 
solvents. They found that the relatively long, internally 
flexible methyl valerate is more than twice as efficient 
per molecule as the rigid benzene and chloroform mole- 
cules. However, Zhurkov and Lerman? obtained for 

Mead, Tichenor, and Fuoss, J. Am. Chem. Soc. 64, 283 (1942). 


1 E. Jenckel and R. Heusch, Kolloid-Z. 118, 56 (1950). 
12S. N. Zhurkov and R. I. Lerman, Compt. rend. 47, 106 (1945). 
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RELATION OF TENSILE STRENGTH TO BRITTLE TEMPERATURE 725 
polymethylmethacrylate data indicating the Zhurkov’s distortion temperatures rather than transition points. 
= theory was exactly followed. Their data on methyl The heat distortion temperature is very close to tm for 
methacrylate were more limited in scope than that of polystyrene. It should be emphasized here that whereas 
Jenckel and Heusch. At the same time, Zhurkov and _ all the points appear to be on a common line, those for 
” Lerman found that both the length and the shape of the dibenzyl sebacate appear so only because this plasticizer 
solvent molecule affected its efficiency in lowering the is anomalous in its effect both on tensile strength and on 
softening temperature of polyisobutylene. heat distortion temperature. It lowers both variables 
An interesting series in regard to molecular weight of much more than one would predict from its molecular 
plasticizer is that reported by Rehberg, Dixon, Dietz, weight. Diamyl naphthalene, by contrast, lowers tensile 
and Meiss.!* They made numerous n-alkyl carbonates strength and heat distortion much less than one would 
= of various esters of lactic acid and determined brittle expect. Hence, Fig. 1 merely says that the same factors 
points for 35 percent of each plasticizer in polyvinyl- about each of these four plasticizer molecules affect 
chloride. Here some of the highest molecular weight _ tensile strength and heat distortion in similar manner, 
samples (with butyl and dodecyl groups) are much more and that the molecular weight of the plasticizer mole- 
: efficient than the lowest molecular weight samples _ cule’is not the only significant variable. 
= containing cyclohexyl and tetrahydrofurfury]l groups. It is rather interesting to note that Borders and 
Thus, while some limited sets of data appear to sup- Juve!> have found a linear correlation between tensile 
(5) port these simple theories which predict a linear de- strength and brittle temperature for a whole range of 
™ pendence of plasticizer efficiency on number of mole- synthetic rubbers. They plotted their tensile data 
rsd cules, there are numerous marked exceptions. In fact, against the difference between the test temperature and 
~ the very success of polymeric plasticizers whose mo- the brittle temperature, which allowed them to include 
to lecular weights range from a few to manyfold those of many more points. 
conventional plasticizers but serves to emphasize the If, however, we attempt a similar plot for polyvinyl 
(6) importance of internal flexibility of the plasticizer chloride, using some of the data of Rider, Sumner, and 
ive molecule. On the other hand, we are not aware of any Myers, we note the results shown in Fig. 2. The curves 
the data which would demonstrate conclusively that are markedly displaced along the brittle point axis. This 
ilar plasticizer efficiency follows a relation relatively inde- signifies that the factors responsible for lowering the 
r0- pendent of molecular weight. . _ brittle point are different from those for the decrease in 
We believe the answer to this apparent dilemna is 
nly approximately as follows: Molecular weight of the 12,000 
ure plasticizer molecule is not the fundamental variable, but 
slar molecular weight is generally proportional to the 11,000 
significant variable (which may be, as we shall suggest 
arly later, the activation energy for diffusion). Frequently, 10,000 
lefi- this correlation with molecular weight fails, especially if 
wi the shape or structure of the molecule changes, such as 6,680 
hat occurs on going from the bulky tricresylphosphate to the _ 
—_ elongated butylacetylricinoleate. STRENGTH 
> PS. 
a RELATION OF TENSILE STRENGTH TO i 
TRANSITION TEMPERATURE 
nzy! 6,000 
cate By comparison of Eqs. (1) and (5), it follows that the 
f its ratio w;/M, can be eliminated to give as 
= T.S.=y+5tm. (7) 4,000 
e- 
a In other words, there should be a linear relation between 3,000 + @ TRIPHENYL PHOSPHATE 
cule the tensile strength and the transition temperature. ° aa 
Since the brittle temperature is usually only a few 2,000 + @ DIBENZYL SEBACATE 
ured degrees higher than ¢,,, a similar relation would be ex- 
t of pected to hold for the brittle temperature, ¢,. Moreover, 1,000 uaee qreventien Yaurenatunt,*¢ 
rious since the constants appearing in Eqs. (1) and (5) refer . of se oe 
nally to the — polymer, Eq. ) should hold for all plas- ° 20 40 60 80 
cient ticizers used on a given polymer. . ‘ oad 
cole | Figure 1 shows that Eq. (7) is fulfilled surprisingly 9,1, Relaton of nile strength to heat distortion tempers 
1 for well in the case of polystyrene for four different plas- give the percent of the indicated plasticizer. This plot follows 
am ticizers, using the data from Table I, which lists heat © (7). 
"8 Rehberg, Dixon, Dietz, and Meiss, Ind. Eng. Chem. 42, 2374 2b A. M. Borders and R. D. Juve, Ind. Eng. Chem. 38, 1066 
1945). (1950). (1946). 
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Fic. 2. Relation of tensile strength to brittle point for plasticized 
Vinylite VYNW. Data of Rider, Sumner, and Myers. 


tensile strength, at least in the range of concentrations 
here involved. 

We recognize four differences between the data for 
polystyrene and that for Vinylite VYNW. 

(1) Polystyrene is relatively nonpolar, and hence, 
strong interactions, in the sense of Zhurkov, will not 
exist. 

(2) The concentrations of plasticizer used with 
polystyrene were 20 percent and below; those on 
Vinylite were 25 percent and above. 

(3) The tensile strength of plasticized polystyrene 
was checked at room temperature and hence below its 
second-order transition. Therefore, the data represent 
values for a brittle polymer. Vinylite VYNW was tested 
for tensile strength in its rubbery state. 

(4) The heat distortion test used on polystyrene is a 
slow speed test requiring only small deformation of the 
sample. The brittle point test on the Vinylite samples is 
a fast, large deformation test. 

We believe that tensile strength represents the aver- 
age number of groups inactivated by a plasticizer 
molecule, whereas the brittle point depends on the 
ability of the plasticizer molecule to diffuse to points 
where it is most needed, and that this accounts for the 
displacement of the curves in Fig. 2. Since the heat 
distortion test is a slow test, diffusion might not be ex- 
pected to assume an important part therein. 

Aiken, Alfrey, Janssen, and Mark™ were the first 
authors, to our knowledge, who suggested, on the basis 
of plasticizer loss during oil immersion, an intimate 
correlation between plasticizer diffusion constant and 
plasticizer efficiency. They believed that internal mo- 


% Aiken, Alfrey, Janssen, and Mark, J. Polymer Sci. 2, 191 
(1947). 
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bility of the plasticizer molecule in the plasticized 
system should be very important in determining low 
temperature properties. 


ROLE OF PLASTICIZER DIFFUSION IN REGARD 
TO BRITTLE POINT 


We have previously pointed out? the intimate rela. 
tionship between diffusion constant, D, of a plasticizer 
molecule within a plastic at constant temperature and 
the brittle temperature of the same composition. The 
relation was of the form 


logD= «=~ al», (8) 


where ¢, is the brittle temperature in degrees C, and ¢ 
and o are constants. With the scanty data available, it 
appeared that this relation worked best for varying 
amounts of tricresyl phosphate in polyvinylchloride and 
less well for a fixed amount of different plasticizers in 
polyvinylchloride. 

‘Equation (8) was originally suggested by the ob- 
servation that logD increased and ¢» decreased linearly 
with the square root of the weight fraction of plasticizer, 
Thus, while Eq. (8) emphasized an important correla- 
tion between diffusion rate and brittle temperature, its 
exact significance was not clear. 

We now believe that a more sound interpretation can 
be placed on these results. Briefly, we wish to suggest the 
hypothesis that the diffusion constant at the brittle point 
temperature may be a constant, or that the brittle point 
represents an iso-diffusion constant state. 

There are two general cases to consider: 

Case one is that of variable amounts of a given 
plasticizer. 

The second case is that of a fixed amount of several 
different plasticizers. (These cases are represented by 
Figs. 8 and 9, respectively, of reference 2.) Case one 
followed Eq. (8) exactly, whereas case two presented at 
least one marked exception. We will now consider these 
two different types of problems in the order given. 

We might write for the diffusion constant at the 
brittle temperature, 7», as a function of composition, 


logD=logDo— B(w2)'— Ea/RT », (9) 


where Dy and B are constants, we is the weight fraction 
of polymer in the plasticized system, Ea is an activation 
energy for diffusion, R is the gas constant, and T, the 
absolute brittle temperature. The term in (wz)! was 
found? to hold well at constant temperature; the 
activation energy term is the common one although we 
recognize that E4 may vary with percent plasticizer. 
Boyer and Spencer® have used the relation, 


(w2)!=C—DE,/RT », (10) 


to describe variation of the absolute brittle temperature 
with weight fraction of polymer, w2. Here C and D are 
constant, while E, is an activation energy of melt 
viscosity for the plasticized polymer. This equation 
contains the assumption that the transition point or 
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RELATION OF TENSILE 
prittle point is an iso-viscous state. Elimination of w 
between Eqs. (9) and (10) leads to the conclusion that 
logD is constant (iso-diffusion constant state) when 


(BDE,/RT »)—(Ep/RT») =k; (11) 
kis a constant which may be zero. If & is zero, then 
Ep/E.=constant. (12) 


There is not available sufficient data to test this relation, 
although it seems reasonable to assume that the activa- 
tion energy for diffusion of the plasticizer molecules 
through the polymer-plasticizer system would be related 
ina simple manner to the activation energy for the melt 
viscosity of the plasticized polymer. This latter process 
really involves gross displacement of entire polymer 
chains, whereas the diffusion step involves motion of the 
small plasticizer molecule past a segment of a given 
polymer chain. If k in Eq. (11) is not zero, then 


BDE,— Ep=kRT >, (13) 


which requires that the difference in activation energies 
for viscous flow and diffusion actually increase with 
brittle temperature, which, in turn, is a function of 
composition. 

We realize that the above treatment does not consti- 
tute a demonstration that the brittle point is an iso- 
diffusion state, but merely outlines some of the conse- 
quences of such an hypothesis.* Actually, in view of the 
usually assumed constancy of the product D-n, where n 
is the viscosity, it would appear that an iso-diffusion 
state hypothesis is merely a corollary of the iso-viscous 
state for the brittle point assumed by Boyer and Spencer 
in deriving Eq. (10). Equation (9) is based on Eq. (10) 
and the presumed constancy of D-n. 

It will be recognized that if Eq. (9) is valid, then the 
assumption of logD=constant immediately leads to a 
linear relation between reciprocal absolute brittle tem- 
perature and square root of weight fraction of polymer, 
and hence to the form of Eq. (10). In other words, an 
identical result, namely, Eq. (10), follows from three 
quite different assumptions about the nature of the 
transition: iso-melt viscosity, iso-elastic, and iso-diffu- 
sion constant. 

We wish to present case two by introducing Fig. 3, 
the plot of logD against reciprocal absolute temperature. 
The heavy lines in the upper left-hand corner of Fig. 3 
represent actual diffusion constant data by Small.* The 
extrapolations suggested by the dotted lines are ad- 
mittedly questionable. The vertical lines represent 
brittle temperatures for the same compositions. It is 
seen, in this empirical manner, that the diffusion con- 
stants are constant within a factor of 10 at the brittle 
points. Moreover, butyl acetyl ricinoleate falls into 
correct position here, whereas it was badly out of line 


* Either Eq. (12) or (13) would be sufficient to account for the 
observed linearity between logD and tg for varying amounts of the 
same plasticizer in a given polymer. 

*P. A. Small, J. Soc. Chem. Ind. 66, 17 (1947). 
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when logD at 100°C was plotted against brittle tempera- 
ture in Fig. 9 of a previous paper.” 

In essence, what Fig. 3 implies is that the plasticizer 
molecule having the largest diffusion constant in the 
plasticized polymer at an elevated temperature and/or 
having the smallest activation energy for diffusion will be 
the best low temperature plasticizer. This refers to constant 
composition, variable plasticizer. It has been known'*"" 
that plasticizers whose own viscosities and viscosity 
temperature coefficients are both small make the best 
low temperature plasticizers. Small noted that there 
was a direct correlation between diffusion constant at 
100°C and viscosity of pure plasticizer at 50°C as well as 
between activation energy for diffusion constant and 
activation energy for the viscosity of pure plasticizer. 
Thus, our results correlate indirectly with various 
studies connecting plasticizer efficiency with the tem- 
perature coefficient of viscosity. 

In connection with the empirical results of Fig. 3 
suggesting the brittle point as an iso-diffusion state, it 
may be appropriate to discuss briefly the much older 
question of the transition point as an iso-viscous state. 
Parks and Gilkey'* have reviewed the earlier evidence 
for this assumption and particularly for choosing a value 
in the range of 10" poise. As already mentioned, this 
concept of the iso-viscous state was used in deriving 
Eq. (10), which is so intimately related to this whole 
subject of diffusion constants. Fox and Flory,® in their 
thorough study of transition points and melt viscosities 
of polystyrene fractions, give data which allow the iso- 
viscous state problem to be defined more precisely. In 
the molecular weight range of 3000 to 300,000, logy at 
tm varied from 10.57 to 14.19, and, hence, they concluded 
that the transition point was not an iso-viscous state. 
In fact, they found that the temperature coefficient of 


125°C 60°C 1o°c -25°C 
T T T 





ie (OIFFUSION DATA BY SMALL) 
Tse (BRITTLE POINTS BY JONES) 


‘ +. 
i bie 
ig? | LOG DIFFUSION yy ‘oe 











CONSTANT aN ‘a 
10 ty ~~ ~s. BUTYL ACETYL 
Ses a ~s._ RICINOLEATE 
1 +. ~ wi 
0- x nang he ~e. 
x aS ~ bs 
TRICRESYL YS a» e 
~oripuTYL >. 
gtk PHOSPHATE S, ye 1 *SPHTHALATE  >~_ 
BO. crocrrt 
| MMMM ye PHTHALATE 
1000 DIMEXYL PHTHALATE | 
T, °K ' - 3 : 
Ll ! a 1! 
2.5 3.0 3.5 40 





Fic. 3. Extrapolation of high temperature diffusion constant 
data down to brittle point temperatures (indicated by vertical 
dashed lines) to suggest that diffusion constant is a constant at the 
brittle point. Such a long-range extrapolation is admittedly very 
questionable and was done primarily to illustrate a point. 


16K. Leilich, Kolloid-Z. 99, 107 (1942). 

16 F, Wurstlin, Kolloid-Z. 105, 9 (1943). 

17H. Jones, Trans. Inst. Rubber Ind. 21, 298 (1946). 

18 G. S. Parks and W. A. Gilkey, J. Phys. Chem. 33, 1428 (1929). 
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viscosity was constant at ¢,. However, the transition 
temperature levels off once a certain molecular weight is 
attained, whereas the melt viscosity increases without 
limit. In the interval where #,, does depend on molecular 
weight (i.e., from 3000 to 50,000 molecular weight), 
their data indicate that logy at ¢,, varies over the much 
smaller range of 10.57 to 11.40. This is within one order 
of magnitude and thus is comparable to the range of 
values of D given in the shaded band of Fig. 3. Addition 
of plasticizers will usually lower the number average 
molecular weight of commercial polymers such as 
polyvinyl chloride to a region where the iso-viscous con- 
dition at ¢,, might be expected to hold. 

Fuoss,’® in a study of the system polyvinyl] chloride- 
diphenyl found that the temperature of the loss factor 
maximum changed from 91°C to 40°C on adding from 
1 to 20 percent diphenyl; but that the direct current 
conductivity at the temperature of maximum loss was a 
constant. He concluded that the internal viscosity, as 
measured by the dc conductance, is the same for the 
different samples at the temperature corresponding to 
the peak loss at a given frequency. Since this dc con- 
ductivity presumably depended on migration of an ionic 
impurity, it might be just as valid to suggest the diffu- 
sion constant for the impurity ion as being the same at 
these different plasticizer contents. 

Fox and Flory have emphasized that while the iso- 
viscous state assumption might hold for low molecular 
weight materials where the entire molecule is involved in 
the flow process, nevertheless it must fail at high mo- 
lecular weights. Instead, one might expect something 
like an internal iso-viscosity to be more significant. For 
such reasons, the idea of an iso-diffusion constant state 
which we are proposing may have more appeal, since the 
diffusion rate of a plasticizer molecule must depend 
rather intimately on its local environment and not on 
the molecular weight of the polymer chains. 

We have already indicated that in Eq. (9) the as- 
sumption of logD equal to a constant gives a linear re- 
lation between square root of weight fraction of polymer 
and reciprocal absolute brittle temperature. Once again, 
one can approximate this square root law for the case of 
small additions of plasticizer (even up to 30 percent), 
and brittle temperatures in degrees C, which are small 
compared with 273, as 


ty=lo— kyw:/Ea, (14) 


which relates brittle point linearly with plasticizer con- 
tent and states that the efficiency of the plasticizer is 
inversely related to the activation energy for diffusion. 
This latter result is consistent with the findings of Fig. 3, 
where only dioctyl and dibenzyl phthalates are in 
reverse order. 

Park,”° in his extensive study of solvent diffusion in 
polystyrene, found for a series of halomethanes, 


InD=InDo+ ke, (15) 


 R. M. Fuoss, J. Am. Chem. Soc. 63, 378 (1941). 
*” G. S. Park, Trans. Faraday Soc. 46, 684 (1950). 
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where Dy and are constants for any one solvent, and 
2; is the volume fraction of solvent. In the case of this 
fairly homogeneous group of solvents, 


InDo= Ink3— k4Vi1, (16) 


where V; is the molar volume of the solvent, and k; and 
ky are constants. While Do and 2 in Eq. (15) were both 
temperature dependent, Park was not able to specify its 
exact form, although he did calculate some activation 
energies. If we add the usual activation energy term to 
Eq. (15) in the form of Ez/RT and make the approxima- 
tion in the reciprocal temperature permissible when 
ty<K273, we arrive at a result 


ty=lo— (ks/Ea)r1 (17) 


which differs from Eq. (14) only in the use of volume 
rather than weight fractions. Nielsen, Buchdahl, and 
Levreault had found volume fractions preferable in 
plotting plasticizer efficiency.* Implicit in Eq. (17) is the 
following relation which should hold in comparing any 
two plasticizers, namely, 


(1/E4') In(D'/D,") = (1/E2) In(D*/De*), (18) 


where the superscripts refer to plasticizers 1 and 2, 
respectively. Since InD is assumed constant at the 
transition point, 


Dé?/Do'=exp(Ea/E?). (19) 
In view of relations such as Eq. (16) 
E?/E2=k;(Vi— V2). (20) 


Thus, the larger activation energy for diffusion and 
hence the less efficient plasticizer would be associated 
with the larger molar volume. This larger molar volume 
would, in turn, be associated with the higher molecular 
weight for a series of plasticizers of equal density. 
Actually, Eq. (20) does not hold for Fig. 3, since butyl 
acetyl ricinoleate has the largest molar volume of any 
of the given plasticizers and still has the smallest 
activation energy for diffusion. Small'* commented on 
the abnormal diffusion behavior of butyl acetyl 
ricinoleate relative to the other plasticizer molecules he 
studied and ascribed this to the difference in molecular 
shape. 

In summary, the concept of the brittle point tempera- 
ture of plasticized polymers as an iso-diffusion constant 
state appears to be an attractive hypothesis. Equations 
(17) and (20), definitely empirical in nature, are con- 
sistent with three facts: a linear lowering of the brittle 
temperature with percent plasticizer, plasticizer eff- 
ciency inversely proportional to activation energy for 
diffusion of the plasticizer in the plasticized polymer, 
and plasticizer efficiency related to molecular weight of 
the plasticizer molecule, generally in inverse proportion. 
Extension of these concepts to polymeric plasticizers 
and even to polymers in general is possible on the basis 
of segment diffusion. 
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At the same time, we must recognize that for the case 
of variable concentration of a given plasticizer, Eg is a 
function of plasticizer content. For example, from the 
data of Liebhafsky, Marshall, and Verhoek”' for tricresyl 
phosphate in polyvinylchloride, Ez is about 50 percent 
greater at 30 percent plasticizer level than it is at 60 
percent plasticizer. Again, for the case of fixed amounts 
of different plasticizers, it is necessary to point out that 
the constant, ks, may change with plasticizer type: at 
least, in Park’s data on chlorinated solvents, the corre- 
sponding constant exhibited a twofold range. 


TIME EFFECTS AT THE BRITTLE TEMPERATURE 


Finally, it is interesting to note that use of the 
Einstein Brownian motion expression for the root mean 
square displacement, d., in time, r, 


Az2=(2Dr)}, (21) 


gives values of the correct order of magnitude at the 
brittle temperature. Thus, extrapolation of Small’s data 
to the brittle temperature in Fig. 3 gives values of D of 
10-” to 10- cm?/sec. Assuming the brittle point test 
requires a time of 10~? sec, the value of \, is from 17 to 
5A. This value of \, should allow the plasticizer mole- 
cule to be at several critical locations during the period 
of a brittle point deformation. Even at 50 percent by 
weight loading of plasticizer, there is only one plasticizer 
molecule for every 5 to 10 active groups along the 
polymer chain. A plasticizer molecule that can diffuse 
rapidly and ‘relieve points of maximum stress is defi- 
nitely advantageous. 

Equation (21) might possibly form a basis of intro- 
ducing time effects into the brittle point test. If one 
assumes that A, is a constant for constant composition 
and that D varies with temperature through an activa- 
tion energy term, then we can write, approximately, 


ty= (t b)ro— (ke/ Ea) logr (22) 
= (to)rot (Re/Ea) logf, (23) 


where 7 is the time of the test, f its frequency, &¢ is a 
constant, and (¢,)79 is the brittle temperature at some 
fixed time. 


41 Liebhafsky, Marshall, and Verhoek, Ind. Eng. Chem. 34, 704 
(1942). 
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This treatment predicts the brittle point temperature 
as increasing with the frequency of the test, which is a 
known fact.” The interesting point is that the effect is 
predicted to be in inverse proportion to the activation 
energy for diffusion of the plasticizer in the plasticized 
polymer. Thus, the most efficient plasticizer should also 
be the one giving a composition most sensitive to the 
frequency of the test. Nielsen, Buchdahl, and Levreault 
(Fig. 14 of reference 8) actually plotted transition 
temperature (not brittle temperature) as a function of 
log frequency for tricresyl phosphate, dioctyl phthalate, 
and dibutyl sebacate in polyvinylchloride. Their plots 
are not linear over the entire range, and no diffusion 
data are available on dibutyl sebacate. Because of the 
energy barrier against free rotation of the main polymer 
chain, the stiffness and hence sensitivity to frequency 
will be greater at lower temperatures. Thus, it is difficult 
to draw any final conclusions on the basis of the 
available data, since these two effects might tend to 
cancel each other out. 

Returning briefly to Eq. (21) and the case where 
percent of plasticizer varies, it is possible to introduce D 
as a function of plasticizer concentration at constant 
temperature, although in this case \, would presumably 
decrease rapidly with increasing plasticizer content. 
Neglecting this latter effect, it is predicted that at con- 
stant temperature, logf should increase linearly with 
plasticizer content, f being the frequency of the test. A 
quick review of some available data shows that log f does 
thus increase with plasticizer addition, but at a rate 5 
to 10 times faster than logD increases with plasticizer 
content. 
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Visco-Elasticity of Rubber* 


Rosert B. Brizarpt 
Massachusetts Institute of Technology, Cambridge, Massachusetts 


A theory has been obtained for the visco-elastic behavior of rubber in the frequency range above that at 
which creep is important and below that at which it behaves like a hard solid. The rubber chains are treated 
as springs in a viscous medium, and a general expression is obtained for the contribution to modulus of a 
single section of chain as a function of its length and terminations. A statistical estimate is made of the 
number of chain segments having given length and terminations. A modulus function is found for the 
group of chains with each kind of termination and these are added in the proper amounts to give the form 
of the modulus vs frequency curve for any amount of cross-linking. 

Measurements of shear modulus were made on one apparatus at frequencies between 0.0125 and 750 cps. 
Agreement is good if a pure viscosity is added to the theory. However, at low frequencies the imaginary part 


of modulus does not decrease as much as predicted. 





INTRODUCTION 


HE theory to be developed below deals with the 
response of rubber to small, sinusoidally varying 
stresses in the frequency range above that at which 
creep due to scission of the primary bonds is important 
and below that at which it is so stiff that it behaves as 
an ordinary solid. 

The following assumptions are made: (1) The rubber 
is composed primarily of flexible chain molecules, some 
of which may be joined by cross-links. (2) Except for 
secondary bonds which are easily ruptured by thermal 
agitation and the cross-links mentioned above, the 
chains are free to move in the rubber (there is no 
crystallization). 

It has been shown! that the tension in a length of 
chain with fixed ends is given by 


Z2= RTX(X?) wm, (1) 


where Z is the average x-component of tension, k is the 
Boltzmann’s constant, T is the absolute temperature, 
X is the x-component of the separation of the ends of 
the chain, and (X*),, is the mean square x-component 
of the separation of the ends of the chain when it is free. 
It follows from the random orientation of the chain 
links that 


(X?)w= Na?/3, (2) 


where NV is the number of links, and a is the “effective” 
length of one link, taking account of the restriction 
that the valence angles be 109 degrees. 

From (1) and (2), 


Z=3kTX/Nea?, (3) 


so that a length of chain may be represented as a spring 


* Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at M.I.T., May, 1949. 

ft Present address: Sperry Gyroscope Company, Division of 
The Sperry Corporation, Great Neck, New York. 

' H. M. James and E. Guth, J. Chem. Phys. 11, 455-481 (1943). 
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whose stiffness K is given by 
K=02Z/0X =3kT/Na’. (4) 
This stiffness is what gives the rubber its static modulus, 


THEORY FOR DYNAMIC BEHAVIOR 


In order to extend the static theory to explain 
dynamic behavior, we must have some mechanism for 
the absorption of energy which accompanies fast 
stretching. When rubber is stretched, the chains 
straighten out and kinks are removed. This process can 
take place only if the chains slip past their neighbors, 
Now, this slipping of chains in rubber is similar to the 
movement of molecules in a viscous substance. There 
are certain preferred positions caused by secondary 
bonds between chains, and thermal energy is needed to 
break these bonds. The average velocity of a given 
section of chain relative to its surroundings will be 
proportional to the force acting on it. Since the “sur- 
roundings” of a length of chain will be, in part, other 
chains which will have motions of their own when the 
rubber is stretched, we must speak of the “average 
medium” surrounding a portion of chain. When we say 
that the rubber is strained in a certain way, we mean 
that the average medium is so strained; we cannot 
observe the configurations of the individual chains. 

The model to be used for the dynamic theory consists 
of a series of springlike chains with compliance C per 
unit length and viscous coupling R per unit length to 
the average medium. 

Figure (1A) illustrates our model. To make the 
analysis simpler, the viscous coupling is shown con- 
centrated at discrete points spaced m links apart along 
the chain. The x,’s represent the x-distances in the 
average medium between points of viscous coupling; 
they average to zero and the mean square 2; is given by 


(2047) 4 = na?/3. 


When the rubber is stretched in the x-direction so that 
it is under a strain Q, then the distances x, change 
by Qx,. Only a portion of one chain is represented in 
Fig. 1; if the chain has free ends, it is terminated as 








(4) 
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shown, but if it is cross-linked, it will be joined to 
three other chains at the cross-link (one is the con- 
tinuation of the first chain and the others are the two 
parts of the chain to which it is linked). 

This mechanical system could be solved as it is, but, 
since network theory is more familiar in electrical form, 
we shall use an electrical analog, in which force will be 
represented by current, J, and velocity by voltage, V. 
Compliance and mechanical resistance will then be 
represented by inductance, L, and conductance, G, 
respectively. (It will be seen that the correspondences 
are correct, since the defining equation for a mechanical 
resistance f= Rv is equivalent to that for an electrical 
conductance [=GE; similarly, »=C(df/dt) for a com- 
pliance becomes, in the electrical analog, E= L(dI/dt).) 

The electrical elements will be connected in the same 
topological configuration as the mechanical ones. The 
mechanical condition that the algebraic sum of all 
forces on a node be zero is now replaced by the condition 
that the net current into an electrical node be zero. 
Our analog appears in Fig. 1B. To simulate the effect 
of macroscopic strain Q on x, we use a perfect trans- 
former with secondary windings with turns 7; pro- 
portional to x,. Then the primary voltage Ey represents 
rate of change of strain, and J, corresponds to stress S. 

Given a time derivative of strain Ey, we want to 
find Ip. Because the transformer is ideal, energy is 
conserved and 


Eolo=d Exli. (5) 


Because the network is linear, 7; can be expressed as a 
linear function of the emf’s in the secondary of the 
transformer : 


T= E.Yit- > E;Y x. (6) 
ixk 
Y, and VY» are defined by the above equation. Com- 
bining (5) and (6), 


Edo=>. E2Y.4+>, > E,E;V x. (7) 
k 


k jx#k 


Now Y , is an orderly function of j and k and does not 
depend on E; and £;. Since E; is independent of E, and 
both are randomly positive and negative, the double 
summation averages zero. Therefore, 


To/Eo= X (Ex?/Eo*)V;. (8) 


Since the variations in E, are random and independent 
of Y,, we may use (E;,?) in place of E,?: 


I 0/ Eo= (Ex?) a// Eo") : i Y,= (na?/ 3) ps Y,. (9) 


As n is reduced, the number of intervals is increased as 
1/n, so that the sum approaches an integral for small n: 


(10) 


Io/Eo= f Y(s)ds. 
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Fic. 1. (A). Schematic representation of a rubber chain em- 
bedded in the body of the rubber. It has compliance C and viscous 
coupling R to the average medium per unit length. (B). The elec- 
trical analog of 1A. 


The integral is taken over all chains in unit volume of 
the rubber, and Y(s) contains any necessary constants. 
Since we cannot evaluate R and we have only a poor 
idea of the number of chains per unit volume, we are 
not concerned with these constants. 

If the impressed strain varies sinusoidally with time, 
then J)/E» can be represented as a complex quantity 
and is known as the complex impedance of the rubber. 
The complex dynamic modulus M is jwIo/Eo. 

The impedance Z(s)=1/Y(s) seen by the winding at 
s is the sum of the impedances looking in both directions 
along the chain. The chain is represented as a trans- 
mission line with characteristic impedance Z,= (jwL/G)* 
and propagation constant k= (jwZG)'. For such a line, 


Z(s)=Z,.{tanh(ks+¢,)+tanh(—ks+@_)}, (11) 


where ¢, and ¢_ are determined by the terminations at 
the two ends of the chain. 

If we integrate Y(s) over a chain segment of length u 
with terminations of impedance Z, tanh@, and Z, tanh@_, 
we get 


1 
f Y(s)ds= -| u coth(ku+ 6,+ 6_) 


sinh(ku) cosh(@,—6_) 
k sinh(ku+6,+6_) 


The above expression is the contribution of the piece 
of chain to the mechanical impedance S(dQ/dt) of the 
rubber. To get the contribution to modulus, we multiply 
by jw: 





| (12) 


jw 
M(u, 04, 0_)= oa ku coth(ku+ 6,+6_) 


c 





sinh(ku) eh (13) 
sinh(ku-+0,+0_) } 
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If we let ku=(jH)*, then H is proportional to w and 
is dimensionless. Now Z.k= jwL so that M(u, 6,, 0_) is 
proportional to 


(jH)* coth{ (jH)#+-0,+0_] 
sinh(jH) cosh(@,—6_) 
sinh[ (jH)!+0,+0_] 


To get the relation between frequency and modulus 
for the whole rubber, we must now add up the modulus 
contributions of all chain segments in the rubber. To 
simplify this process we make some approximations. 
We consider three kinds of chain segments according to 
their terminations. 





(14) 


First are those with two free ends. For these, 
6, = 0_= j}x. Substituting in (14) gives 
A(jH)=(jH)' coth(jH)!—1. (15) 


For the portion of a chain between a cross-link and a 
free end, we make the simplifying assumption that the 
end at the cross-link is held perfectly rigid. For the free 
end 6,= 7} and for the rigid one 6-=0, so that (14) 
is now 


C(jH)=(jH)} tanh(jH)}. (16) 


For the chain segments between cross-links, a more 
complex but still simplified assumption was made. We 
consider a model in which the cross-links, instead of 
being randomly distributed, occur at regular intervals 
along the chains and in which the chains have no ends. 
For this model, (14) does not become very si:aple and 
we are left with 


B(jH) = (jH)! coth{(jH)!+ 26] 
sinh(jH)! 
sinh[ (jH)!+-26] 
—1+(1+3 tanh(jH)})} 
3 tanh(jH)} , 





17) 


where 


tanhé= 





In the next section we shall develop the statistics 
necessary to estimate the numbers and lengths of chain 
segments of the three kinds described above. 


STATISTICS 


In order to apply the general theory developed above 
to a particular kind of rubber, we must be able to specify 
statistically the molecular configuration. This problem 
has been also discussed by Flory? and Stockmayer.’ 


Distribution in Length of the Primary Chains 


We shall deal only with the so-called “most probable 
distribution,” since this is believed to obtain in ordinary 


P. J. Flory, J. Am. Chem. Soc. 68, 30-35 
°W. H. Stockmayer, J. Chem. Phys. 12, 125-131 (1944). 
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BLIZARD 


unfractionated rubber. For this distribution, the number 
of chains of length L is 


N(L)=L,~* exp(— L/L»). (18) 
It will be seen that the total number of monomers in 
the system is now 1 (i.e., §” LN(L)dL=1). 
Cross-Linking 


If each link has the chance p to become cross-linked, 
it can be shown that the number of chains with L links 
and F cross-links is given approximately by 


N(F, L)((Lp)*/LeF !] exp|—L(i+Lop)/Lo]. (19) 
The approximation is good for large L and small p. 


Gelation 


Let the gel fraction be called g and the sol fraction s, 
If at least one of the cross-links on a given chain is con- 
nected to the gel, then that chain is a part of the gel. 
The chance that a given chain with F cross-links is not 
part of the gel is therefore s’. Thus, the number of 
chains in the sol having length L and cross-links F is 


NAF, L)=N(F, L)s?. (20) 


In order to find the sol fraction s, we must add up the 
contributions of all the chains in the sol: 


i) 





s=> LN.(F, L)dL (21) 
F=0 Jy 
1 
= , (22) 
[1+-o(1—s) ? 
where b= Lop. The solutions of the above are 
s=1, and s=[b6+2+(6°+46)']/2b. = (23) 


As b>, s—0. Therefore, we must use the negative 
square root. Also, s is never negative. Therefore, we 
have 
s=1 b<0.5, (24) 
s=[6+2+ (0?+4b)#]/2b b>0.5. 


The “Loose End” Fraction 


We must now determine what average fraction of a 
chain with F cross-links is between one end of the chain 
and the first cross-link. The chance that the length of 
the loose end be between x and x-+-dx is the chance that 
F—1 cross-links lie between x and L and that one cross- 


link lies between x and x+dx. This is 


L-*(L— 


To find the average length of a loose end, we multiply 
by x and integrate 


x)? Fdx. 


L 
f L-Fx(L—x)?Fdx=L/F+1. (25) 
0 
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Thus, the average length in loose ends is 
2L/F+1, (26) 


counting both ends of a chain of length L with F cross- 
links. 


The total amount of loose ends in the gel will be 
P=[2bg]/[(1+5)(1+5g)]. (27) 


The number of loose ends in the gel is, of course, 
twice the number of chains N, in the gel. This number is 


Ng=bg/(1+bg)Lo. (28) 
The average length of the loose ends is then 
c= P/2N,. (29) 


The “Effective”? Gel Fraction 


We would now like to know the number of cross- 


linked links in the gel. This is given by 


J,=d FN,(L, F)dL=bg(2—g)/Lo. (30) 
F=0 J 

The corresponding number for the sol is 

J,=b(1—g)?/Lo. (31) 


The amount of material in the gel in chain segments 
between cross-links is g—P. Call this g*, the effective 
gel fraction. We divide the effective gel fraction by 
the “effective” number of cross-linked links to get the 
effective length, b, between cross-links. Each chain end 
may be considered as a defect which could be fixed by 
a cross-link to another chain end. Thus a chain end is a 
sort of negative cross-linked link. Accordingly, we say 
that the “effective” length between cross-links in the 
gel is 


d=g*/J,—2N,. (32) 


The Sol 


In treating the sol, we shall consider it as being made 
up of primary chains without cross-links. However, we 
shall consider the effective number of chains to be the 
actual number less half the number of cross-linked 


links, V,—3J,. The average effective length in the sol 
is then 


a=s/N,—}3 8 (33) 


We now have a modulus function, (15-17), for each 
of our three components of the rubber. We also have 


the weight fractions and the average chain lengths for 
each. 


The Distribution of Chain Lengths 


Each of the functions A(jH), B(jH), C(jH) is for a 
single chain. Now, to take account of the distribution 
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Fic. 2. Theory for three values of b, the average number of 
cross-linked links per primary chain. 


of chain lengths, we assume an exponential distribution 
with the average length computed for each of the com- 
ponents. We then integrate over chain length and add 
up the contributions of the three components. Consider, 
for example, the loose end component. The average 
length is c=P/2N, (Eq. (29)). Let the length of a 
particular loose end be wu. The assumed distribution in 
length is 


N(u)= (P/c*) exp(—1/c). (34) 


(It will be seen that this integrates to give a total of 
P/c=2N, loose ends.) Now let H in (16) be equal 
to wu’. For the contribution of the loose ends to the 
modulus, we now have 


Mise f “ N(u)CGH)du (H=ww). (35) 


We treat the other two components in the same way 
and get M, and M;. 


EFFECT OF INITIAL TENSION IN CHAINS 


It has been shown! that initial tension in the chains 
produces a component of static modulus equal to that 
produced by the stiffness of the chains. Therefore, a con- 
stant modulus must be added which is equal to the low 
frequency limit of the modulus computed from con- 
sideration of chain stiffness. 


RESULTS OF THEORY 


The results of the theory are shown in Figs. 2 and 3. 
Relative modulus and frequency are shown because we 
cannot predict the magnitude of the viscous coupling. 
However, all curves in Fig. 2 are to the same scale and 
show the variation in modulus to be expected with 
increasing cross-linking of the same rubber. At high 
frequencies, the real and imaginary parts of modulus 
approach equality and become proportional to the 
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Fic. 3. Theory for b= «. 


square root of frequency. At low frequencies, the real 
part approaches a constant value (for b>0.5), and the 
imaginary part becomes proportional to the frequency. 
For 5<0.5 (no curves shown), the real part becomes 
proportional to the square of frequency at low fre- 
quencies. 


MEASUREMENTS 


Measurements of shear modulus were made with a 
vibrator designed by G. McClure at the M.LT. 
Acoustics Laboratory. The auxilliary apparatus was 
modified by the author to permit measurements at low 
frequencies so that the useful frequency range was 
from 0.0125 c/sec to 750 c/sec. Thus, a frequency 
ratio of 60,000 was available on one instrument without 
disturbing the sample. The maximum shear strain was 
about 0.025 percent, well within the linear range. 

Results of measurements on three kinds of rubber are 
compared to theory in Figs. 4-6. To get agreement, 
a pure viscosity is added to the original imaginary part 
(shown dashed). Since this is not predicted by the 
theory, it presumably does not depend on the distortion 
of the chains but is the sort of viscosity which would be 
found in the monomer. 

At low frequency, the imaginary part of modulus 
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Fic. 4. Curves: Theory for b= «. The dashed curve shows the 
imaginary part of modulus before addition of a term proportional 
to frequency (i.e., a pure viscosity). Points: Measured modulus of 
a crepe rubber. 
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Fic. 5. Curves: Theory for b= ©. Points: Measured 
modulus of a Hycar. 


seems always to be larger than predicted by theory, 
indicating that another mechanism than the one con- 
sidered in the theory is important in this range. In 
some rubbers measured, this effect was large enough 
and extended to high enough frequencies to mask the 
effects which, in other rubbers, seem to agree with 
theory. 


Kirkwood’s Theory 


It should be mentioned that Kirkwood’s theory‘ also 
agrees fairly well with the data. However, it has the 
serious defect of predicting that as the degree of cross- 
linking goes to zero, the complex modulus at any 
constant frequency goes to zero, even for infinitely long 
primary chains. This is in contrast to the author's 
theory which predicts that as the cross-linking goes to 
zero, the modulus becomes independent of the degree of 
cross-linking and remains finite at finite frequencies. 
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Fic. 6. Curve: Theory for b=4. Points: Combined data on a 
butyl rubber for 20°C and 5°C. The triangles and 2’s are for 5° 
and the circles and crosses are for 20°. To use both sets of data on 
one graph, that for 20°C was shifted to the left to make the real 
part of modulus agree with that for 5°C. The frequency scale is 
nee only for the 5°C data and must be multiplied by seven for 
the other. 


4 J. G. Kirkwood, J. Chem. Phys. 14, 51-56 (1946). 
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APPENDIX 
Formulas for rubbers measured : 
Crepe 
Crepe 1 
ZnO 


S 
Butyl-8 


onus 
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Hycar 


Hycar OR-15 
P33 

ZnO 

Benzoic Acid 
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Sedimentation Equilibrium in Concentrated Polymer Solutions* 


M. WaALEst 
Department of Chemistry, University of Wisconsin, Madison, Wisconsin 


It has been shown that sedimentation equilibrium can be obtained in polymer solutions of concentration as 
high as 20 percent by weight. This equilibrium has been approached from both sides, with identical results. 
The virial coefficients for the osmotic pressure may be calculated from experiments of this kind. The results 
are in good agreement with the osmotic pressure data of other investigators for polystyrene in butanone and 


polyvinyl acetate in butanone. 


INTRODUCTION 


N the past the equilibrium ultracentrifuge! has been 

used almost entirely for determining molecular 
weights of macromolecular substances. This has necessi- 
tated working with dilute solutions of these materials. 
In dilute solutions'~* with angular velocities such that 
over a 4-to-7-mm column the solution concentration 
was 3 to 6 times greater at one end of the column than 
at the other, the time required to establish equilibrium 
increased with the concentration and molecular weight 
of solute. This well-known fact has led to a mistaken 
belief* that sedimentation equilibrium could not be 
established in any finite time in highly viscous solutions. 
However, in all experiments performed in this labo- 
ratory,® under the above conditions, the maximum time 
required for the establishment of equilibrium was about 


*This work was supported by the Office of Naval Research, 
Contract N8onr76300. 


aoa Address: National Bureau of Standards, Washington, 


‘T. Svedberg and K. O. Pedersen, The Ultracentrifuge (Oxford 
University Press, New York, 1940). 

*R. Signer and R. Gross, Helv. Chim. Acta 17, 59 (1934). 

* Wales, Williams, Thompson, and Ewart, J. Phys. & Colloid 
Chem. 52, 983 (1948). 

‘J. J. Hermans and P. H. Hermans in H. R. Kruyt’s Colloid 
Science (Elsevier Publishing Company, Inc., New York, 1949), 
Vol. II, p. 137. 


‘Wales, Adler, and Van Holde, J. Phys. & Colloid Chem. 55, 
145 (1951). 


16 days (polyisobutylene of M,,=6X 10°, 0.5 percent by 
weight). 

This favorable result suggested the possibility of 
using the equilibrium ultracentrifuge to study the 
thermodynamic properties of concentrated polymer 
solutions. It will be unequivocally shown that under 
certain limited conditions equilibrium can be established 
rapidly in polymer solutions of 20 percent or more by 
weight. The factors influencing the rate of approach to 
equilibrium will be discussed later. 


THEORY 


If thermodynamic equilibrium can be obtained, we 
have the conditions® where 


du;/dx= (1— Vip.) wx, (1) 


ui is the chemical potential of the ith component on a 
weight basis, V; is its partial specific volume, p, is the 
solution density, w the angular velocity of the ultra- 
centrifuge, and x the distance from the center of rota- 
tion. In polymer solutions it will be assumed that all the 
V; are equal. The following development will yield a 
relation between the concentration derivative (experi- 
mentally observed by the Lamm scale line method!) and 
the derivative of the osmotic pressure with respect to 
the concentration. This permits ready comparison of 


* E. A. Guggenheim, Modern Thermodynamics by the Methods of 
Willard Gibbs (London, 1933). 
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TABLE I. Sedimentation equilibria in a polyvinyl acetate solution, 
17.31 g/100 cc butanone at different angular velocities. 











Scale line Relative 
Speed, rps displacement, concentration 
(revolutions/sec) Z, microns Z/rps* X10? change, (Cs —Ca)/Co 
58.8 45+2 1.30 0.010 
76.6 7742 1.31 0.017 
90.0 108+2 1.33 0.024 
97.5 130+2 1.37 0.029 
57.0 4342 1.32 0.0096 


Solution column 4.6 mm long, dn/dc=0.000744* 100 cc/g 








* The author wishes to thank Mr. C. C. Jackson for this measurement. 


osmotic pressure and sedimentation equilibrium experi- 
mental data. 


For the osmotic pressure, neglecting the compressi- 
bility of the solvent, 


w= — (pi—m1)/V,. (2) 


The subscript 1 refers to solvent. By the Gibbs-Duhem 
relation 


Widuit+>, W dy;=0. (3) 
All quantities are expressed on a weight basis: 
dr= —dy/Vi. (4) 


Combining Eqs. (1) through (4), we obtain the very 
general result 


dr/dx=w*x(1—Vp,)>> W;/WiN. (5) 


If 1/Vi=p), as is usually the case” * for polymer solu- 
tions, then we have 


dx/dx=wx(1—Vp.)C zpi/(p.—Cz), (6) 


where C, is the polymer concentration at the point X in 
gm/cc. Then 


da/dx=dRT{(C2z/Mnz)+>d AiCz*}/dx, (7) 


where M,, is the number average molecular weight at 
the point x. The term C,/M,, is small compared with 
the higher terms in concentrated solutions, and iri dilute 
solutions we may write® 


Mw2=MinztMwd \InM,,/d \nCy. (8) 


Fic. 1. Scale line dis- 
placement Z, as a func- 
tion of time for a 
polyvinyl acetate solu- 
tion. The arrows indi- 
cated when the angular 
velocity was changed. 
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7 Schick, Doty, and Zimm, J. Am. Chem. Soc. 72, 530 (1950). 

®G. V. Browning and J. D. Ferry, J. Chem. Phys. 17, 1107 
(1949). 

*M. Wales, J. Phys. & Colloid Chem. 52, 235 (1948). 
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In this equation, M,z is the weight average molecular 
weight at the point X. Substituting, we obtain 





dr dC, dA, 
—= RT—— + > kA.C,*'+ ¥ —C,*}. (9) 
dx dx \(\Myz k=? k=2 dx 


With fractionated materials the term >> dA,.C,*/dy 
k 


should be negligible, since one would not expect a very 
wide distribution of molecular weights, and in any event 
the separation of components is very small at small 
relative concentration changes. (The relative concen- 
tration change is defined as (Cs—Ca)/Co, where 
C»=concentration at bottom of column, C,=concen- 
tration at top of column, Co=initial concentration.) 
However, this term probably could not be neglected for 
whole polymer at high relative concentration changes, 
except in very dilute solutions. Substituting in Eq. (6) 
at the point where C.=Co, My <M, we obtain 


w*x(1— Vp.)Copi 
(p,—Co)(de/dx)o 





dc 


w 


RT dr 
=—+RT > kA com (=) . = (10) 
k=2 uc 


Then, if the osmotic pressure may be represented by a 
cubic polynomial in the concentration range considered, 
we have 


(dx/dc) ue—RT/M 
Ce 





= RT} 2A oft 3A Co} 





d/dc}oam—RT/Mn 
- 2 ; 


A plot of the left-hand quantity in Eq. (11) vs Co for 
successive sedimentation equilibrium experiments will 
give a straight line, the intercept and slope of which will 
yield the coefficients A» and A;. In the osmotic pressure 
case 


(4/C)—(a/C)o=RT{A2C+ AC}. (12) 


The quantities (#/C)— (#/C)» calculated from osmotic 
pressure and sedimentation equilibrium measurements 
may be directly compared. If higher terms are required 
in the expansion of 7 in powers of C, the following 
method may be used: 


(x/C)—(x/C)o 
= f (dx/dc| we—RT/M w)dc / C. (13) 


MATERIALS 


Sedimentation equilibrium experiments were péer- 
formed with butanone solutions of polystyrene and 
polyvinyl acetate. The polystyrene was a fraction® from 
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4 whole polymer polymerized with benzoyl! peroxide in 
bulk at 60.0°C. It had viscosity and number average 
molecular weights of 375,000 and 276,000, respectively. 
The polyvinyl acetate was a roughly fractionated ma- 
terial kindly supplied by Dr. J. D. Ferry. This material 
had been used in thermodynamic studies by the osmotic 
pressure method at concentrations up to 7 gm/100 cc.* It 
had a number average molecular weight of 280,000. It 
was available only in 1,2,3-trichloropropane solution. 
This solution was diluted with acetone and the polymer 
precipitated with excess petroleum ether. The precipi- 
tate was redissolved in acetone, and this process was 
repeated three times. The final residue was dissolved in 
benzene and lyophilized. The porous polymer was then 
dried at 55°C for five hours under high vacuum. The 
resulting product contained no chlorine (sodium fusion 
test) and had a viscosity average molecular weight of 
370,000.!° Its intrinsic viscosity in acetone was 1.08 and 
had increased by about 2 percent, supposedly as a result 
of the precipitation treatment. 


THE APPROACH TO EQUILIBRIUM 


The results of a series of sedimentation equilibrium 
experiments on a polyvinyl acetate solution, 17.3 
gm/100 cc are presented in Table I and Fig. 1. The scale 
line displacement is directly proportional' to dc/dx, 
which is constant throughout the column of solution in 
all these experiments. The arrows in Fig. 1 indicate 
times at which the angular velocity was changed. It can 
be seen that the response to changes in speed is very 
rapid and that when the speed was decreased to the 
initial value, the scale line displacement also quickly 
resumed its initial value. The intermediate point at 
about 17 days represents the value of the scale line 
displacement one hour after changing speed. Further- 
more, by reference to Table I, it can be seen that the 
scale line displacement is proportional to the square of 
the speed, as required by theory. The maximum value of 
the relative concentration change was 0.029, which is 
much lower than the customary 1.0 to 2.5 in dilute 
solutions. The data for more dilute solutions of both 
polyvinyl acetate and polystyrene indicate that at lower 
concentrations, where the relative concentration change 
is larger, equilibrium is approached more slowly, four to 
five days being required for the more dilute polystyrene 
solutions. Were the attempt made to obtain a relative 
concentration change of the order of 1.0 in a concen- 
trated solution, the attainment of equilibrium would 
very likely require an impossibly long time, although 
this has not been attempted. 

It is believed, on the basis of what information is 
available,?* 5" that the rate of approach to equilibrium 
for a given substance is determined by three factors (a) 
the relative concentration change which must be pro- 
duced to attain equilibrium, (b) the frictional coeffi- 
cient of the solute, and (c) the length of the column of 


”R. H. Wagner, J. Polymer Sci. 2, 21 (1947). 
"W. J. Archibald, Ann. N. Y. Acad. Sci. 43, 211 (1942). 
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TABLE II. Collected data on sedimentation equilibria in polyvinyl 
acetate solutions in butanone, M ~<¥370,000 at 25°C. 

















s o 1 /dx RT 
Concen- Speed, Scale line ca = (= —) Cs—Ca 

tration revolu- displacement, cmég-! © \de Mw 

2/100 cc tions/sec microns x10-¢ x<10-4 Co 

17.31 76.6 77 5.83 5.80 0.017 
12.38 89.3 118 5.15 5.11 0.036 
7.467 90.0 139 4.43 4.36 0.071 
6.220 76.0 116 3.80 3.71 0.071 
4.094 72.9 118 3.44 3.31 0.110 
2.458 57.9 89 2.96 2.73 0.138 
2.435 73.4 139 2.88 2.65 0.218 








solution. As is well known,” the frictional coefficients 
(quotient of force by velocity) for linear polymer mole- 
cules of high molecular weight undergo a sharp increase 
in very dilute solutions, changing only slowly at higher 
concentrations. 

If one then considers a series of experiments performed 
with solutions of increasing concentration, but at the 
same speed, the time required for equilibrium should 
first increase, approach a maximum, and then decrease. 
This should occur because at very low concentrations 
the relative concentration change is large, but the 
frictional factor is small. As the concentration increases, 
the frictional factor increases rapidly, faster than the 
relative concentration change decreases. Finally, the 
frictional factor is changing slowly, while the relative 
concentration change is rapidly decreasing, as da/dc 
increases in higher powers of C. Apparently, this mini- 
mum in the rate of approach to equilibrium lies some- 
where between 0.5 and 2.0 g/100 cc under the experi- 
mental conditions employed. 


RESULTS AND DISCUSSION 


Results of sedimentation experiments with polyvinyl 
acetate and polystyrene solutions at a number of con- 
centrations are tabulated in Tables II and III. Except 
for some of the polystyrenesolutions, the valueof dC ./dx 
was constant over the column; where it was not, there 
was a Slight linear increase toward the bottom. The 
position of the point C-=Co was established by inte- 
gration of the quantity dC,/dx over the cell.’ For 


TABLE III. Collected data on sedimentation equilibria in poly- 
styrene solutions in butanone, M ~~%375,000 at 25°C. 











Ls oe 1 /f/dx R 
Concen- Speed, Scale line C dc -(= me Co—Ca 
tration revolu- displacement, 1074 C\de Mw 
g/100 cc . tions/sec microns cm‘ g~! x<10-4 Co 
12.30 76.5 809 1.63 1.57 0.082 
12.21 60.4 492 1.65 1.60 0.051 
8.135 62.4 618 1.41 1.33 0.099 
4.780 61.1 700 1.20 1.06 0.172 


dn/dc=0.00219 100 cc/g* 








® Refererice 15. 


2 R. Signer and H. Egli, Rec. trav. chim. 69, 45 (1950). 
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Fic. 4. (x/C)—(x/c) 
a versus concentration for 
- dilute solutions of poly- 
vinyl acetate. The 
j squares are from the 
osmotic data of Brown- 
ing and Ferry (reference 
Si 8) ; the solid line is calcy- 
er lated from sedimenta- 
oe —___—_.— — tion equilibrium experi- 
meee * ments at high concen- 

trations. 


a 
-— 


‘ 


a 


T1/C-(11/C)oCM, «10% 
\ 


(B-B) /c cm*vorrn* 








eee ae ee ee ene Le Smee ea In Fig. 5, values of [(da/dc)—RT/M. |1/C vs C are 
. . e.euméae 5 plotted for the system polystyrene—butanone. In this 
- . _s, case, the highest term in x vs C was apparently a cubic? 
P16. 2 Cd ae) Re ON Gon is Katanon to” for Polyvinyl! and (x/C)—(x/C)o was calculated from values of the 
constants A» and A; obtained from Fig. 5. The results 
polystyrene—butanone the value obtained by Ewart re compared with the data of Schick et al.’ in Figs. 6 
et al. was used for dn/dc. Further experiments on 4nd 7. It can be seen that there is a significant difference 
refractive indices of concentrated solutions indicated between the results of the two investigations. In 
that the refractive index was linear in volume concen- Table IV, values of virial coefficients for the two 
tration up to 15 g/100 cc at least, yielding a value of Systems are tabulated. The chief difference between this 
dn/dc=0.00217. work and that of Schick ef al.? seems to be about a 50 
The partial specific volume, V, for polystyrene was percent difference in the value of the constant A;. Their 
taken as 0.906 cc/g. Polyvinyl acetate values given by Polymer wasa reprecipitated material of about twice the 
Browning and Ferry* were used. The scale line dis- molecular weight of that studied here. In addition, it 
placements were corrected for a slight prismatic error? had been emulsion polymerized at 63°C. It is very 
arising from the fact that the refractive indices of the probable that the difference in A; is caused by the 
polymer solutions used were appreciably different from lifferences in molecular weight and/or distribution and 
that of the solvent used in the reference experiment.! preparation. Outer, Carr, and Zimm" report values of 
This correction was completely negligible for the 4: by light scattering, giving 0.9X10~ at M»=500,000 
polystyrene solutions and amounted to 2 and 1 microns, and 1.15X10~ at M~=230,000, for fractions of a 
respectively, for the two most concentrated polyvinyl Polystyrene prepared in bulk at 70°C. 
acetate solutions. ° The difference between their values and those of 
In Fig. 2, curves are given for [(da/dc)—RT/M,, ]1/C Schick ef al.’ and this work may be caused by the fact 
vs C in polyvinyl acetate solutions. Apparently, some that Outer ef al. worked at very low concentrations. 
negative terms are needed for the power series expansion However, this does not seem probable in view of the low 
of x vs C. Figures 3 and 4 show the comparison between curvature of the plot of 7 /C vs C for polystyrene solu- 
(x/C)—(x/C)o calculated from the data of Fig. 2 via tions in butanone. It is more likely the effect of a differ- 
Eq. (13), and from the osmotic pressure results of ence in polymerization temperature. 
Browning and Ferry.’ The agreement is practically The value of the quantity A» obtained from the use 
perfect. of the ultracentrifuge is somewhat higher than that ob- 
tained by Schick, Doty, and Zimm,’ as it should be 
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Fic. 5. [(dw/de)—RT/Mw]i/C versus concentration for poly- 
styrene solutions in butanone. 





Fic. 3. (#/C)—(x/C) » versus concentration for polyvinyl acetate 
solutions. The squares are from the osmotic data of Browning and 
Ferry (reference 8); the solid line represents the results of sedi- ©— ~~ 
mentation equilibrium experiments. 4 Outer, Carr, and Zimm, J. Chem. Phys. 18, 830 (1950). 
a These authors misquote the value of the coefficient Az from refer- 

18 Ewart, Roe, Debye, and McCartney, J. Chem. Phys. 14, 687 ence 7 as 5X 10™°- instead of 0.6 10- percent. This reverses their 
(1946). argument on the effect of molecular weight on As. 
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Fic. 6. (x/C) —(2/C)o 
versus concentration for at . 
polystyrene solutions. 
The squares are from 
the osmotic data of 
Schick, Doty, and Zimm 
(reference 7); the solid 
line represents the re- 
sults of sedimentation 
equilibrium experiments. 
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o1?234¢ 567 89 0 
Cc, GM /100CC 
judging from the dependence of Az on molecular 
weight. 
The difference between the sedimentation equilibrium 
and osmotic pressure results’ may be also caused by 
the neglect of the term >> A,C*dA;/dx in Eq. (9), 


k=2 

although this seems very improbable. The variations of 
A, and A; with molecular weight previously found" 
should make this term negative, yielding low apparent 
values of the coefficients which would give negative 
deviations from the osmotic pressure data’ instead of 
the observed positive deviations. It appears, therefore, 
that the neglect of the term involving the change of 
virial coefficients with distance in Eq. (9) is justified, at 
least under the conditions used. 

The sedimentation equilibrium method now offers a 
means of determining free energies of dilution of polymer 
solutions. It should also be noted that the most concen- 
trated solutions used in this work by no means represent 
the upper limit of usable concentrations. Furthermore, 
the maximum mean pressure developed in any of these 
experiments was 0.4 atmosphere, so that it should be 
possible to study more concentrated solutions at higher 
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% ' 2 
Cc, GM/100CC 

Fic. 7. (x/C)—(x/C)o versus concentration for dilute solutions 

of polystyrene. The squares are from the osmotic data of Schick, 


Doty, and Zimm (reference 7); the solid line is calculated from 
sedimentation equilibrium experiments at higher concentrations. 


TABLE IV. Virial coefficients of the osmotic pressure for polymer 
solutions at 25°C.* 








Polyvinyl acetate—butanone (below 6 g/100 cc) 





A: cm g™? A:cm* g* Ai/A: 
This work 4.85 10-4 4.78X 10-3 9.8 
Reference 8 5.2 X10 5.3 10-3 10.2 


Polystyrene—butanone 


This work 1.49 10-* 0.9 x10-3 6.0 
Reference 7 (27°C) 1.4 X10 0.6 10-3 4.3 
Reference 14 1.1 X10 tee tee 








® The polyvinyl acetate results are a comparison of measurements made 
on the same sample of polymer; the polystyrene results are not. 


speeds than used heretofore, without the necessity of 
applying pressure corrections. 
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Summer Course in Techniques and Applications of the Electron Microscope 


T. R. Cuykendall, Acting’ Director of the Department of Engi- 
neering Physics at Cornell University, has announced that the 
Summer Laboratory course in “Techniques and Applications of 
the Electron Microscope” will be given again this summer by the 
Laboratory of Electron Microscopy in the Department of Engi- 
neering Physics from July 9 to July 21, 1951. 


The course is designed for those research workers, institutional 
and industrial, who have recently entered the field of electron 
microscopy or who are now planning to undertake research prob- 
lems involving applications of this instrument. Further inquiries 
should be addressed to Professor Benjamin M. Siegel, Department 
of Engineering Physics, Rockefeller Hall, Cornell University, 
Ithaca, New York. 
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Starting Potentials of Positive and Negative Coronas with Coaxial Geometry in Pure N,, 
Pure O., and Various Mixtures at Pressures from Atmospheric to 27 mm* 


CuHartes G. MILLER AND LEONARD B. LoeEBt 
University of California, Berkeley, California 
(Received November 2, 1950) 


Consequent to an exhaustive study of coronas with coaxial 
cylindrical geometry in pure Nz, pure O2, and mixtures over a 
considerable pressure range, it has been possible to obtain a con- 
sistent set of threshold values as a function of gas type and pres- 
sure for the principle current transitions signaling the accepted 
coronas. Thresholds for the positive wire corona should depend 
on gas characteristics only, while those of negative wires should 
reflect the second Townsend coefficients characteristic of the 
cathode material. Observations indicate that interpretation along 
this simple line is complicated by two factors. First, some current 
transitions under different conditions, which were in the past 
assumed to represent the same corona process, have been found 
to be different mechanisms. Thus, in pure N: positive wire corona 
is not a gas determined process but a cathode dependent mecha- 
nism, while in pure O2 the corona is a gas dependent process but 


of the streamer type and not of the burst pulse type. Secondly, al] 
thresholds of the characteristic negative wire corona transitions 
do not represent a secondary mechanisms characteristic of the 
cathode surface. These transitions are all preceded by a low order 
Townsend discharge whose threshold passes unnoticed but is 
characteristic of the initial cathode state. The commonly noted 
threshold is determined by a conditioning process which may de. 
pend on current density, duration of bombardment, and the com- 
position of the gas. While the data yielded by the antecedent 
studies permits of interpretation in the present system of gases, 
this study also indicates that a correct interpretation of relative 
starting potentials of positive and negative wire coronas requires 
an extensive investigation of the basic nature of the coronas before 
it is attempted. 





HE investigations reported in earlier articles!” 
enabled the compilation of the more obvious 
threshold potentials for coronas or breakdown in the 
coaxial cylindrical gap over a wide range of gases and 
pressures. The results of this compilation are shown by 
the two sets of curves in Fig. 1. It must be recalled 


ONSET THRESHOLD IN N,-O, MIXTURE 


POSITIVE NEGATIVE 


VOLTS 
6000 


VOLTS 


6000 
5000 5000 
4000 4000 
3000 3000 
2000 2000 


coo 1000 





0 
0 25 50 75 100 
%O- 


r) 
0 25 50 75 100 
%0- 


Fic. 1. Onset thresholds in Nz and O2 mixtures for positive and 
negative wires at various pressures. Note initial high values of 
thresholds for positive wire in pure nitrogen and the corresponding 
low values for negative threshold in pure nitrogen. Note the cor- 
responsing decreases of positive thresholds with increasing oxygen 
content with corresponding rises in threshold and subsequent 
decline with decreasing oxygen content on negative wires. 


* This work was sponsored by the Research Corporation of 
New York and assisted in part by the ONR. 

t Currently at the University of California at Santa Barbara. 

¢ The experimental work was entirely done by Dr. Miller. 
Owing to the complex nature of many of the phenomena much of 
.the interpretation fell to the lot of Professor fod 

1C. G. Miller and L. B. Loeb, J. Appl. Phys. 22, 494 (1951). 

?C. G. Miller and L. B. Loeb, J. Appl. Phys. 22, 614 (1951). 


that the relative values of the observed thresholds of 
these phenomena over ranges of pressure and composi- 
tion have been at variance with accepted discharge 
theory. In many cases they appeared completely in- 
comprehensible, and, thus, they have led to much con- 
troversy.* The relative starting potentials of positive 
and negative corona as they change with pressure has, 
in the case of a few relatively pure gases, been shown 
by F. M. Penning to be ascribed to traces of impurity. 
In the course of the preceding study the situation has 
been seen to be far more complex in that what are ob- 
served over a range of conditions as breakdowns or cor- 
onas are not necessarily the same forms of discharge. 
Thus, often small and sometimes subtle changes in gas or 
electrodes will bring into play at observed threshold en- 
tirely different basic mechanisms. Some of these, by 
their unstable or irreproducible natures, make inter- 
pretation in terms of conventional discharge theory 
impossible. The various relations underlying conven- 
tional discharge thresholds are indicated by Eqs. (1) 
to (6) presented in an antecedent paper.' Where these 
relations can be invoked in the discussion of the curves 
of Fig. 1, they will be referred to by number. 

At atmospheric pressure in pure Ny the positive 
corona threshold is high; at about 6500 volts. The 
threshold for negative corona is relatively low, probably 
lying well below the 5000 volts indicated, because 
accurate measurement is impossible. Glancing at Eqs. 
(3) and (4), which might apply for the positive wire 
and (1) which should apply for the negative wire, the 

3L. B. Loeb, Fundamental Processes of Electrical Discharge im 
Gases (John Wiley and Sons, Inc., New York, 1939), pp. 507 ff. 


‘F. M. Penning, Z. Physik 46, 335 (1928); 57, 723 (1929); 
Phil. Mag. 11, 961 (1931). 
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observed values do not seem at all unreasonable as 


secondary liberation by positive ions at the high field 


cathode is larger than the photo-ionization of the gas. 
However, this is an incorrect interpretation, for it 
happens that in the pure Ne» transparence to photons 
and absence of photo-ionization in the gas precludes 
mechanisms (3) or (4). Breakdown is a spot-like glow 
discharge coming from the Ni cathode cylinder as in 
mechanism (1). This requires a very high threshold 
potential because of the low fields at the Ni cylinder. 
In pure Nz the negative wire begins its breakdown with 
pre-threshold Townsend currents following Eq. (2) and 
on clean up does not give a corona but goes to arc 
over unless a limiting resistor is present. In this case, 
the gas fouls slightly with impurity, and the starting 

tential is altered. No fixed potential can be assigned, 
as the y of Eq. (1) is altered by pre-discharge currents 
in an unpredictable fashion. In any case, it will be ex- 
pected that negative threshold or breakdown would be 
lower than positive. The very slightest trace of impurity, 
such as liberated from a flashed W filament, introduces 
burst pulse corona and lowered onset for the positive 
threshold, while it does not affect the negative thresh- 
old, although it may prevent arc over. 

The addition of 1 percent of O2 makes the discharge 
at the positive wire one depending on photoelectric 
ionization of the O2 by photons from Ne and yields 
burst pulse threshold governed by Eq. (3). It will 
obviously occur at a wire potential that is lower than 
the one needed to induce secondary ionization at the 
Ni cylinder as in pure No. It is not surprising then to 
observe that the threshold is 5200 volts. On the other 
hand, the negative wire now finds itself in an atmos- 
phere with O2 and oxides of nitrogen. It is thus fouled. 
Its y is lowered, and the threshold depends on the past 
history of the wire and on a conditioning or clean up. 
It is not surprising to note that the negative threshold 
is now increased to 5800 volts and above that for the 
positive wire. 

Further additions of O2 to Ne lower the threshold for 
the positive wire burst pulse corona, Eq. (3), to some 
minimum value, which appears at perhaps 30 percent 
0., by favoring burst pulse formation. Why the further 
addition of O2 to Nz above 10 percent should lower the 
starting potential for the negative wire is not clear. 
The maximum value for the negative Trichel pulse 
corona occurs for about 10 percent Oz. Since the regular 
threshold is based upon a clean up mechanism, it is 
impossible to predict how it will behave, and it may well 
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be that the data given are not too significant on this 
score. 

As the percentage of O2 goes to 100 percent, the 
threshold for the burst pulse corona would be expected 
to rise in potential since photo-ionization in a mixed 
gas is, in general, more prolific than in pure O». This is, 
however, not the reason for increase. Actually, the 
positive corona in O2 observed is one in which heavy 
absorption of photons produces streamer pulses at 
higher pressures. Since the threshold for streamers de- 
pends on space charge build up, as indicated in Eq. (4) 
relative to Eq. (3), the threshold potential will be higher 
than for air. In any case, the pre-onset streamer thresh- 
old is observed always to be some 50 to 100 volts higher 
than that for burst pulses in air. Thus, it is not sur- 
prising to see the positive corona threshold in Oz: at 
5250 volts. The negative threshold with increasing 
amounts of O2 has fallen consistently from the value 
of 10 percent O2 down to 5200 volts in pure Oz. As 
indicated earlier, the apparent transparency of pure O2 
for photons active on the Pt wire cathode and the ap- 
parently less powerful deactivating action of O2 on the 
wire might facilitate conditioning and breakdown in 
pure QO, relative to air. 

It is seen that the relative starting potential with the 
same wire for widely diverse reasons have changed from 
positive higher than negative to negative higher than 
positive back to positive higher than negative. The 
change of relative values with gaseous composition 
cannot follow from any simple single theory, since the 
negative thresholds depend primarily on a conditioning 
of the surface that is not easily definable and certainly 
has no fixed value. It is observed that reducing pressure 
does not materially alter the sequence of changes with 
gas filling. It appears as if at lower pressures the changes 
in thresholds are not as great. This is true numerically, 
but if expressed by percentage of the threshold value, 
the relative change is about the same. Whether the 
flattening of the negative 27-mm curve is real or merely 
appears so in contrast, cannot be stated. The data on 
these potentials are too indefinite and inaccurate to 
decide whether the sequence of relative values for 
positive and negative thresholds changes as pressures 
are reduced. There are basically no reasons for any 
change. 

It is hoped that the revelations relative to the se- 
quence of the starting potentials here observed with 
their obvious interpretation will assist in the later in- 
terpretation of other outstanding discrepancies in the 
literature. 
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A cantilever-strut is an originally straight uniform thin rod clamped or “built-in” at one end and acted 
on by an arbitrary force at the other end. The arbitrary force and the angle it makes with the tangent to 
the clamped end of the rod are regarded as independent variables. The problem of finding the deflection 
coordinates of the loaded end of the rod, the tangent angle of the loaded end, and the strain energy of 
bending in the rod is solved in terms of a newly defined function that satisfies a nonlinear partial differential 
equation. Solutions are given in series form. Since the cantilever-strut is a segment of an inflectional elastica, 
the classical elliptic integral solution is also outlined for comparison with the more direct series solution of 


the problem. 





I. INTRODUCTION: THE CANTILEVER-STRUT 
PROBLEM 


ONSIDER an originally straight uniform thin rod 

of length Z and flexural rigidity B= E/ built-in or 
clamped at one end and acted on by a force r at the 
other end in such a way that r makes an angle 0 with 
the tangent to the rod at the clamped end. Figure 1 
shows the strained configuration of the rod OP, and 
defines the coordinates to be used. It is physically clear 
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Fic. 1. The cantilever-strut OP; is a segment of the elastica 
P,OP;. Arc length OP=s, and OP, = L. Bending strain energy in 
OP, is V;. If O’P,=Z on tangent to curve at P;, then the ordinate 
of O’ is V;/r. 


that the equilibrium configuration of the rod is deter- 
mined by the rod parameters L and B, and the variables 
r and 4. We therefore regard as dependent variables 
the coordinates x, and y,; of Pi, the angle 6, of the 
tangent to the rod at P;, and the elastic strain energy 
V, of the bent rod OP,, and seek to find explicit series 
expressions for them in terms of L, B, r, and 4. It is 
unnecessary to regard as a separate unknown the mo- 
ment exerted on the rod by the constraint at O, since 
this is simply given by rx. 

The strained rod OP, is a segment of an inflectional 
elastica,! one bay of which is shown as P,OP, in Fig. 1. 
In the classical treatment of the elastica, the computa- 
tion of the equilibrium configurations depends on the 
evaluation of certain elliptic integrals whose modulus is 


k=sin}6). (1.1) 


Thus, in our problem, the modulus is itself an unknown, 
and this makes the elliptic integral method for its solu- 
tion awkward at best. It is therefore believed that 
explicit series solutions for the unknowns will often be 
found to be more useful for the practical problem, as 
stated above. 

The term “cantilever-strut” seems appropriate for 
the member under discussion when 6 is arbitrary be- 
cause, as is evident from Fig. 1, it reduces to the simple 
cantilever for =90° and to the Euler column or strut 
for 0=0°. The standard method of analyzing finite 
deflections of a column is by means of elliptic integrals, 
and the simple cantilever has been treated in the same 
way.* Both are, of course, special cases of the general 
elastica theory mentioned above. 


1A. E. H. Love, Mathematical Theory of Elasticity (Dover 
Publications, New York, 1944), fourth edition, chapter XIX. 

2S. Timoshenko, Theory of Elastic Stability (McGraw-Hill Book 
Company, Inc., 1936), chapter II. R. V. Southwell, Theory of 
Elasticity (Oxford University Press, 1941), second edition, 
chapter XIII. ; 

*H. J. Barten, Quart. of Appl. Math. 2, 168 (1944); corrections, 
3, 275 (1945). K. E. Bisshopp and D. C. Drucker, Quart. of Appl. 
Math. 3, 272 (1945). 
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FINITE DEFLECTIONS OF A CANTILEVER-STRUT 


An essential feature of the new approach to the gen- 
eral cantilever-strut problem here presented is the inclu- 
sion of the strain energy V; among the unknowns from 
the very beginning. This permits the establishment of a 
sufficient number of algebraic and differential relations 
among the variables so that, at least for small values of 
rl?/B, the use of elliptic integrals can be entirely 
avoided. 


ll. THE FOUR FUNDAMENTAL RELATIONS 


Of the four relations needed for the determination of 
the four unknowns, %1, yi, 61, and V,, of the general 
cantilever-strut problem, we can obtain two algebraic 
relations by integration from elementary beam theory 
and two differential relations from the conservation of 
energy. 

One algebraic relation follows from the fact that the 
bending moment at any point, P in Fig. 1, is propor- 
tional to the curvature of the rod at that point: 


r(x,— x)= Bdé/ds, (2.1) 


where s is the distance along the rod measured from O 
toward P,, and B is the flexural rigidity of the rod. 
Since dx/ds=sin8, in Fig. 1, 


r(x,;—x)dx=B sin6dé. 
Integration along the rod from P to P, yields 
r(x,;— x)?= 2B(cos@—cos6;). (2.2) 
For x=0 and 0= 6p, this gives the first algebraic relation 
(2.3) 


The other algebraic relation follows from the usual 
expression for the elastic strain energy due to bending 
dV in the element ds of the rod: 


dV =}B(d0/ds)*ds. (2.4) 


We neglect the strain energy caused by stretching of 
the rod. By eliminating x,— x from Eqs. (2.1) and (2.2), 
we find 


rx;°= 2B(cos@o— cos@;). 


B(d6/ds)?= 2r(cos6—cos6;). 


We insert this in Eq. (2.4), noting that cos#=dy/ds in 
Fig. 1: 


dV =r(dy—cos6,ds). (2.5) 


Integrating this term by term along the rod from O to 
P; gives the second algebraic relation: 


Vi=r(m—L cos6}). (2.6) 


This relation gives a simple geometric theorem in- 
volving the strain energy V;. If, in Fig. 1, we lay off 
O'P,=L along the tangent at P,, then the projection of 
00’ on the line of thrust of r is V,/r as shown. Consider- 
ation of Eq. (2.5) shows that a similar geometric rela- 
tion holds for the strain energy of bending in any seg- 
ment of an elastica. 
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The two differential relations follow from the incre- 
mental increase in the total strain energy, 6V;, when r 
and @ are varied; this increase must be equal to the 
work done by the externally applied force r at P, and 
moment rx; at O in Fig. 1: 


6V1= —rbyi— 1x50. 


Thus, the energy principle yields the two differential 
relations 


dV ,/dr= —r(dy,/dr), (2.7) 


and 
OV 1/309= —1(dy1/900)—rx1, (2.8) 


since r and 6 are the independent variables of our prob- 
lem. Suitable boundary conditions may be deduced as 
needed by a consideration of Fig. 1. 


Ill. INTRODUCTION OF DIMENSIONLESS 
QUANTITIES 


In order to introduce dimensionless quantities into 
our problem, we note that x, 1, Vi/r, (B/r)*, and L 
each have the dimensions of length, and, hence, the 
quotient of any two of them would be a dimensionless 
pure number. Angles and trigonometric functions 
thereof are, of course, also dimensionless. 

For the cantilever-strut problem it is convenient to 
replace the independent variables r and 4 by 


p=L(r/B)! and a=cos6, (3.1) 


and the four dependent variables by the dimensionless 
functions 


X=n,/L, Y=y,/L, Z=cos6,, 
and 
W=V,/rL, 


of the dimensionless variables p and a. 
By substituting Eqs. (3.1) and (3.2) into the four 


fundamental relations, Eqs. (2.3), (2.6), (2.7), and (2.8), 
we obtain 


(3.2) 


pPX?= 2(a—Z), 
W=Y-Z, 
2W = — p(9/dp)(¥Y+W), 
X= B(8/da)(Y+W), 


where 8=sin@)= (1—a”)!. Thus, the rod parameters L 
and B are absorbed in the new variables, and scale rela- 
tions and units are taken care of automatically. 


(3.3) 


IV. THE S-FUNCTION 


We show now how the unknowns X, I, Z, and W, 
defined in Eqs. (3.2), can be found by means of a single 
dimensionless function S of the variables a and p de- 
fined as follows: 


S=S(a, p)=p(1+¥+W) 
=(r/B)(L+y:+Vi/r). (4.1) 


The partial derivatives of S with respect to p and « 
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Fic. 2. S(a, p)=p(1+Y+W) as a function of p for selected 
values of a=cos6. The slope of each curve at the origin is 1+a. 
The straight segment OE of the strut or column curve, a=1.0, 
corresponds to less than critica] loading, E being the “Euler point” 
- st re ax /2)=2. The asymptotic values for p> are given by 

q. (4.7). 


can be interpreted with the aid of Eqs. (3.3): 


dS/dp=1+Y+W+ (0/dp)(Y+W) 


=1+Y-—W=1+2Z, (4.2) 


and 
0S/da= p(d/da)(Y+W)= pX/B. 


These, with Eqs. (3.3), enable us to write our unknowns 
in terms of S and its partial derivatives: 


X= (8/p)(dS/da), 
=3[(S/p)+(0S/dp) ]—1, 

Z=(dS/dp)—1, 

W =3[(S/p)—(0S/dp) ]. 


The cantilever-strut problem is therefore reduced to 
that of finding the single function S(a, p). By sub- 
stituting Eqs. (4.2) and (4.3) into the first of Eqs. (3.3), 
we find the nonlinear partial differential equation 


0S/dp= 1+ a—}6?(dS/da)’, (4.5) 


which S(a, p) must satisfy and in which the unknowns 
X, Y, Z, and W no longer appear. From the definition, 
Eq. (4.1), and Fig. 1 we deduce the boundary conditions 


S(a,0)=0 and S(—1, p)=0. (4.6) 


Figure 2 shows S(a, p) as a function of p for selected 
values of a. The curves were computed by means of 
elliptic integral tables (see Sec. VI) in order to dis- 
play the general character of the S-function. Combina- 


(4.3) 


(4.4) 
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tions of the variables, other than Eq. (4.1), could be 
chosen on which to base the solution of the cantilever. 
strut problem, e.g., p(Y+-W). The choice of Eq. (4.1) 
seems, on the whole, most convenient. As Fig. 2 shows 
it gives non- negative small number values of S and of 
8S/dp in the region of principal interest. The curves for 
constant a approach horizontal asymptotes for pa. 
If we let 


Swo=S.2(a)= lim S(a, p) for constant a, 
po 


we can compute S. as follows. Since r= p*B/L?, pw 
means r—> in Fig. 1, and hence, 6;—>7; from Eq. (4.2), 
0S/dp=1+cos6,—0; ‘thus, Eq. (4.5) gives us 


0=1+a—}6°(dS../da)?, 


or dS.=(2/(1—«a))ida. Integrating from S,.(—1)=0 
yields 


Sio(a) = 4[1— (3(1—))# ]=4(1—sin}60) 


for the asymptotic value. 


(4.7 


V. POWER SERIES SOLUTION 


If we express S(a, p) as a power series in p, with 
coefficients that are functions of a, only odd positive 


powers of p will appear. For, if we consider the physical ! 


situation depicted in Fig. 1, it is clear that x, 4, and 
cos, will each be expressible as a power series in 
r= p’B/L*. Hence, the power series for X, Y, and Z 
will contain only even powers of p. From Eggs. (4.4), it 
is then evident that S will contain only odd powers of p, 
The first boundary condition, Eqs. (4.6), shows that 
only positive powers of p occur. 
When we substitute the assumption 


S= 4 a,(a) p24! (5.1) 


into Eq. (4.5) and equate corresponding coefficients of 
p’" from either side, we obtain 


a@=1+a 
o—1 n-1 (5.2) 
~orene? > b wD n—n—I for n=1, 2, 3, ree, 
~ 2(2n+1) m=) 
where 
b,=da,/da. (5.3) 


These relations suffice to determine the coefficients 4, 
and b, recursively. Since we have, so far, been unable 
to find explicit nonrecursive formulas for these coefii- 
cients, we have carried out the numerical work (which 
seems to increase exponentially with 2!) of determining 
the first six of each. Since a?—1=—~ occurs as 4 
factor in @, for all m greater than zero, it is convenient 
to set 

(5.4) 


é.=— (B?/2)cn for n= 1,°2,°3, Poe 
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Then the first six pairs of coefficients are given by 


a=1+a 

=} 

C2>= 2a/15 

¢3= (23a2—6)/315 

c4= (1340°— 72a) /2835 


c5= (5297 a4— 43380?+ 423)/155925. 


bo= 1 

b= a/3 

bo= (3a2—1)/15 

bs= (4608—29a)/315 

by= (335a4— 3090+ 36)/2835 


bs= (15891 a5— 19270a*+ 4761a)/155925 


Hence, the power series for S(a, p) is: 


S=(1+a)p—26 y Cap tt 


n=1 





=(1+a)p— obo ot ie °F 
15 630 
6708 — 36a 
2835 


(5.5) 


(5.6) 


a] 


which evidently satisfies the boundary conditions, Eqs. 
(4.6). Finally, the power series solutions for the four 
unknowns of the cantilever-strut problem are obtained 


by substituting Eq. (5.6) in Eqs. (4.4): 


X=m/L=B D bap™ 
n=0 











(5.7) 


a 3a°—1 460° — 29a 
=A 1+ 04 p+ ie ine 
3 15 315 
r= y/L= 0-38 YS (n$1)cnp™ 
n=l 
a 46a?— 12 
=a-— el Aero} ot eee 
5 315 
Z=cos0i;= a—38? > (2n+1)cnp™ 
n=] 
a 23a?—6 
_ a Bott tt Pitee ss 
3 90 
W=Vi/rL=38° D nenp™ 
n=1 
2a 23a°—6 
sa Laren p'+-- ‘| 
15 210 
where 
p=rLl?/B, a=cost, and B=sinG. 


While numerical comparisons with selected computa- 
tions based on elliptic integral tables show that these 
series give excellent results for values of p up to 1.0 or 
more, we are unable to make a general statement regard- 
ing the region of convergence of the series (5.7). For 
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a=1, 0)=0, and we have the classical Euler column 
case; the series all break off, since 8=0, and give the 
correct results for r less than the critical load which 
corresponds to p=$z. Furthermore, it will be noted 
that, for a= +1, the coefficients 5, and c, in Eqs. (5.5) 
are essentially the coefficients in the power series expan- 
sions of tanp and tanhp which, in turn, are expressible 
in terms of Bernoulli’s numbers. This must hold for 
the coefficients beyond n=5, because it can be shown 
that 
S=2p+(a—1) tanp+terms in (a—1)? tan’, 

and 


S=(a+1) tanhp+terms in (a+1)? tanh®. 


The region of convergence of the power series for tanp 
and tanhp is |p| <4z. It is conjectured that the series 
(5.7) have at least this region of convergence, even 
when |a| <1.0. 
For large values of p, solutions based on 
S=>) P.e?" (5.8) 
n=0 
have been found but will not be derived in this paper. 
P, is, of course, given by Eq. (4.7). The next few P, 
have been evaluated and indicate that, for n>0, P, is 
a polynomial of degree n—1 in p and of degree 2n—1 in 
the new variable (1—sin}@9)/(1-+sin3o). 


VI. THE ELLIPTIC INTEGRAL SOLUTION 


Elliptic integrals are used in the standard treatment 
of finite deflections of a column or strut.” Essentially 
the same method has been used to compute large deflec- 
tions of a cantilever.* We here outline the solution in 
generalized form for the cantilever-strut problem for 
comparison with the previous series solution and be- 
cause of its independent value for precision numerical 
computations. 


Eliminating x,;— x from Eqs. (2.1) and (2.2), we have 


B(d6/ds)?= 2r(cos@—cos6), (6.1) 
or, since dy/ds=cos6, 
d6/ds=cos6d6/dy=(2r(cos@—cos6;)/B]}}. (6.2) 
Substitution of Eq. (6.1) in Eq. (2.4) yields 
dV /d0=([rB(cosé—cos6,)/2}}. (6.3) 


Separating the variables in each of these equations and 
integrating along the rod from O to P,, we find 


L 61 dé 
r/B)*} ds=p= 
(r/B) i ii J. [2(cos@—cos6;) }} 


By) vi » 61 cos6dé 
r/B f dy=p -{ 
P , @ [2(cos@—cos6,) |! 


Vi 1 61 
[1/(rB)*] f qV=pW=- f [2(cos@—cos6:) }'d8, 
0 
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where p, Y, and W are the dimensionless variables de- 
fined in Eqs. (3.1) and (3.2). It is easily seen that the 
integral for pW is equal to the integral for pY minus 
cos@, times the integral for p. This is the relation for V; 
given in Eq. (2.6) and, in dimensionless form, it is given 
in the second of Eqs. (3.3). 

These elliptic integrals may be transformed to Le- 
gendre’s normal forms with modulus k=sin}@, by 
setting 

cos, = 1— 2k’, 
cos@ = 1— 2k? sin*¢, (6.4) 
COSOy = 1— 2k? sin*¢p. 


These substitutions yield 
«/2 do 
mime f 
¢ (1—# sin’)! 
= K(k)—F(k, $0), (6.5) 





x/2 


(r/B)'y.= pY=2f (1—? sin*o)'do— p 
= 2 E(k)—E(k, ¢0)]—p, (6.6) 


expressed in the usual notation for the complete and 
incomplete elliptic integrals of the first and second 
kinds. 

These relations, together with the algebraic Eqs. (2.3) 
and (2.6), constitute the basis for the elliptic integral 
solution of the cantilever-strut problem. With B, L, r, 
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and 6 known, the first step is to find the modulus } 
and the angle ¢o that will simultaneously satisfy Eqs, 
(6.4) and (6.5). This involves a rather laborious inter. 
polation process using tables of the complete and incom. 
plete elliptic integrals of the first kind. Once k and ¢, 
are known, the evaluation of Eq. (6.6) from tables js 
fairly direct, and then x, and V;, follow easily from the 
algebraic relations. 

When p is not too large and extreme accuracy not 
needed, the direct solutions given by Eqs. (5.7) can be 
evaluated more easily than the elliptic integral solution, 
Furthermore, the series solutions are more appropriate 
for analytical problems that cannot conveniently be 
handled by the elliptic integral method—for example, 
nonlinear oscillation problems in which r and 6 are 
variable functions of time. 

Even if the numerical accuracy obtainable by the use 
of elliptic integral tables is needed, it will be helpful to 
start the interpolation for the modulus k=sin}@, at a 
value of 6; found from the third of Eqs. (5.7) for small 
p or from 


cosO; = — 14 32e*°(1—sin}4o)/(1+sin}00)+--- (6.7) 


for large p. This relation is given without proof from the 
series for large p mentioned at the end of the previous 
section. For values not too near the Euler point, @)=0 
and p=}, these series should give reasonable starting 
values for the interpolation. 
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A Preliminary Study of a Physical Basis of Bird Navigation. Part II* 


Henry L. YEAGLEY 
Department of Physics, The Pennsylvania State College, State College, Pennsylvania 


(Received July 3, 1950) 


The previous paper contained a complete statement of the Magnetic-Vertical-Coriolis theory and the 
experimentation carried on from November, 1943, through July, 1945 (Experiments I through V). The 
present report presents the results obtained since this latter date and up to the summer of 1949 (Experi- 


ments VI through XT). 


HE magnetic-wing experiments and data on large- 
scale homing-pigeon racing, obtained from out- 

side sources, indicate that superimposed moving mag- 
netic fields as well as naturally and artificially imposed 
electro-magnetic disturbances confuse homing pigeons 
in navigational flight. Further, if thoroughly trained 
in navigational flight, in the home area, pigeons do not 
fly in random directions or circles when released at 
distances of fifty miles or more from the home position 
or its conjugate point. This does not apply when the 
former is in the proximity of either long ocean or lake 


* A continuation of “A preliminary study of a physical basis of 
bird navigation,” J. Appl. Phys. 18, 1035-1063 (1947), to be 
referred to as Part I. 





shores which abnegates the necessity of other than a 
simple pilotage type of guidance. 

Six-hundred-and-seventy homing pigeons trained to 
navigate to a home cote at State College, Pennsylvania, 
were used directly in testing the existence of a conju- 
gate point in central Nebraska, in accordance with the 
requirements of the Magnetic-Vertical-Coriolis theory. 
Many of these flights were observed by direct airplane 
following. The data from the recorded flights (42 per- 
cent of the total) show that the birds moved from their 
release points, on the average, in a direction only 3.2° 
from that required by the theory. (See Summary and 
Fig. 20.) It is thus apparent that these results warrant 
continued and large-scale experiments further to test 
the validity of the theory. 
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STUDY OF A PHYSICAL BASIS OF BIRD NAVIGATION 


Since the publication of Part I, criticisms have been 
received from various parts of the world although the 
proposed theory and accompanying data received much 
favorable comment. Certain of the author’s interpreta- 
tions were challenged in “Letters to the Editor” by 
Slepian, Varian, and Davis! on the basis of noncon- 
formity with the theory of relativity. The writer appre- 
ciates their interest and acknowledges the validity of 
their position. It is not the purpose of this paper to 
attempt to discuss the critical aspects of the various 
interpretations of the theory, but rather to present 
further data obtained that they may be used by those 
interested for further testing of the unique pattern de- 
manded by the theory itself. Indeed, if the data as a 
whole fit into the picture required by the theory, then 
the final interpretation of certain aspects, together 
with the determination of a possible organ or organs 
involved, becomes in itself a formidable task. 


EXPERIMENT VI 


State College, Pennsylvania-Nebraska Spurious 
Point Experiment, July, 1947 


According to the Magnetic-Vertical-Coriolis theory 
previously described, a bird familiar with these effects 
around a given point on the earth should navigate 
equally well to a companion or or conjugate point if 
released nearer the latter. All of the previously per- 
formed experiments designed to test this relationship 
have given positive results. The evidence obtained, 
however, had been almost entirely limited to the receipt 
of telegrams or letters from persons finding the experi- 
mental birds (Army homing pigeons) after they have 
done considerable aimless wandering, having first made 
their navigational effort, to find their home loft. 

Although the computations from all available data 
in the past have indicated that the mass of birds as a 
whole move fairly accurately toward the conjugate 
point, it was decided that a far more satisfactory result 


‘ would be obtained if it could be shown that the in- 


dividuals first navigate toward the conjugate point and 
then fan out and wander in random directions before 
being found and reported. 

The experiment now to be described was designed to 
remedy, in part, the above defect by making it possible 
for more of the birds to find the loft at the conjugate 
point. In all previous tests only two had performed this 
feat, one from seventy and the other a hundred-and- 
eighty-five miles, although six in all were known to 
have accomplished the equivalent of homing to the 
conjugate point in the first Nebraska experiment alone.t 

The two lofts used in this experiment were the large 
yellow, 100-capacity ones build for the second Ne- 
braska experiment. They were mounted on two 13-ton 
amy trucks loaned by the Signal Corps for this pur- 

‘Joseph Slepian, J. Appl. Phys. 19, 306 (1948); Russell D. 
Varian, ibid.; Leverett Davis, Jr., ibid., 307. 

a Sec. 4 of “Salient points,” Experiment No. II, Part I, 
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pose and the pigeons used were U. S. Army birds and a 
few others from private sources. About May 15, 1947, 
the full quota of 200 young birds from Fort Monmouth, 
New Jersey, was delivered to State College and training 
begun. The full training consisted of the usual short 
piloting flights out to about 20 miles in many directions 
around the compass, and finally flights of 35, 50, and 
60 miles to round out their navigating ability. Except 
on stormy and extremely hazy days these birds were 
taken out for training flights twice daily from May 15 
to July 6. 

On July 8 the convoy, consisting of two army trucks 
with lofts, one 3-ton army truck, one passenger car, 
and a party of ten men, proceded to Nebraska. The 
distance was about 1200 miles and, by a system of re- 
lief driving, the truck were kept moving most of the 
daylight hours, arriving at the experimental stations in 
Nebraska three days later. 

One loft was stationed at Fremont, Nebraska (an 
arbitrarily chosen location), the other at Grand Island, 
which was near the existing conjugate point for State 
College. Both were in place on July 11, and the per- 
sonnel was divided into two equal groups to carry out 
operations subsequent to the final releases of the 
birds. At both stations the birds were released daily at 
increasing distances from a hundred and fifty feet to 
several miles from the lofts. The Grand Island loft was 
never moved more than two hundred feet from the 
initial location, whereas the Fremont loft was moved 
on a line three miles long running S W and N E. By 
July 14 the remaining birds had practically ceased 
straying away from the lofts. 

During the training at State College, Pennsylvania, 
and throughout the preliminary and final releases in 
Nebraska, kytoons (six-foot, blimp-shaped, Nylon- 
covered, hydrogen balloons) were flown about 200 feet 
above the lofts. These were meant to serve as beacons 
to help the birds pilot the last four or five miles to the 
loft, but observation at the State College and Nebraska 
locations indicated that the birds recognized them only 
after coming within a few hundred yards of the loft. 
At this distance the lofts should also have been recog- 
nizable so, in general, their efficacy was not determined. 

The purpose of the dual lofts was as follows: Since, 
during these tests, the Grand Island location was just 
fifteen miles N E of the true conjugate point for State 
College, and those birds were given pilotage training 
there for several days, it was thought that a number 
would be able to return to the loft after a navigational 
flight from a distance of fifty or more miles. However, 
this presented the objection that perhaps they would 
return to this spot because of their recent three-day 
training on the new location rather than the approxi- 


t The conjugate point for State College, Pennsylvania, due to 
magnetic changes over the whole earth, is moving eastward about 
9 miles each year. Thus, while this point for State College, Pa., 
was just north of Kearney in 1943, in 1947 it was about 15 miles 
southwest of Grand Island, Nebraska. 
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Taste I. Reported (95) birds which had been stationed Dracram I. Total flight vectors (See Table I). 
at Grand Island, Nebraska. 
AVERAGE RELEASE 


POINT 







































Release No. 1 
Released at Monroe, Nebraska, July 15, 1947, 58 miles to loft 
Place found Days elapsed +X +Y @=4° 





Dunbar, Nebr. 1 — 21 + 99 
Rising City, Nebr. 6 + 2 + 25 — 
+ 
Release No. 2 GRAND ISLAND 7 “Ty “432 
Released at Duncan, Nebraska, July 16, 1947, 58 miles to loft (LOFT) ® ry -60 
Junction City, Kan. 3° + 73 +151 a” “Wg °~52 
Rogers, Nebr. 2 — 27 + 15 
At loft 0 + 58 eames 
i br. 0 = 
Bridgeport, Nebr 0 +21 204 a 
Release No. 3 Fic. 1. 
Released at Duncan, Nebraska, July 19, 1947, 58 miles to loft 
Fremont, Nebr. 2 — 38 + 25 corresponding corner of Grand Island was chosen as a 
= a : x M4 : suitable experimental loft location. The peculiar land 
At loft 0 4+ 58 0 feature mentioned above probably militated against 
At loft 0 + 58 0 more of the birds finding the loft in the final test flight, 
At loft . 0 + 58 0 The final releases of both the Grand Island and 
Columbus, Nebr. 3 — 7 + 2 . 
Fremont birds were made at locations approximately 
Release No. 4 half-way between the two stations. Tables I and II 
Released at Columbus, Nebraska, July 20, 1947, 67 miles to loft list all reported birds which were part of the regular 
a : ; = + releases. Tables II and IV list all reported birds which 
Wolbach, Nebr. 1 + 45 — 32 had strayed from the loft. Diagrams I (Figs. 1 and 2) 
Cound cog agg = z 3 “ a and II (Figs. 3 and 4) summarize the results of the ex- 
itchfield, Nebr. — ° é oe 
Middlebranch, Nebr. 2 + it — 97 periment which are as follows: 





SX=+821. sY=— 0 1. The nineteen reported birds of the four releases 
from the Grand Island station averaged 43.2 miles 
a directly toward the loft and 3.2 miles at right angles to 
mately two-months training at State College, Penn- that direction. 

sylvania. But if the birds at Fremont, 100 miles away —_—(a) Six of these birds individually found the loft 
to the north-east, ‘were given similar training and none after a 58-mile navigational flight. Five were from the 
returned to that loft from fifty-mile releases, it would 
seem that it was the location of Grand Island as it cor- 
responded to State College, Pennsylvania, in terms of 
the Magnetic-Vertical-Coriolis effect, which determined 
their behavior. It should be explained that the exact 
conjugate point, as a loft location, was avoided because 
it was located on the broad, dry basin of the Platte 
River and it was thought that the birds would be espe- 
cially confused by this type of terrain for a loft location. 
Also, since the experimental birds had been trained to 
lofts located at the northeast edge of State College, the 








Same as above for strayed birds (See Table IT). 


TABLE II. Reported birds which strayed from 
Grand Island, Nebraska. 














, 2396.26 
_—S- 
Place found +X +Y 

Fremont loft — 89 + 49 RAND ISLAN re 

Darr, Nebr. + 63 — 55 ee eer SY, ie. 18 

Lexington, Nebr. + 59 — 47 

Daykin, Nebr. — 10 + 68 

Elsworth, Nebr. + 63 — 204 

10 mi. NW Grand Island — 7 — 7 

Carroll, Nebr. — 108 — 25 

Auburn, Iowa —197 + 63 

Schuyler, Nebr. — 73 + 21 CONJUGATE 

Clarks, Nebr. — 32 + 4 POINT 

Ewing, Nebr. — 65 — 65 









33.7 percent of Grand Island birds reported. 
Fic. 2. 
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TaBLE III. Reported birds (85) which had been stationed 
at Fremont, Nebraska. 











—— 
Release No. 1 
Released at Monroe, Nebraska, July 15, 1947, 58 miles to loft 
Place found Days elapsed 
Leigh, Nebr. 13 
Release No. 2 
Released at Duncan, Nebraska, July 16, 1947, 58 miles to loft 
Duncan, Nebr. 2 
Arapahoe, Nebr. 2 
Waterloo, Nebr. 2 
Release No. 3 
Released at Duncan, Nebraska, July 19, 1947, 58 miles to loft 
Duncan, Nebr. 1 
Duncan, Nebr. 12 
Davenport, Nebr. 2 
Bellwood, Nebr. 5 
Villisca, Iowa 3 
Release No. 4 


Released at O’Conee, Nebraska, July 20, 1947, 67 miles to loft 


Columbus, Nebr. 
Lincoln, Nebr. 
Fremont, Nebr. 
Ulysses, Nebr. 
Osceola, Nebr. 
Monroe, Nebr. 
Burwell, Nebr. 








July 19 release, in which eleven Grand Island birds 
were involved. This constituted a 45 percent “‘loft-bird” 
result for the day. 

2. The eleven reported birds which had strayed from 
the Grand Island station averaged 36.0 miles away from 
the conjugate direction and 18.0 miles at right angles 
to that direction. 

3. The sixteen reported birds of the four releases 
from the Fremont station averaged 3.6 miles in a direc- 
tion towards the conjugate point and 17.0 miles at 
right angles to that direction. 

4. The nine reported birds which had strayed from 
the Fremont Station averaged 31.8 miles in a direction 
away from the conjugate point and 15.3 miles at right 
angles to that direction. 

The flights of the six birds which actually found the 
loft, and the small (4°) deviation of the total flight 
vector for this group of nineteen as a whole, gives 
strong support to the theory. The large magnitude of 


TaBLE IV. Reported birds which strayed from 
Fremont, Nebraska. 








Place found 


Clearfield, Iowa 
Yankton, S. D. 
Seymour, Iowa 
Fonda, Iowa 
Yankton, S. D. 
Auburn, Nebr. 
Bennington, Nebr. 
Alvo, Nebr. 
Osceola, Nebr. 











Diacram II. Total flight vector for birds stationed at Fremont, 


Nebraska, and released in groups 1, 2, 3, 4 (See_Table IIT). 


AVERAGE 
RELEASE POINT 





CONJUGATE 
POINT 


Fic. 3. 


the total flight vector for the Grand Island strays is 
due to the fact that these birds all started their flights 
within a few miles of the conjugate point and presum- 
ably should have flown equally in all directions around 
the compass. Probably some feature of the local ter- 
rain, such as the Platte River just a few miles to the 
south, caused them to fly in a general northerly direc- 
tion. Although the results of the Grand Island releases 
and those of the reported Grand Island strays are as 
the theory would predict, the Fremont groups’ total 
flight vectors are rotated 78° and 165° from the theo- 
retical values. 

In the light of previous experience it was thought 
that both Fremont groups (see Tables III and IV) 


Same as above for strayed birds (See Table IV). 





FREMONT 


CONJUGATE POINT 
27.8 percent of all Fremont birds reported. 
Fic. 4. 
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TABLE V. Tri-point experiment group—York, Pennsylvania. 








Released at Ansley, Nebraska, October 21, 1947, 
87 miles from conjugate point 


Birds released—25 





Birds reported 
Place found Days elapsed 
10 mi. S Jennings, Kan. 1 
McCook, Nebr. 5 
Hastings, Nebr. 1 
Aurora, Nebr. 0 
Riverdale, Nebr. 13 
Litchfield, Nebr. 6 
Central City, Nebr. 77 
Casey, Iowa 38 


Birds reported—32 percent of those released. 








should have moved off in the direction of the State 
College, Pennsylvania, conjugate point which lies 
southwest of Grand Island. Since they had several days 
of flying at a “spurious” point, it is conceivable that 
their very short total flight vector is a result of con- 
fusion. However, the total flight vector of the strays 
from this station is rather long and directed 155° from 
the theoretical direction. Off hand, the only possible 
explanation seems to be the confusion of placing their 
loft in a “spurious” location and allowing them to fly 
around it just long enough to become upset but not 
long enough to become established to a new location. 
It should be emphasized at this point that these birds 
were all youngsters about three months old, with only 
two months of navigational training at the home loft. 
No Fremont birds went to either loft. The “released” 
Fremont birds moved off about 78°, on the average, 
from the line joining the release positions to the con- 
jugate point of State College, Pennsylvania. All the 
releases of this experiment represent separate individual 
flights, but the fact of outstanding importance is that 
six birds of the Grand Island released group returned 


Taste VI. Tri-point experiment group— 
State College, Pennsylvania. 








Released at Ansley, Nebraska, October 26, 1947, 
57 miles from conjugate point 


Birds released—36 
Birds reported 
Place found 


Red Cloud, Nebr. 
Holdrege, Nebr. 
Odessa, Nebr. 
Lexington, Nebr. 
Grand Island, Nebr. 
94 mi. NW Lexington, Nebr. 
Mason City, Nebr. 
Cherokee, Iowa 

Blue Rapids, Kan. 
Hamlet, Nebr. 

Kiron, Nebr. 

Peabody, Kan. 

Clay Center, Kan. 
Near Arcadia, Nebr. 
SW Mason City, Nebr. 
Burdett, Kan. 
Schuyler, Nebr. 
Ludell, Kan. 


Birds reported—S0 percent of those released. 


Days elapsed 
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there and the rest flew quite accurately toward the 
conjugate point. 


EXPERIMENT VII 


The Tri-Point Experiment 


In carrying out previous experiments on the Bird 
Navigation project, State College, Pennsylvania, has 
been the only home location used except for the twenty 
Paoli, Pennsylvania, birds in the First Magnetic Wing 
Experiment (see Part I, p. 1042), and the Hamlet 
Experiment (p. 1051), in which the birds were not 
trained in navigation. 

In order to test three points simultaneously, lofts of 
about one hundred birds each were trained at York, 
Pennsylvania, State College, Pennsylvania, and Fort 
Monmouth, New Jersey. In each case the birds were 
trained to navigate over a two-month period to dis- 
tances ranging up to sixty miles. For some unexplained 
reason the training losses for the birds at stations (1) 
and (2) were unusually large. In past training experience 


TABLE VII. Tri-point experiment group— 
Fort Monmouth, New Jersey. 











Released at Ansley, Nebraska, November 2, 1947, 
57 miles from conjugate point 


Birds released—41 
Birds reported 





Place found Days elapsed 
York, Nebr. 54 
Bavenna, Nebr. 1 
Ansley, Nebr. 1 
Kimball, S. D. 4 
Lanyon, Iowa 60 
6 mi. W Taylor, Nebr. 1 
Glen Elder, Kan. 15 
Ansley, Nebr. 25 


Birds reported—22 percent of those released. 








the losses up to and including the 60-mile stations did 
not run higher than about 20 percent, whereas these ex- 
ceeded 60 percent. 

The U. S. Coast and Geodetic Survey furnished in- 
formation on the locations of the three conjugate points 
for the above “home” locations. They were as follows: 


N W 
latitude longitude Near 
York, Pa. 39°58’ 98°25’ Rosemont, Nebr. 
State College, Pa. 40°48’ 98°29’ 15 miles SE of 
Grand Island, Nebr. 
Fort Monmouth, N. J. 40°20’ 100°39’ Quick, Nebr. 


In the final experiments, the same release point 
(Ansley, Nebraska) was chosen for all three groups, its 
distance being 87, 57, and 93 miles, respectively, from 
the three conjugate points. Information on the releases 
and reported birds are given on Tables V, VI, and VIL. 
Diagram III (Figs. 5-8) includes vector representations 
of the total flight vectors. 

Reference to the total flight vector for the York 
birds (Diagram III, Fig. 5) shows they flew 58.3 miles 
on a line toward the conjugate point and 13.4 miles off 
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Diacram III. Total flight vectors. York, Pennsylvania, trained 
pirds, conjugate point 39°58’ N, 98°25’ W, near Rosemont, Ne- 
praska. Distance—Ansley to York conjugate—87 miles. 


ANSLEY 





=x 466 

.* “— °*Ses 

ZY _ 107_ 

ie 7 + 13.4 

CONJUGATE 
POINT 


Fic. 5. 


in a direction at right angles to that line. The State Col- 
lege group (Diagram III, Fig. 6) flew 67.4 miles in a 
direction toward their conjugate and 12.0 miles at 
right angles to this. The York and State College total 
flight vectors (No. 2 and No. 3 on the Tri-Point- 
Composite, Diagram III), both have extremely good 
theoretical directions. Since the two conjugate points 
are only 15° apart, however, no distinguishing effect 
was to be expected. In fact, the vectors reversed them- 
selves with regard to the respective conjugate points. 
The total flight vector of the Fort Monmouth group 
is 147° from the direction of the Fort Monmouth 
conjugate point (Diagram III, Fig. 7, and vector 1 on 
composite total flight vector, Diagram III, Fig. 8). 
This result does not correlate with those of the other 
two groups, also the percentage of reported birds is 


State College, Pennsylvania, trained birds, conjugate point 
40°48’ N, 90°29’ W, near Wood River, Nebraska—Ansley to 
State College conjugate—57 miles. 
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Fort Monmouth, New Jersey, trained birds, conjugate point 
40°20’ N, 100°39’ W near Quick, Nebraska. Distance from Ansley 
to Fort Monmouth conjugate—93 miles. 
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13 percent less than the average for that of the three 
groups. There is evidence that birds living along rivers, 
large lakes, and ocean coast lines make more use of 
land marks for navigation than other birds.§ For ex- 
ample, the region along the west coast of Lake Michi- 
gan, including the Chicago area, is an active racing- 
pigeon center. This lies along a band which, according 
to the Magnetic-Vertical-Coriolis plan of navigation, 
is an area of confusion; and pigeon-racing is successful 
only in this small portion of the band. Also Dr. Donald 
Griffin, zoologist at Cornell University, following 
pigeons by airplane in the region of the Finger Lakes, 
states they seem to return home by following the shore 
lines of lakes. In this region also it is possible they do 
not develop true navigation techniques. It may be that 
the Fort Monmouth trained birds make use of the long 


Composite total flight vector diagram for Tri-Point Experiment. 


TOTAL FLIGHT VECTORS 


1- FORT MONMOUTH 
2- YORK 
3- STATE COLLEGE | 


STATE COLLEGE 


CONJUGATE 
2 
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CONJUGATE CONJUGATE 


Fic. 8. 


§ It seems quite evident that the experiments of D. R. Griffin and 
R. J. Hock [“‘Airplane observations of homing birds,”’ Ecology 30, 
No. 2 (April, 1949)'] involve birds (gannets, in this case) which, 
because of their natural environment along the coastline, use 
only piloting technique while in flight, seeking their home areas. 
In addition, the fact that gannets are a soaring-type bird would 
influence their flight paths so they would tend to follow updrafts 
wherever the opportunity might present itself. Both of these 
factors favor a hunting or exploring type of homing. 
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TaBLe VIII. The second magnetic wing experiment, 
State College, Pennsylvania. 
Released at Wellsville, New York—November 16, 1945— 
Distance to State College, Pennsylvania, 92 miles. 








Birds reported with magnets 
(No. released—22) (No. reported—i7) (Percent reported—77) 





Place found Days elapsed 
Oxford, N. Y. 18 
Troy, N. Y. 40 
Balls’s Mills, Pa. 14 
Muncy, Pa. 19 
Dickson City, Pa. 18 
Northampton, Pa. 16 
Rush, Pa. 18 
Hershey, Pa. (2 mi. S) 18 
Newton, Pa. 35 
Huntingdon, Pa. 

Loft 2 
Loft 1 
Loft 2 
Loft J 
Loft 4 
Loft 127 
Loft 226 


Birds reported with copper plates 
(No. released—22) (No. reported—i2) (Percent reported—S55) 


Place found Days elapsed 
Overton, Pa. 11 
Rocky Glen Park, Pa. 17 
Stony Fork, Pa. 2 
Chatham, N. J. 17 
Chatham, N. J. 22 
Addison, N. Y. 45 
Lookout, Pa. 21 
Loft, S. C. 1 
Lett, S. C. 1 
Loft, S. C. 2 
Loft, S. C. 2 
Loft, S. C. 2 


Birds reported without plates 
(No. released—12) 
Place found 


(No. reported—4) (Percent reported—33) 


Days elapse? 


Reedsville, Pa. 15 
Swoyerville, Pa. 3 
Paterson, N. J. 46 
Loft 0 








shore line and the sun’s average daily location to pilot 
their way back even from distances of 100 miles or 
more. This particular point will require special study in 
future work on the problem. 

But the tri-point experiment does appear to give 
further indication, as did the west-east reverse experi- 
ment of Special Resease No. 3 (Exp. II, Part I, p. 1051), 
that the particular pattern required by the theory is 
valid. 


EXPERIMENT VIII 


The Second Mdgnetic Wing Experiment, 
November, 1945 


In the first magnetic wing experiment (Part I, p. 
1042) the data were limited to those birds which re- 
turned home out of only twenty releases. The results 
were indicative of the navigational interference caused 
by the presence of the moving magnetic field of the 
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magnets attached to the birds’ wings. For this reason 
and the limited data involved, the November, 1945, 
Magnetic Wing Experiment was designed and executed. 


For this experiment U. S. Army homing pigeons were . 


trained for three months in piloting and navigational 
flights up to about thirty miles. Starting at daybreak on 
November 16, 1945, they were released at Wellsville, 
New York during the day. The airline distance of 
Wellsville to State College is ninety-two miles. 

In Table VIII are listed the reported experimental 
birds in groups showing which carried magnets, which 
copper plates, or no plates at all. Diagram IV (Figs, 9 
and 10) indicates the total flight vectors and vector 
magnitudes and angular spread for the individual flights 
of the reported birds. 

The first important fact shown by the vector diagrams 
is that the median line of all the individual flight vectors 
is definitely displaced counterclockwise from the Wells- 
ville, New York-State College, Pennsylvania, line, 

Diacram IV. Total flight vectors (1) and range of magni- 


tudes and angular variations (2) for the second magnetic wing 
experiment. 
(1) 
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This and the fact that only one bird returned to the 
loft on the release date was a point that could not be 
at once explained. For all previous home area releases 
the spread of individual flights has been small and the 
median flight line quite accurately directed toward the 
home loft. 

But a recent examination of the American Magnetic 
Character Figure (C) for November, 1945,? shows that 
on November 16, the day of the releases on this experi- 
ment, the value of C shot up to 0.6. Since its average 
value for the month is 0.2, and only on one other day 
was the value higher, there might be an indication of a 
possible correlation between these two events. 

There is rapidly increasing evidence of homing pigeons 
and wild birds being confused when flying near radar 
and powerful broadcasting stations. Since electro- 
magnetic radiations and magnetic-field variations are 
closely related phenomena, and since pigeons and 
birds may be guided by the magnetic-vertical-field 
pattern of the earth, this possible relationship will be 
further discussed later in this report. It might be noted, 
at this point, that during the several days (July 15-19, 
1947) of releasing birds in the Spurious Point Experi- 
ment previously described (Experiment VI), a telegram 
was received from Mr. Neal J. Heines of Patterson, 
New Jersey (observer for the Bureau of Standards, 
Washington, D. C.), which stated that a large sunspot 
group was about to line up on the sun’s surface directly 
toward the earth, beginning on July 17. Since such a 
condition is known to cause magnetic storms on the 
earth, releases were suspended for the 17 and 18 and 
resumed on the 19. A recent examination of the Ameri- 
can Magnetic Character Figure for these days shows a 
variation of its value which correlates exactly with the 
warning sent by Mr. Heines. It is not apparent whether 
or not the results of this experiment would have dif- 
fered had the releases proceeded as planned; but, in 
any case, the precaution seemed justified, and future 
experiments will probably serve to clarify the issue. 

In the second magnetic wing experiment, of the 
eleven birds which returned to the loft within the first 
week, five carried magnets, five copper plates, and one, 
no plates. The average time of return was as follows: 


Those with magnets 2.6 days 
Those with copper plates 1.7 days 
Those without plates 1.5 days. 


The vector spread for the birds carrying magnets 
was 103°, for those with copper plates 84°, and 66° for 
those without plates. These relationships suggest the 
possibility of greater navigational confusion for those 
with magnets, but these indications are somewhat 
contradicted by the smaller total flight vector deviation 
from the home direction for these same birds. 

Thus, from the standpoint of the original purpose of 
this experiment the results are not impressive. In the 
light of later experiments to be described in this report, 


*See Terrest. Magnetism 51, 58 (1946). 


TABLE IX. Birds reported (40 released at each station). 
The second east-west experiment (1946). 








Eastern releases, Greensburg, Pennsylvania, August 28, 1946, 
7:55 A.M. EST, weather clear 





Johnstown, Pa. 
Myersdale, Pa. 
Marion Center, Pa. 
Wellsboro, Pa. 


Place found Days elapsed 
Home loft 0 
Home loft 0 
Home loft 0 
Home loft 1 
Home loft 1 
Home loft 3 
Home loft 4 
Home loft 5 
Home loft 7 
Home loft 7 
Reedsville, Pa. 1 
Ligonier, Pa. 1 
Portage, Pa. 1 
Central City, Pa. 1 
Heilwood, Pa. 0 
Conemaugh, Pa. 1 
Clymer, Pa. 1 

1 
3 
7 
3 


Western releases, Ames, Iowa, August 29, 1946, 
8:20 A.M. EST, weather clear 


Place found Days elapsed 


Minburg, Iowa 0 
Perry, Iowa 1 
Denver, Colo. 18 months 
Mason City, Iowa 10 
Herman, Nebr. 12 
Burlington, Iowa 3 
Collins, Iowa 3 
5 mi. SE Iowa City 4 
Osborn, Mo. 17 
Clarence, Iowa 36 








however, it appears that the indicated correlation be- 
tween the American Character Figure value and the 
anomalous deviation of the composite total flight vector 
for the three groups has real meaning. In addition, this 
experiment, like previous ones, shows that homing 
pigeons do not fan out in random directions in their 
efforts to home. 


EXPERIMENT Ix 
The Second East-West Experiment 


The first East-West experiment (Part I, p. 1054) 
performed in June, 1945, gave results which confirmed 
the Magnetic-Vertical-Coriolis pattern of bird naviga- 
tion. The purpose of this second East-West experiment 
was to vary the type of procedure, increase the quantity 
of data, and check previous results. Two sets of State 
College, Pennsylvania trained birds were shipped to 
and released from Ames, Iowa, and Greensburg, Penn- 
sylvania, respectively. 

As indicated on Table IX, twenty-one of the eastern 
and ten of the western releases were heard from either 
by telegram, letter, or by arrival at (for ten of the 
twenty-one eastern releases) the home loft. 

The navigational training flights from the home loft 
were conducted from points to the northwest and north 
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DiacRam V. Total-flight vectors (1) and range of magni- 
tudes and angular variations (2) for the second east-west experi- 
ment (1946). 


Distance from release to home point—93 miles. 
Eastern flights 


(1) 


STATE COLLEGE, Pa 





GREENSBURG, PA 


GREENSBURG 
PA 





Fic. 12. 


of State College, as with the training of previous groups 
of experimental birds. These test-release positions were 
so chosen that any effect of the sun’s position in possible 
guidance of the birds would militate against a positive 
result in terms of the theory. 

An additional situation prearranged for the eastern 
releases was that of freeing the birds against a backdrop 
of high population density with a correspondingly low 
one in the direction of the home loft. Then, if the birds 
moved off in random directions, the natural result 
would be a higher number of reported birds from the 
high population areas, which in this case would work 
against positive indications of the theory. It is sig- 
nificant to note (as shown on Table [IX and Diagram V 
(Figs. 11-14)), that not one bird of the twenty-one re- 
ported had a flight vector deviating more than 72° from 
the true home direction, indicating that population 
density distribution did not influence results in the least. 

In the case of the western releases, the over-all result 
(see Table [X and Diagram V (Figs. 11 and 12)) appears 
more like a random distribution of flight directions than 
for most of the bird navigation experiments performed 
previously. The total flight vector, however, shows a 
positive theoretical indication in that the ten reported 
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birds moved an average of 42.1 miles toward the cop. 
jugate point and the equivalent of 22.1 miles at right 
angles to this in a counterclockwise direction. 

The >>X/n and >-Y/n values for the eastern group 
show that the twenty-one birds (see Diagram V (Figs 
11 and 12)) moved an average of 70.4 miles toward the 
loft and 1.4 miles off at right angles. This is a strong 
indication of a navigational rather than exploratory 
process of home finding. The small average time jp. 
volved in these flights and the net result of the western 
group further support this point of view. In addition, 
the over-all result of this experiment supports the 
Magnetic-Vertical-Coriolis theory. 





EXPERIMENT X 


The State College, Pennsylvania, Airplane 
Following Experiment 


In all Magnetic-Vertical-Coriolis bird navigation ex. 
periments previous to the summer of 1948 the experi- 
mental homing pigeons had been released wearing 
message-carriers, and data were obtained by (1) their 
arrival at the home loft in the home position, (2) ar. 
rival at their home loft transferred to the conjugate 
position, or (3) being reported by telegraph or letter. 

In the first two cases the birds usually arrived in one 
or two days, whereas on the third they were generally 
found and reported two or more days after the exper- 
mental release. In all three cases, however, only the 
release and terminal points of the flights were known, 
and although so far the data have always given support 
to the theory, they could never be considered conclusive. 
This is not at all surprising, inasmuch as there are 
many possible variables involved: winds, unfavorable 
temperatures, thunderstorms, changing electrical con- 
ditions of the atmosphere, magnetic storms, hawks, } 
irregular distribution of population densities, and nv- 
merous unknown and little understood factors, some of 
which may accompany sunspot activity, and any or all 
of which might exert influences in bird navigation. 

It was apparent from the beginning of these exper- 
ments that a detailed knowledge of the birds’ exper: 
mental flight would be a big step in eliminating a large 
portion of the uncertainty. This is true because a 
knowledge of the actual path is important and also 
because the very charting of the path would permit 
the recording of the actual time over which any part 
of the path was negotiated. This in turn would permit 
the comparison of the results of the flights.with the 
various possible influencing factors. 

In order to get the most direct, observations possible 
and to reduce the number of variables to a minimum, 
the Signal Corps Engineering Laboratories of Belmar, 
New Jersey, agreed to arrange for the use of an Army 
liaison plane and pilot to follow homing pigeons in 
direct navigational flight. 

The first of these tests occurred in the State College 
area beginning July 20, 1948. The initial flighfs consisted 
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only of successively releasing six groups of twenty birds 
each at a point five airline miles north of State College 
and following the birds back to the loft. Careful ob- 
servation indicated that, as long as the plane remained 
over two or three hundred feet above the birds, the 
latter paid no attention to it. In addition, it was found 
that they invariably flew at about 100 to 200 feet alti- 
tude and could be seen when the plane was 1000 to 
1500 feet above them. 

Many of the homing pigeons used in these experi- 
ments were white and, although they could be observed 
more readily than the others, the silver bars, red checks, 
blue bars, and blue checks could all be seen rather well, 
but with decreasing clarity in the order named. In both 
the initial flights and all other airplane-following experi- 
ments since completed, it was evident that the experi- 
mental homing pigeons did not follow roads, telegraph 
lines, railroads, rivers and streams, mountain ridges, 
or other prominent features of the terrain. In excep- 
tional cases, such as when crossing one mountain 
ridge and getting into a valley, or when approaching a 
high ridge from a level area, they would follow the 
base of a new ridge for a mile or more before crossing 
over. This appeared to be a matter of taking time to 
“think it over” before making the effort to gain the 
necessary altitude for crossing. The crossing of mountain 
ridges had to be taught to the pigeons during the first 
few weeks of pilotage and navigational training, but 
thereafter seemed to be no problem. 

By the end of the experiments it had also become 
apparent that the homing pigeons in flocks of from three 
to eight navigated almost entirely as groups, the in- 
dividual birds continually interchanging positions in the 
flocks. There were, however, one or two exceptions to 
this general rule in which cases individual birds seemed 


TaBLE X. State College, Pennsylvania, bird navigation air- 
lane pursuit flights. T/Sgt. Charles Harper, Pilot. U. S. Army 
Sienal Corps. 











Flight No. of Release Return of 
No. birds Date Release point time birds 
A 20 July 20 Sky Top 
B 20 July 20 Sky Top 
C 2 July20 Sky Top 
1D 20 July 20 Sky Top Preliminary test flights 
E 20 July20 Sky Top 
F 20 July 20 Sky Top 
G 20 July 20 Sky Top 
2 3 July 20° + Du Bois 4:48 5:25 
3 5 July 23 Johnstown 2:43 3:20 
4 4 July 25 Enmigsville 3:00 4:25 
5 5 July 27 Williamsport 3:03 3:48 
6 4 July 28 Johnstown 11:40 12:15 
7 3 July 28 ~— Williamsport 3:35 4:30 
8 4 July 29 Johnstown 10:29 11:28 
9 4 July 29  Muncey 3:14 4:35 
10 5 July 30 James Creek 11:15 1:15 home 
Il 4 July 30  Logonton 3:30 4:45 
12 4 July 31 James Creek 9:33 10:58 
13 4 July 31  Logonton 2:41 4:45 home 
July 20 to 23. ~Bad weather 
July 26 Pilot went to Middletown for reconditioning plane. 








Distance from release to conjugate point—approximately 260 miles. 


Western flights 


AMES, |IOWA 





CONJUGATE POINT ZY, +22) 


Fic. 13. 





Fic. 14. 


to sense that the flight direction was wrong and would 
intermittently detach themselves from the flock and 
rejoin it, seemingly in an effort to change the course of 
the group. In one specific instance in the western con- 
jugate airplane-following experiment described later, a 
white bird continued this procedure, repeatedly moving 
off singly in a direction which was more nearly theo- 
retical. 

Although, as stated above, the birds usually appeared 
to pay scant attention to characteristic surface fea- 
tures, they did almost invariably detour to fly over 
towns, if the latter happened to be within a few miles of 
their course; and, in the case of large towns, they 
usually circled over them several times before resuming 
their navigational flight. In one case, while maintaining 
an unusually straight navigational course, the flock 
came near a large electrical transformer installation 
where they were observed to “break ranks” and mill 
about for approximately five minutes before reassem- 
bling and resuming the original flight direction. There 
is a possibility that the phenomenon here observed 
might be related to the birds’ behavior near cities, 
since the latter usually have power stations and in- 
troduce many variable factors not present in open 
country. 

After the aforementioned six preliminary test flights, 
the schedule of flights in the State College area, shown 
on Table X was completed. The composite flight path 
overlay shows graphically the pattern of these flights 
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D1aGRaAM VI. The State College, Pennsylvania airplane-following 
experiment. Composite flight path overlay, fligh 


ts 1 to 13. 
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(Fig. 15). The No. 2 flight of July 20, 1948, differed 
from the others of this group in that a bad thunder- 
storm developed in front of the birds directly on the 
line of flight toward home five minutes after they had 
been released, and they flew on two legs (approxi- 
mately 12 miles each) of a triangle to get around the 
storm and back on the home course. At this point a 
heavy rain developed, and the plane was forced to land. 
The birds homed the next day, whereas the plane re- 
turned to base the same evening. 

Of the twelve flights involved”in this experimental 
group, six could be described as good in which the 
birds got on a homeward heading shortly after release 
and continued on it more or less until they arrived at 
or near the loft. Two of the flight headings, numbers 5 
and 7, were 180 degrees from the home direction, and 
two, numbers 8 and 9, 90 degrees away from it. On one 


TaBLE XI. Nebraska conjugate airplane following experiment, 
August, 1948. Airplane following, Army L5 plane, Pilot—Sgt. 
Charles Harper. 
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Number 
Flight Time of 

No. Date Start Finish birds Place released 

1 5 11:25am. 12:50 3 8 mi NW Lincoln 

2 5 3:20 p.m. 4:22 4 8mi NW Lincoln 

3 6 10:15am. 11:15 3 Raymond, Nebr. 

4 7 10:25am. 11:45 4 North Bend,’ Nebr. 

5 7 2:44 P.M. 4:37 3 8 mi NW Lincoln 

6 8 10:18am. 11:55 4 8mi NW Lincoln 

7 8 £2:30 P.M. 3:33 4 David City 

8 9 10:30am. 11:30 4 8mi NW Lincoln 

9 9 2:52 P.M. 3:53 CST 4 8mi NW Lincoln 
10 10 1001lam. 11:01 4 8mi NW Lincoln 
11 10 1:54 p.m. 2:46 4 8mi NW Lincoln 
6 9:48am. 11:10 9 8 mi NW Lincoln 
13 12 1:56 P.M. 2:42 7 8&mi NW Lincoln 
14 13 10:16am. 11:09 6 8 mi NW Lincoln 
15 13 1:46 P.m. 3:40 6 8mi NW Lincoln 
16 14 10:17am. 11:45 8 8 mi NW Lincoln 
17 14 2:00 p.m. 3:30 10 8 mi NW Lincoln 
18 15 9:36am. 11:01 8 8 mi NW Lincoln 
19 15 1:22 p.m. 3:00 9 8 mi NW Lincoln 
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flight, number 6, although the birds flew not more than 
40 degrees from the correct general direction, they 
moved in almost continuous circles and made very 
little headway. In flight number 4 the birds first flew 
twenty miles toward home, then changed course 150 
degrees for twenty miles, and then regained the home 
direction for 20 miles before the airplane-following was 
brought to an end by a shortage of gasoline. 

In these State College airplane-following tests, as in 
the later Nebraska ones, the pilot of the plane ob- 
served that in general the birds seemed to be taking 
definite headings rather than lacking direction and 
flying at random cr in circles. Also, at the conclusion 
of these thirteen home area flights it was apparent that 
the flights were unaffected by the presence of the plane, 
and similar experiments at the Nebraska conjugate 
areas were immediately initiated. 


EXPERIMENT XI 


The Nebraska Conjugate Point Airplane 
Following Experiment 


On July 31, 1948, the State College area flights were 
concluded, and preparations were made for transferring 
the experimental activities to its conjugate point area 
near Lincoln, Nebraska. This was accomplished by 
having the Army pilot take one observer and two crates 
of pigeons in the plane with him. The writer, with two 
other crates of birds, went by commercial plane and 
was followed a week later by a third observer who 
brought additional pigeons, also by commercial plane. 
Fortunately, a small storage building adjacent to the 
Lincoln Municipal Airport was available for housing 
the birds from their arrival until the time of their 
release. 

Beginning August 5, 1948, a series of nineteen flights 
was accomplished (see Table XI, and following Overlay 
Summary Diagrams, Fig. 16). Most of the birds were 
released about eight miles northwest of the Lincoln 
airport about 80 miles due east of the State College 
conjugate point, the latter being six miles southeast of 
Grand Island, Nebraska. With a few exceptions the 
birds flew in paths which were included in the area of a 
curve, roughly elliptical in shape, about one hundred 
miles long and thirty wide. Its major axis extended 
from about twenty miles east of the average of the re- 
lease points to a point twenty miles northeast of the 
conjugate point and made an angle of less than twenty 
degrees with the theoretical direction. 

Exceptions to the above were (1) the flight of one 
bird northeast about thirty miles and (2) a flock of 
eight whose fairly straight path ended fifty miles to the 
southwest of the conjugate point and whose general 
direction was about thirty-five degrees counterclock- 
wise from the theoretically correct direction. 

Three flights consisting of 6, 4, and 4 birds flew to 
points 18, 23, and 24 miles, respectively, from the con- 
jugate point, which are within the error of navigation 
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of homing pigeons; and these three flocks performed the 
equivalent of homing to the conjugate point. Table 
XI gives the pertinent data for the Nebraska airplane- 
following experiment. 

One-hundred-and-four homing pigeons were used in 
this series of nineteen test flights; and, as in the case of 
the State College area flights, some could be considered 
good and some poor from the standpoint of navigation. 
The Army pilot who participated in all of the flights 
observed that the birds on virtually all of them seemed 
to get a good heading very shortly after the releases 
and behaved as if there were no uncertainty as to the 
directions chosen. State Collage Flights No. 6 and 
Nebraska No. 7 were the only two of all thirty-two fol- 
lowings in which the birds appeared to be flying aim- 
lessly in circles. A fortunate circumstance of these ex- 
periments was that in all cases the weather was favor- 
able with regard to cloudiness, temperature, and winds; 
because of this a study of the results is greatly simplified. 
There is, however, some indication of a deterioration of 
flight paths as compared to high values of the Cheltenham 
K-indices and the Tucson, Arizona, and Cheltenham, 
Maryland, Magnetograms corresponding to the time of 
these flights. A further study must be made before any 
convincing results are forthcoming. 

A careful analysis of the Nebraska airplane-following 
results (see Fig. 16, composite overlay of flight paths, 
and Table XI) seems to indicate that: 


1. The flights are not random with respect to direction or area 
of flights. (The centers of area for the curved flights, with three 
exceptions, were in the theoretical direction.) 

2. Twenty flights are inadequate for a statistical study (two 
hundred or more are needed). 

3. The distances of following were inadequate to settle the 
question of essential rectilinearity of flight. 

4. Out of nineteen flights, five were essentially rectilinear and 
in the predicted direction. 

5. There were no other essentially straight flights. 

6. On-the-spot magnetic studies during flight are indicated. 

7. Three of the flights, in which the birds were observed to fly 
to within 18, 23, and 24 miles of the conjugate point, constituted 
homing to the latter position. 

8. The deviation of flight direction from theoretical, in most 
cases, corresponded to the direction of the prevailing winds at 
the time. 

9. Twelve of the birds followed by aeroplane were later reported 
by telegram as in the earlier experiments. This permitted a com- 
parison of the total flight vectors (A and B shown in composite 
overlay) obtained by the two techniques. The results, which com- 
pare very favorably with each other, add significance to all re- 
sults so far obtained. 


THE 1948 NEW JERSEY PIGEON RACE 
SUN SPOT CORRELATION 

Reference has already been made to the observation 
that pigeons and wild birds become confused when 
flying near powerful broadcasting stations and within 
the boundaries of radar beams. Dr. Albert Hochbaum 
of Delta, Manitoba, has reported that eleven times out 
of eleven wild geese and ducks broke their flying forma- 
tions when they moved into the path of a radar beam 
that he was directing across their flight paths. This 
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4 
THE NEBRASKA-CONJUGATE 
AIRPLANE FOLLOWING EXPERIMENT 
SUMMER 1948 


(AIRPLANE FOLLOWING FLIGHT PATHS 1-19) 
(A) TOTAL FLIGHT VECTOR FOR AIRPLANE DATA 
(8) TOTAL FLIGHT VECTOR FOR REPORTED DATA 








Fic. 16. Composite overlay of flight patterns 1 to 19. 


phenomenon seems to correlate with the Magnetic- 
Vertical-Coriolis theory and with the results of the 
following study of a possible relationship between the 
variation of the earth’s magnetic field intensity due 
to sunspot activity and some unexpected race results 
reported by the New Jersey Homing Pigeon Concourse 
Association in 1948. This latter organization of men, 
who regularly race as many as fifty thousand or more 
homing pigeons in a single season, found at the conclu- 
sion of their young homing pigeon races this year that, 
although the weather was apparently ideal for all of 
the nine races involved (see Table XII), the average 
speed for the second 300-mile race was almost twice 
that of the second 100-mile race. At the suggestion of 
Mr. Otto Meyer, of the United States Army Signal 
Corps Pigeon Service, the data as shown on Table XII 
was sent to us for study. Since the records were ob- 
tained with scientific accuracy and data were available 
for the 500 (of about 5000) leading birds of each race, 
the following study was made: 

As shown on the three plots, Chart I (Figs. 17-19), 
the following were observed: 


1. When the nine average race speeds were plotted against the 
sun spot numbers for the day of the race, only a random distribu- 
tion of points resulted (see Plot 1). 

2. When the average race speeds were plotted against the sun 


TABLE XII. 1948 young bird data for New Jersey 
Homing Pigeon Concourse Association, Inc. 














Average 
Race Birds Birds velocity 
distance starting recorded (mph) 
100 7058 650 38.5 
100 7015 610 25.8 
150 6665 580 41.1 
150 6591 603 39.8 
200 5493 573 48.1 
200 5170 503 , 42.5 
200 5172 444 34.6 
300 4192 378 39.0 
300 4153 419 50.2 
Totals 51,509 4,760 
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Cuart I. Average velocity—sunspot activity relationships for 
1948 young bird races of the New Jersey Homing Pigeon Con- 
course Association. 
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for the days prior to the races, there was a fairly 


orderly arrangement of the points (see Plot 2). 

3. When the average race speeds were plotted against the 
Cheltenham K-Indices for the exact time of the races, again an 
orderly arrangement of the points resulted (see Plot 3). 
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On the basis of the Magnetic-Vertical-Coriolis theo 
any disturbance of the earth’s magnetic field durj 
bird navigational flights might influence the results of 
those flights. It is an established fact that the earth’s 
magnetic field is influenced by sunspot activity and that 
the sunspot activity as observed by light may precede 
by as much as 24 hours some of its effects on the 
earth’s magnetic field and ionosphere. Since there has 
long been evidence that radio and radar seriously affect 
the flights of pigeons and wild birds, it seems reasonable 
that sunspot activity could indirectly affect bird flights 
by its influence on the earth’s magnetic field and pos- 
sibly by other means. The data and diagrams included 
here are submitted to support this point of view. 


1600 


1400 


1200 


oe) 


1000 


800 


600 


400 


200 


AVERAGE VELOCITY OF RACE — YARDS PER MINUTE 








oO ! 2 3 4 


CHELTENHAM K INDEX 


(DURING RACE) 
Fic. 19. 


GENERAL SUMMARY 


The first magnetic wing experiment (Experiment 
No. I, Part I, p. 1042) of November 7, 1943, although 
having insufficient data, did give indication that the 
experimentally induced pulsing magnetic field moving 
across the birds’ bodies in flight confused them insofar 
as navigation was concerned. However, the result 
proved sufficiently interesting and important to cause 
The Pennsylvania State College, with the support of 
the Army Pigeon Service Agency of The United States 
Army Signal Corps, to continue the experiments. On 
February 1, 1947, the first formal contract with the 
Signal Corps Engineering Laboratory was set up and 
under certain modifications was continued until August 
20, 1949. During this period the experiments described 
in these reports were completed. 

A second experiment of the magnetic wing type 
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BASIS OF BIRD NAVIGATION 759 
TaBLE A. 2X and ZY values for all homing pigeons trained to navigate at State College, Pennsylvania, and used to 
test the magnetic-vertical-Coriolis theory at its conjugate point in Nebraska. 
Experiment : No. birds No. birds 
No. Name of experiment released reported (M) +X +Y 
Il First Nebraska experiment 
Release No. 1 14 7 + 67 + 77 
Release No. 2 13 5 + 14 — 56 
Release No. 3 20 10 + 9 +224 
Release No. 4 15 7 + 205 + 17 
Release No. 5 17 4 + 302 0 
Release No. 6 16 9 + 80 +153 
Release No. 7 2 1 + 136 — 104 
Release No. 8 1 1 + 185 0 
(Flew from Iowa—found loft) 
First special release 12 5 + 650 +125 
IV The first east-west experiment 
Western group 20 11 +1024 + 64 
V The second Nebraska experiment 
Groups A and B 181 50 +2823 +673 
VI State College-Nebraska spurious point experiment 
Grand Island station 95 19 + 821 — 600 
Fremont 85 16 + 58 +271 
VIL The tri-point experiment 
State College, Pa., trained group only 36 18 +1213 —216 
IX The second east-west experiment 
Western group 40 10 + 421 +221 
xI The Nebraska airplane-following experiment (1948) 
Direct observation by airplane 104 96 + 1815.5 — 733.0 
Birds reported by mail see 12 +360.6 —99.5 
Total 671 281 TX =+10,185 ZY =+556 


2X /M =+10,185/281 = +36.2 


LY/M =+556/281=+2.0 








(Experiment No. VIII) was performed, but with in- 
conclusive results. In this experiment all the par- 
ticipating birds seemed to be thrown off course by in- 
fluences which may have resulted from sunspot ac- 
tivity during their flights, but the flight paths did show 
definitely that the flights were not in random directions 
and indicate that some guiding influence must have 
been operative (see Diagram X). 

The two east-west experiments (No. IV, Part I, p. 
1054, and No. [X) were indicative of the Magnetic- 
Vertical-Coriolis theory although they also involved a 
small amount of data. The eastern release results of 
the second test showed rather conclusively that the 
birds did not fly at random in their efforts to arrive 
back at the home loft. This, together with the results 
of the other experiments, tends to refute the idea that 
birds in general and homing pigeons in particular fly 
in random directions in their efforts to arrive at their 
“home” areas. 

The Nebraska Experiments (No. II, Part I, p. 1044, 
No. V, p. 1056, and No. VI) give evidence which sup- 
ports the Magnetic-Vertical-Coriolis theory. Inspection 
of the flight patterns and total flight vectors for the 
data obtained (Experiment No. II, Part I, p. 1044, 
Exp. No. V, Part I, p. 1056 and Exp. No. VI) bear 
out this assertion. In addition to the indications of 
the statistical averages represented by the Total Flight 
Vectors there were eight birds which, having been 
trained to navigate at State College, Pennsylvania, 
flew from fifty to one-hundred-and-eighty-five miles 
over the unknown Nebraska-conjugate terrain and en- 


tered their transferred lofts at the approximate con- 
jugate point location. 

The Hamlet Experiment (No. III, Part I, p. 1051) 
and the Fort Monmouth releases of Experiment No. 
VII, give evidence that birds living along the shores of 
large bodies of water (such as the Atlantic coast, rivers, 
and lakes) do not have the compulsion to learn to 
navigate as do inland birds or those flying long dis- 
tances from and to small islands remotely located in 
the Atlantic and Pacific Oceans. 

Reports that radio and radar beams influence the 
flight of wild birds and homing pigeons are numerous 
and for the most part seem reliable. The writer has a 
file of army and navy personnel and civilian accounts 
of birds or pigeons becoming confused when flying near 
radio or radar sending-stations. The observations have 
been made from both ground and air. Both the Mag- 
netic-Vertical-Coriolis theory and the supporting evi- 
dence of these experiments indicate the possibility of 
such a phenomenon. As mentioned above, the results 
obtained by Dr. Hochbaum and the indications of the 
1948 New Jersey pigeon races, as well as the second 
Magnetic Wing Experiment lend support to this point 
of view. 

In a final analysis of the experiments done on the 
Magnetic-Vertical-Coriolis theory of bird navigation, a 
summary was made of the data obtained for all the 
homing pigeons trained to navigate at State College, 
Pennsylvania, and then experimentally released closer 
to the conjugate point than the home cote. The sum- 
marizing Table A gives the X and Y values, the 
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TaBe B. Nebraska airplane-following experiment. Flight 


terminal data and computations of 


X/n and ZY/n. 














Number 

birds 

Flight at ter- 
No. minus +X +Y n( +X) n(+Y) 
1 3 — 80- — 50 — 24.0 — 15.0 
2 1 —22.5 —16.5 — 22.5 — 16.5 
3 3 + 18.5 —10.5 + 55.5 — 31.5 
4 3 +33.5 — 44.0 + 100.5 — 132.0 
5 3 + 6.5 + 4.0 + 19.5 + 12.0 
6 4 + 30.5 —14.5 + 122.0 — 58.0 
7 4 — 45 — 0.5 — 18.0 — 2.0 
8 4 +62.5 — 20.0 + 250.0 — 80.0 
9 4 + 60.0 —27.5 + 240.0 — 110.0 
10 2 +27.5 —27.0 + 55.0 — 54.0 
11 1 + 16.0 — 75 + 16.0 — 7.5 
12 9 — 45 + 0.5 — 40.5 + 45 
13 7 + 24.0 — 13.0 + 168.0 — 91.0 
14 6 0.0 —13.5 0.0 — 81.0 
15 6 +63.5 — 14.0 + 381.0 — 84.0 
16 8 + 46.5 — 26.0 +372.0 — 208.0 
17 11 — 5.0 0.0 — 55.0 0.0 
18 8 +33.5 + 26.5 + 268.0 +212.0 
19 9 — 8.0 + 1.0 — 72. + 9.0 

96 


DX =+1815.5 ZY = —733.0 


DX /n=+1815.5/96= 18.9 miles 
LY /n=—733.0/96=7.6 miles 








TaBLeE C. Total flight data for reported birds of 
Nebraska airplane-following experiment. 











Date Date 
released found 
Flight August, August, 
No. 1948 1948 Place found 
1 : 7 9 North Platte, Nebr. 
2 15 13 17 Marquette, Nebr. 
3 16 14 17 Narka, Nebr. 
4 14 13 16 Beatrice, Nebr. 
5 19 15 17 America City, Nebr. 
6 11 10 14 Auburn, Nebr. 
7 7 8 9 Ashland, Nebr. 
8 14 13 17 Scribner, Nebr. 
9 7 8 16 Yankton, S. D. 
10 18 15 19 Newport, Nebr. 
11 19 15 17 Lincoln, Nebr. 
12 17 14 21 Lincoln, Nebr. 











> X/n and >> Y/n computations, and the numbers of 
the individual experiments contributing to this total 
result. Of the six-hundred-seventy one birds involved, 
two hundred-eighty one (42 percent of the total) were 











Diagram A 
- Ix70=36.27! AVERAGE 
amas <—G—* RELEASE 
POINT ryn-2.0™ . rom TOTAL FLIGHT VECTOR POINT 


EX, 1016S. + 36.2%! 2X. 338. + 200 


TOTAL NO.OF BIRDS RELEASED... 67! 
TOTAL NO. OF BIRDS REPORTED OROBSERVED ... 281 (42 % OF NO. RELEASED) 


EXPERIMENTS INCLUDED IN THIS SUMMARY NOS. 2, 4,5, 6,7,9,1/. 


Fic. 20. Composite total flight vector for all birds trained jn 
navigating at State College, Pennsylvania, and used to test the 
Magnetic-Vertical-Coriolis theory at its conjugate point in 
Nebraska. 


reported by telegraph or mail or were observed directly 
by airplane-following. As shown on Fig. 20, Diagram A, 
the 281 recorded birds flew a total of 10,185 miles in the 
direction of the conjugate point and 556 miles in 4 
direction at right angles to the theoretical direction. 
This constitutes an average flight of 36.2 miles in the 
theory-predicted direction and two miles in a direction 
at right angles counterclockwise to it. 

In a further study of the Nebraska airplane-following 
data a total flight vector was computed from the 9% 
birds (Table B) directly observed to have arrived at 
the flight path terminals as shown on the composite over- 
lay. The total flight vector A (Fig. 16) is the result of 
this computation. By direct observation from the air- 
plane these birds are known to have moved, on the 
average, in a direction 22° clockwise from the theo- 
retical direction and to have averaged 18.9 miles toward 
the conjugate and 7.6 miles at right angles clockwise 
from it. Vector B (Table C) on the same diagram is 
computed from data obtained by mail from individuals 
who later found twelve of these same birds which had 
been followed by plane. ‘ 

To go one step further, it seems reasonable to say 
that, since the direct-Nebraska-airplane observations 
lead to a total flight vector which is consistent with 
the results of the mailed-in data for the same set of 
birds, this in turn seems to give added support to the 
indications and interpretations of the entire series of 
experiments in terms of the Magnetic-Vertical-Coriolis 
theory. 
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Electron plasma oscillations are excited by a beam of fast electrons in a stabilized low-pressure mercury 
discharge. Probe measurements reveal that the uhf fields are localized in thin layers, the plasma density 
and frequency of which follow Langmuir’s law. The beam of fast electrons traversing such an oscillation 
layer becomes velocity modulated, and excitation conditions result from drift time and bunching considera- 
tions similar to those in a klystron. A sealed-off tube described covers a frequency range between 800 and 
4000 Mc (five modes) without changing or matching any resonance circuit. 





I. INTRODUCTION 


METHOD for producing electron beams in a low 

pressure discharge was described by Fetz! and 
Schumann.” For this purpose, a fine mesh grid has to 
separate the anode space from the cathode space. 
Provided the right mesh width, which is mainly a 
function of the gas pressure, a negative grid voltage 
closes the grid holes with ion sheaths and stops the flow 
of electrons from cathode to anode. When the grid 
voltage is controlled in such a way that an increasing 
anode current increases the negative grid voltage, the 
discharge can be stabilized between the fired and un- 
fired condition. In this way it is possible to raise the 
arc voltage drop considerably, for instance, from the 
normal arc drop of 12 volts to a drop of 500 volts or 
more. Probe measurements reveal that the increased 
voltage drop is localized in a double layer near the grid. 
Each cathode space electron which reaches this region 
is accelerated into the anode space with velocities cor- 
responding approximately to the measured voltage drop. 
Provided the pressure is low (order of magnitude 1 to 
5u), these fast electrons have a mean free path longer 
than the electrode distances and form a beam. The in- 
vestigation of this electron beam with probes was 
published by Wehner.’ When this beam is reflected by 
means of a “‘repeller’’ electrode, oscillations with output 
power up to some watts and with frequencies between 
1000 and 3000 mc were discovered. The investiga- 
tion of these oscillations turned out to be an inter- 


esting contribution to the problem of electron plasma 
oscillations. 


Il. EXPERIMENTAL ARRANGEMENT 


The demountable discharge tube (Fig. 1) is connected 
to the mercury diffusion pump and consists of two 
separable parts. The lower part of the tube, which acts 
as cathode, contains the mercury pool with the igniter, 
an auxiliary anode, and a cathode molybdenum sheet 
for fixing the spot. The upper part containing the grid, 
anode, repeller, and eventually a movable probe rests 
upon a rubber covered ring of stainless steel on the lower 

*H. Fetz, Ann. Physik 37, 1 (1940); H. Fetz, Archiv. Elektro- 
tech. 36, 378 (1942). 


*W. 0. Schumann, Archiv. Elektrotech. 36, 362 (1942). 
*G. Wehner, Ann. Physik 41, 501 (1942). 





part, and the tube is thereby tightened by the outside 
air pressure. In order to cool the rubber rings and to 
maintain the desired mercury pressure, the tube is im- 
mersed in a water bath with controlled temperature. 
The stabilizing grid has 25 holes per cm’; each hole has 
a diameter of 0.14 cm. The grid is made of graphite, the 
material which best stands the heavy sputtering by 
ion bombardment. The anode (a cylinder surrounding 
the discharge) and the repeller (a plate within the anode, 
parallel to the grid) are connected to a Lecher wire 
system. 

The elimination of other types of oscillations, such 
as relaxation, audio noise, and radio frequency oscilla- 
tions, was quite a problem. The necessary remedies and 
precautions for this purpose are discussed in detail in 
reference 3. An oscilloscope between anode and cathode 
is of utmost importance to check, during all measure- 
ments, whether or not the discharge is free of such 
oscillations. 


Ill. THE OSCILLATION LAYERS 


To investigate the nature of the observed uhf oscilla- 
tions, measurements were made with a movable probe. 
Fortunately, the plasma densities in the anode space 
are comparatively so high that the electron or ion 
layers around the probe are small in thickness and do 
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Fic. 1. Discharge tube. 
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Fic. 2. Velocity distribution of the fast electrons without 
oscillations. 


not disturb the discharge in any way that would make 
it shun the probe. The probe must be so small that the 
highest occurring probe currents do not change dis- 
charge-current and discharge-voltage drops, and big 
enough so that it does not become too hot during opera- 
tion. The ratio of probe diameter to sheath thickness 
should be as large as possible in order to provide a well- 
defined knee in the probe characteristic at plasma po- 
tential. The probe used in these measurements had a 
diameter of 0.8 mm and was 2 mm long. 

Of special interest was that part of the probe char- 
acteristic which shows the beam of fast electrons. This 
part, which gives the beam current vs probe voltage 
(beam velocity), was electrically differentiated, and, 
therefore, the volt velocity distribution of the beam was 
automatically displayed on a CR tube (3). Figure 2 
shows the result for two positions of the probe when 
no uhf oscillations are detectable. Cathode potential is 
indicated by the Y axis and the probe is positive to 
the left side; the fastest of the beam electrons show 
up on the right side of the curve. The upper curve is 
made with the probe near the stabilization grid, the 
lower one with the probe moved about 2 cm in the 
direction of the repeller. A smooth transition takes 





Fic. 3. Velocity distribution of the fast electrons when 
oscillating. 
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place when the probe is moved. The two curves show 
the decrease of the number of fast and the increase of 
the number of slow beam electrons directed toward the 
repeller, owing to the impacts with gas molecules. The 
picture is completely different when these oscillations 
are detectable. When the probe is moved a certain 
distance away from the grid (here about 0.5 cm), the 
curve, instead of changing gradually, changes abruptly 
to another one, as shown in Fig. 3. The abrupt broaden- 
ing of the velocity distribution of the beam (some 
electrons reach the probe even when it is 30 volts 
negative to the cathode) indicates an oscillation layer 
in which the beam electrons are periodically accelerated 
and retarded. 

A careful visual investigation of the discharge reveals 
that when the plasma density is comparatively low, 
these oscillation layers can be seen in the form of a thin 
layer, a little darker than the surrounding plasma near 
the edge of the ion sheath covering the grid or some- 
times a second such layer near the edge of the ion 
sheath covering the repeller (Fig. 4). These layers are 
not always visible when oscillations are present, owing 
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Fic. 4. Picture of the oscillating discharge. 


to the slight contrast between oscillation layers and the 
surrounding plasma; but, in all cases when such layers 
are visible, these oscillations are detectable. It seems 
that such an oscillation layer coincides with the plasma 
boundary and builds up a small joining seam of reddish 
blue plasma in the dark ion sheath. The color of this 
seam is characteristic for excitation by very slow elec- 
trons. This can be shown when a negative repeller 
reverses the electron beam in a dark ion sheath (Fig. 4), 
The color of the plasma in the region where these 
electrons are reversed is similar to that observed in 
the seam. 

These oscillation layers are obviously the same as 
those first observed by Merril and Webb,‘ under quite 
different conditions, near an oxide cathode. 

The next step was to measure the plasma density in 
the anode space with Langmuir’s well-known method 
for measuring the electron current collected by the 
probe at plasma potential. The results are shown in Fig. 
5, and the conclusions are: 


4H. J. Merril and H. W. Webb, Phys. Rev. 55, 1191 (1939). 
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ELECTRON PLASMA OSCILLATIONS 763 


(1) The density is not constant along the axis of 
the anode space but decreases from the center towards 
grid and repeller. 

(2) The density increases with the anode voltage 
owing to the repeated reflections of the beam between 
grid and repeller. 

(3) The density depends very much on the repeller 
voltage which controlls the number of fast electrons 
reflected or absorbed, or the number of secondary 
electrons released at the repeller. 


Some results of plasma density measurements right in 
the oscillation layer are shown in Table I. In the last two 
columns, the free space wavelength measured with a 
frequency meter is compared to the wavelength calcu- 
lated with the measured plasma density N from 
Langmuir’s law f=(eN/am)*. The agreement is so 
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Fic. 5, Plasma density distribution along the axis in the 
anode space. 


that it may now be justified to consider these oscillations 
as “electron plasma oscillations.” 

The well-known assumption concerning these plasma 
oscillations is to suppose a perturbation of the quasi- 
neutrality of the plasma and to consider the plasma 
electrons oscillating about the stationary ions.’ The 
density distribution along the anode space in connection 
with the frequency-density law suggests, by itself, that 
for one frequency, such oscillations can occur only in 
one or two layers. In all our experiments, such layers 
were always detected near the plasma boundary, and it 
may be reasonable to place such a disturbance in an 
unsymetrical zone of the plasma, i.e., near the edge of 
an ion sheath. The field and potential distribution in 
such an ion sheath may be calculated from 


jt = (4/9)Z0(2e/M)(U4/#), 


*L. Tonks and J. Langmuir, Phys. Rev. 33, 195 (1929). 





TABLE I. Plasma density measurements in the oscillation layer. 











Us* I> ae N/cm!* d meas. ¢ dA calc 
270 0.05 0.6 1.1 10" 32 31.8 
320 0.07 0.57 1.510" 29 27.2 
400 0.1 0.5 2.1 10" 25.5 23 








®U, = anode voltage in volts. 

bJ, = anode current in amp. 

*¢q = distance between grid and oscillation layer in cm. 
4 = wavelength in cm. 


where j* is the space charge limited ion current density 
entering the ion sheath, 2>=1/36710", and M=mass 
of the mercury atom. In one case, for instance, the grid 
was U=1000 volts negative to the plasma and the ion 
sheath thickness was 6=1 cm, so that j7+= 1.24 10*A/ 
cm’, Figure 7 shows, for this case, the potential (go) 
and field (Zo) distribution in and near the ion sheath. 

Let us now assume that a layer of thickness Ax of 
plasma electrons adjoining the ion sheath is shifted 
by Ax in the direction of the plasma, leaving a layer of 
ions behind, as shown schematically in the lower part 
of Fig. 6, and investigate the field and potential change. 
The oscillation frequency in the above case was 1000 Mc, 
and this corresponds to a plasma density of N = 10"/cm?. 
The oscillation amplitude was about U ~=50 volt (from 
Fig. 3), and a potential change of 2V~=100 volts 
yielded, with the poisson equation, a Ax value of about 
0.075 cm. Figure 7 shows the field Z; and potential g, 
distribution for this case. The potential notch spreads 
up to 0.2 cm into the ion sheath, and the shifted elec- 
trons, of course, have the tendency to move back and 
fill it up. In the potential minimum, the plasma elec- 
trons have velocities higher than those electron veloci- 
ties which belong to the maximum of the optical 
excitation curve; hence, the oscillation layer is darker 
than the surrounding plasma. The characteristically 
colored seam, especially on the side of the ion sheath, 
shows excitation by very slow electrons which are just 
reversing their path. 

These very simplified considerations are in no way 
complete or exact; however, they show that the visible 
discharge picture with oscillation layers can be ex- 
plained along these lines, and the calculated thickness 
of oscillation layer and seam are not in contradiction to 
the observed data. 
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Fic. 6. Schematic picture of the oscillation layer. 
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Fic. 7. Field and potential distribution near the edge and 
in the ion sheath when the discharge oscillates. 


IV. BUNCHING OF THE BEAM ELECTRONS 


No considerations have yet been made concerning the 
mechanism which is responsible for the excitation of 
these oscillations. It is obvious that the electron beam is 
necessary for this purpose, and the observed velocity 
modulation of the beam points to considerations well 
known from klystrons. Provided the mean free path 
of the beam electrons is large, the beam leaving the 
oscillation layer and passing a certain drift space will 
also be density modulated. The distance F between 
oscillation layer and the place of maximal bunching 
is given by F=3.68-6-10'Uo}/22f8, where Uo=beam 
velocity and B=U~/U)(U ~=oscillation amplitude). 
A resonance system (resonance frequency /f) near this 
place should be able to transform kinetic beam energy 
into uhf energy. The repeller is of so much importance 
in getting these strong oscillations because it either 
provides this resonance system in form of a second 
oscillation layer near the edge of the ion sheath covering 
the repeller or it causes the beam to be reversed so that 
the grid oscillation layer is “buncher” and “catcher,” 
as in a reflex klystron. Reflection may take place also 
when the repeller is positive to cathode but still nega- 
tive to the plasma. In this case, the reflected beam 
electrons are actually secondary electrons released at 
the repeller. 

Neither the calculation nor the measurement of F 
with a movable probe can be done with much accuracy. 
The calculation cannot be made with much accuracy 
because the measurement of # is very inexact. On the 
other hand, the density modulation as a function of the 
distance has only a very flat maximum. The following 
example shows that the calculated F is at least of the 
order of magnitude of the electrode distances. 
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Anode voltage 400 volts 
Anode current 0.16 amp 
Wavelength 20 cm 
Distance from grid to repeller 2 cm 
Distance from oscillation layer to grid 0.4 cm 


Modulation degree 3 
Calculated focus distance F 1.8 cm. 


V. TRANSIT TIME CONSIDERATIONS 


Transit time considerations provide a much sharper 
excitation condition than these bunching considerations, 
When the beam velocity (U,)! is plotted against f, re- 
sults like those in Fig. 8, with several oscillation modes, 


‘ are obtained. In each mode the beam velocity jg 


proportional to the frequency and the proportionality 
factor decreases (as experiments show) with the grid 
repeller distance. The proportionality factor between 
U,}!* and f may be calculated from the following con- 
siderations. Only those electrons which pass the first 
oscillation layer when the field increases compose the 
bunch. Hence, the electrons of such a bunch accumulate 
around the electrons which pass the oscillation layer 
when the field rises through zero. These electrons may 
be called “reference electrons.” The bunched beam 
delivers energy to an rf field only when this field has 
such a phase that the bunch is retarded. This considera- 
tion gives the wanted equation between transit time 
(which is a function of U,*) and f, and there are two 
excitation possibilities: 

(1) Reflection—tThe transit time ¢, of the reference 
electrons, from oscillation layer to repeller and back, 
equals T/4X(4n+1), T=1/f and n=1, 2,3. . ., the 
same excitation conditions as in a reflex klystron. 

(2) No reflection—The bunched electron beam de- 
livers its energy in the second oscillation layer near the 
repeller. Considering the higher plasma density and 
resonance frequency of the plasma in between these 
two layers, it may be assumed that this plasma block 
is free of high frequency fields and oscillates like the 
drift space electrode in the Heil generator.® The transit 
time ¢, of the reference electrons between these two 
layers equals, in this case, T/4X (4n+-1). 
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Fic. 8. Sealed off plasma oscillator. 


6 A. Arsenjewa Heil and O. Heil, Z. Physik 95, 753 (1935). 
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Knowing the potential distribution along the anode 
ce and the location of the oscillation layers, it is 

ible to calculate the transit times, /; and ¢2, and the 
proportionality factor. Both excitation possibilities may 
be present, and the different modes belong to different 
integers of either the reflection or the Heil case of 
excitation.” 

Figure 9 shows the beam velocity vs frequency dia- 
gram of a sealed-off all metal tube with an electrode 
arrangement according to Fig. 8. These measurements 
were made with a relatively high pressure (6x); hence, 
reflex excitation owing to the limited free path of the 
beam electrons is more or less suppressed. Assuming, 
furthermore, that the oscillation layers coincide with 
the plasma boundaries, the calculation becomes very 
simple, and is based on the following equations: 


=f: (4n-+1), 

f=9000-N3, 

L=a—2d (Fig. 9), 

d=550- Uy'/N3,78 

L=6: 10’- Uo) te, 

d=thickness of ion sheath, 

a= distance between grid and repeller, and 
L=distance between the oscillation layers. 


From these, the following equation is derived. 
(n+-4)6-107-U,!+-107-U,?=a-f.. 


For n=1, 2, 3, and 4 with a=0, 6, the curves of Fig. 9, 
which are in good agreement with the measured points, 
result. 


VI. PRACTICAL CONSIDERATIONS 


The output was measured by photometric means 
using small tungsten wire lamps. Maximal output was 
about 4 watts at 15 cm wavelength, with an efficiency of 
4 percent. This small efficiency is obviously caused by 
the. small high frequency amplitudes (8 was never 
found to be more than }). With a distance between 
grid and repeller of 0.4 cm, the shortest detected wave- 
length was 6.5 cm. In this case it becomes difficult to 
maintain the high required plasma density because the 
grid and repeller, being so close together, cause too great 
a loss of ions. 

The beam current is not to be identified with the 

7G. Wehner, Jahrb. 1942 der deutschen Luftfahrtforschung 


IIT, 24 (1942). 
8H. Fetz, Ann. Physik 40, 579 (1941). 
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Fic. 9. Beam-velocity vs frequency diagram of the 
plasma oscillator. 


anode current and may be found from the voltage 
current characteristic of the repeller. It was here in 
the order of 10 to 100 ma. The vapor pressure limits 
are mostly given by the conditions for discharge stabili- 
zation. Within this range, the pressure is not very 
critical. 

The repeller should be exactly parallel to the grid, 
otherwise output and efficiency become very poor. 
Sputtering of electrodes by ion bombardment is very 
rapid because both the voltage drop between plasma 
and grid or repeller and the plasma density are com- 
paratively high. To cut down sputtering as much as 
possible, the grid and repeller are made of graphite. 

The sealed off mercury tube, without changing or 
matching any resonance circuit, merely by changing 
anode voltage and current, covers a frequency range 
between 800 to 4000 mc. Oscillations started, in this 
case, even with 25 volts anode voltage. 
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The breakdown voltage of vacuum gaps depends on the elec- 
trode material, but when the gap is bridged by an insulator it is 
independent of the electrode material and varies with the kind of 
insulator. Some indication is found that the breakdown voltage 
increases with increasing surface resistivity of the insulator, but 
no apparent correlation is found between breakdown voltage and 
dielectric constant, density, or vapor pressure. It is found that a 
roughening of the intervening surface of the insulator in a region 
adjacent to the cathode increases the breakdown voltage. For elec- 
trode separations of 1 mm or greater the breakdown voltage does 
not increase linearly with the length of the insulator. Experiments 


were made in which one of the electrodes was separated from the 
insulator. It seems that the critical gradient at breakdown in the 
vacuum space between the cathode and the insulator, calculated 
for the case of plane electrodes from the ratio of dielectric cop. 
stants, is not as large as would be required in gaps without insy- 
lators. These gradients are almost the same for copper as for 
stainless steel electrodes. The breakdown voltage over an insulator 
is raised when the edge of the insulator close to either electrode is 
rounded. When a layer of glass, thin compared with the separation 
of electrodes, is fused to the cathode, breakdowns occur at lower 
voltages than for an identical vacuum gap. 





INTRODUCTION 


HE main interest in high-vacuum breakdown 
arises because of the limitation it presents in 
high-vacuum insulation problems. In a preceding paper! 
some phenomena were described which occur during 
electrical breakdowns over insulators in a high vacuum. 
Breakdown voltages over insulators are usually low 
compared with breakdown voltages in a vacuum gap 
having the same separation of electrodes. At breakdown 
a spark may be observed along the surface of the insula- 
tor, and on rare occasions a puncture of the insulator 
occurs; a high current flows, and the voltage between 
the electrodes drops to a low value. The breakdown 
voltage is independent of pressure provided the pressure 
is below that at which a glow discharge may develop. 
The previously published paper contains influence of 
pressure on breakdown voltage; measurements of cur- 
rents in the region below breakdown voltage; pinhole 
camera x-ray pictures; oscilloscopic observations of 
breakdown; and studies of conditioning, including con- 
ditioning in general, the influence of electrodes and 
insulators on conditioning, and conditioning as affected 
by the circumstances under which the arc-like discharge 
extinguishes. 

It has been found by Anderson? that the breakdown 
voltage of a vacuum gap depends on the electrode 
material. In his tests with one millimeter gaps, using 
several electrode materials, he obtained the maximum 
breakdown voltage of 122 kv for steel electrodes, 120 kv 
for stainless steel, and the lowest breakdown voltage 
of 37 kv for copper. His electrodes were treated in a 
hydrogen glow discharge and the system was equipped 
with a dry ice trap. We are able, with our apparatus, 
to confirm the superiority of 18-8 stainless steel over 
copper, obtaining breakdown voltages for stainless steel 


* Westinghouse Research Laboratories, East Pittsburgh, Penn- 
sylvania. 

1 P. H. Gleichauf, J. Appl. Phys. 22, 535 (1951). 

2 H. W. Anderson, Trans. Am. Inst. Elec. Engrs. 54, 1315 (1935). 


which are about twice that for copper. Investigations to 
determine the effect of electrode material on breakdown 
over insulators are included in this paper. 

It was previously known that breakdowns over fused 
quartz occur at higher voltages than over glass. Tests 
were made on other insulator materials in an attempt 
to reveal any correlation of breakdown voltage and 
some of the physical properties of the insulator; for 
example, dielectric constant, density, resistivity, and 
vapor pressure. The main difficulty in these tests is that 
unsuspected factors may influence the results. 

The effect of the roughness of the surface of the insu- 
lator was also investigated on two insulator materials. 

The breakdown voltage for a vacuum gap increases 
linearly with electrode separations of a few millimeters, 
but it has been shown? that at larger separations of 
electrodes, the breakdown voltage does not increase so 
rapidly. Tests are described here which show the rela- 
tion between breakdown voltage and length of insu- 
lator. 

For investigations of the gradients at which bréak- 
downs occur, tests were made with an insulator and 
vacuum in series. The length of the insulator and the 
distance of either the cathode or the anode from the 
insulator were varied, and calculations of the gradients 
were made. Also tested was the effect on breakdown ofa 
sharp or rounded edge of the insulator. Finally, the 
influence on breakdown voltage of a very thin layer of 
glass on one of the electrodes was investigated. 

In most tests vacuum systems with oil-diffusion 
pumps and no cold traps were used. The power supply 
delivered a maximum dc voltage of about 100 kv. The 
series limiting resistor was about 10 megohms. The 
voltage was slowly raised at a uniform rate (5 kv/sec) 
until breakdown occurred. 

Unless otherwise specified, copper electrodes were 
used. The shape of the electrodes was such as to make 
the field within a vacuum gap as uniform as possible. 
The electrodes and insulators were prepared in the 
same way as described in the preceding paper. 


766 





51 


the 
the 
ted 
on- 
su- 
for 
tor 
e is 
ion 
wer 


» to 
wn 


sts 
apt 
ind 
for 
und 
hat 


su- 
als. 
SES 
ers, 
; of 
2 SO 
ela- 


1Su- 


and 
the 
the 
ents 
ofa 
the 
r of 


sion 
pply 
The 
The 
/sec) 


were 
nake 
‘ible. 

the 





ELECTRICAL BREAKDOWN OVER 


EFFECT OF ELECTRODE MATERIAL ON 
BREAKDOWN VOLTAGE 


Experimental Procedure and Results 


18-8 stainless steel, copper, magnesium, and alu- 
minum electrodes were tested with insulators of 7740 
Pyrex glass and fused quartz rods 22.5 mm long and 12 
to 12.5 mm in diameter. In each test with glass a new 
rod was used, while in tests with quartz the same rod 
was used repeatedly but was re-washed before each test. 

The determined breakdown voltage Vo, which is the 
average of the first five breakdown voltages, was meas- 
ured after a permanent “conditioning” had been 
achieved. The procedure is described in the preceding 
paper and is as follows: The test sample is exposed to 
successive breakdowns by which the breakdown voltage 
is increased. Then, for about 24 hours, no voltage is 
applied to the test sample. In less than 24 hours the 
breakdown voltage decreases to the lower limit Vp, 
which is generally higher than the first breakdown 
voltages of the freshly assembled test sample. 

The average breakdown voltages Vo are shown in 
Table I. 


Discussion 


No appreciable difference in the breakdown voltage 
V, was found for different electrode materials. The 
differences in results for different pieces of glass insula- 
tors were smaller than the 10 percent accuracy of the 
measurements. It seems, therefore, that there is little 
or no effect of the electrode material when the insulator 
is quartz or glass. The influence of the work function of 
the cathode cannot be deduced from these results be- 
cause the work functions for the cathodes used are not 
sufficiently well known.*4 


BREAKDOWNS OVER DIFFERENT INSULATOR 
MATERIALS 


Experimental Procedure and Results 


The flat surfaces of the insulators, except polystyrene, 
Teflon, and sulfur, were ground with carborundum 
powder, 600 mesh. The polystyrene and Teflon rods 


were machined; sulfur was polished with polishing © 


paper, the finest of which was 4/0. Most materials were 
washed with water and soap, rinsed in water and acetone 
((C.P). Polystyrene and Teflon were not rinsed in 
acetone. Sulfur was not washed. 

The breakdown voltage Vo was determined as de- 
scribed in the preceding section. Results over different 
insulator materials are listed in Table IT. 


Discussion 


Starting with the assumption that breakdowns are 
initiated by gases released from the insulator by elec- 


*O. Klemperer, Einfuhrung in die Elektronik (Verlag. Julius 
Springer, Berlin, 1933), p. 85. 
‘H. B. Michaelson, J. Appl. Phys. 21, 536 (1950). 


INSULATORS IN HIGH VACUUM 767 


TABLE I. 








Average breakdown voltage 





Vo in kv for 
Electrode material 7740 Pyrex glass fused quartz 
18-8 stainless steel 41.0 67.5 
Copper 44.5 66.5 
Magnesium 37.0 65.5 
Aluminum 39.0 67.0 








* The reason for the low breakdown voltage over Pyrex glass in contact 
with magnesium electrodes may be that comparatively low conditioning 
voltages had to be used. With higher conditioning voltages, the insulator 
was punctured in several tests. This puncturing of the insulator occurred 
for magnesium electrodes at considerably lower voltages than it did for 
other electrode materials. 


tron bombardment, the question arises whether sorbed 
gases are released or whether a vaporization of the 
insulator itself takes place (or both). To investigate the 
possibility of vaporization of the insulator, sulfur was 
used because of its high vapor pressure. 

Sulfur fulfilled also the other requirements, that is, 
high dielectric strength, high resistivity, low dielectric 
constant, and low thermal conductivity. The dielectric 
constant (~4) is similar to that of 7740 Pyrex glass 
(4.8). The specific heat and density are similar to those 
of other insulator materials. The thermal diffusivity is 
low, but is not of importance if one assumes a fast 
development of the discharge. The measured breakdown 
voltage was close to that of Pyrex glass. It seems, there- 
fore, that a vaporization of the insulator is not a major 
factor in the initiation of breakdown. 

Since the dielectric constant of the insulator might 
alter the field at the cathode, experiments were made 
with materials of widely different dielectric constants. 
An effect of the dielectric constant on breakdown volt- 
age could occur if one assumes that prebreakdown cur- 
rents are initiated by field emission. The field in gaps 
(at the edge of the insulator), caused by imperfect con- 
tact between the insulator and the cathode, is roughly 
proportional to the dielectric constant. The breakdown 
voltage over rutile (TiO2) with a dielectric constant of 
about 80 is as high as over 7740 Pyrex glass. For barium 


TABLE II. Breakdown voltage over different insulator materials. 











Breakdown 
State of intervening Rods voltage 
surface between length diameter in kv 
Material electrodes inmm inmm +10% 
Fused quartz very smooth 22.5 12.0 65 
7740 Pyrex glass very smooth 22.5 12.5 45 
7740 Pyrex glass very smooth 22.5 12.5 56-73 
coated with 
silicone oil 
(baked) 
Soda-lime glass very smooth 22.5 12.5 40 
857-AJ Conduc- very smooth 22.0 ~13 6-17 
tive glass 
Steatite fairly smooth 22.5 13.0 50 
Rutile fairly smooth 22.5 15.0 40 
Barium titanate fairly smooth 15.0 15.5 8 
Zirconium dioxide fairly smooth 22.5 11.1 40 
Polystyrene smooth 22.5 12.5 75 
Tefion smooth 22.5 14.0 50 
Sulfur rough 23.0 =45 45 
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Fic. 1. Breakdown voltage versus length of hollow 
7740 Pyrex glass cylinder. 


titanate (BaTiO,) with a dielectric constant of about 
3000, very low breakdown voltages result. It seems, 
therefore, not impossible that the dielectric constant, 
and hence the electron emission before breakdown, 
affects the breakdown voltage, but such an effect must 
be of minor importance. If one assumes that a critical 
prebreakdown current density of field emission currents 
is essential for breakdown, then, according to the equa- 
tion for field emission, a very pronounced effect of the 
dielectric constant must be expected. On the basis of 
this assumption, the lowering of breakdown voltage 
over barium titanate should be much larger, and, there- 
fore, it seems that the observed lowering must be 
attributed to other properties of the insulator. 

For the materials investigated, the density varies 
widely. For polystyrene with a low density of 1.05 
g/cm® and a high volume resistivity, one gets a high 
breakdown voltage and the conditioning is fast. For 
barium titanate, which has not only a high dielectric 
constant but also a high density of 6.05 g/cm* and a low 
volume resistivity, one gets low breakdown voltage. But 
for zirconium dioxide with a density of 5.73 g/cm* one 
obtains breakdown voltages close to those of Pyrex 
glass, which has a density of 2.23 g/cm*, about half that 
of zirconium dioxide. The densities of some insulators 
are: fused quartz, 2.20 g/cm’; Teflon, 2.22 g/cm*; sulfur, 
2.07 g/cm*. One sees that no definite conclusion can be 
drawn from these data. Our interest in a dependence of 
breakdown voltage on density lay in the possible in- 
fluence of secondary emission from the insulator. Sec- 
ondary emission could be a function of density, and 


would also alter the field distributions in a manner that 
would influence breakdown voltage. 

Some indication is found that surface resistivity of 
the insulator affects breakdown voltage in such a way 
that with increasing surface resistivity, the breakdown 
voltage increases. X-ray pictures taken with pinhole 
cameras, as shown in the preceding paper, indicate a 
deflection of electrons away from the insulator. This 
shows that the insulator acquires a negative charge 
before breakdown. Barium titanate, which showed low 
breakdown voltages, had, besides the aforementioned 
high dielectric constant and high density, a low volume 
resistivity of about 2X10’ ohm-cm. Further investiga- 
tions were made with a low resistivity glass (Corning 
857-AJ), the volume resistivity of which is about 108 
ohm-cm. Breakdowns occurred at voltages appreciably 
lower than over other glasses. A possible objection to 
this test is that a different breakdown mechanism could 
take place than that for insulators of high resistivity. 
It could be so, for example, if the structure of the insu- 
lator were not homogeneous. 

To investigate whether the surface resistivity of the 
insulator is of importance, we tried to increase the sur- 
face resistivity of 857-AJ glass by applying a coat of 
silicone oil which was baked onto the cylindrical surface 
of the rods. The breakdown voltage was increased 50 
percent or more. Similarly, after coating 7740 Pyrex 
glass rods with silicone oil and baking out, the break- 
down voltage increased 25 to 65 percent. 

If one compares the superior behavior of fused quartz 
over 7740 Pyrex glass, the question arises whether 
sodium, the percentage of which is high in glass com- 
pared with fused quartz, could form an electropositive 
layer on the cathode or a high ion concentration in the 
insulator close to the cathode. A sodium chloride crystal 
and ‘soda-lime glass with about 11 percent of sodium 
were tried and found to give results similar to Pyrex 
which has a 2.7 percent content of sodium. It seems at 
least that a higher percentage of sodium than in Pyrex 
glass does not affect breakdown voltage. Thus we con- 
clude that the higher content of sodium in the 857-AJ 
glass is not responsible for the low breakdown values. 

Later tests, as shown in the next section, indicate that 
the interpretation of some results may be difficult be- 
cause of different smoothness of the intervening surface 
of the insulator between the electrodes. 

With fused quartz and uranium glass, the breakdown 
voltage remains unchanged when the test sample is 
exposed to ultraviolet radiations. Also, 60 to 90 kv 
x-rays, of intensities between 0.2 and 0.3 r/sec, do not 
affect the breakdown voltage over Pyrex glass, fused 
quartz, and uranium glass. 


INSULATOR WITH ROUGH SURFACE 


By roughening the intervening surface of a glass or 
fused quartz insulator between the electrodes an in- 
crease in breakdown voltage of about 40 percent was 
achieved. The same results were obtained for different 
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Fics. 2 and 3. Breakdown voltage versus separation of electrodes. 


degrees of roughness on the cylindrica] surface, whether 
it was ground with carborundum powder, 600 mesh, or 
roughened in an air blast using sand, 46 mesh or finer. 
The flat surfaces of the rods which were in contact with 
the electrodes were polished with carborundum powder, 
600 mesh. 

Further tests were made to investigate the influence 
of the region close to the anode or close to the cathode 
and whether an enlargement of the surface of the insula- 
tor, perhaps by creating a longer path between the 
electrodes, results in a higher breakdown voltage. The 
cylindrical surface of a glass rod was polished with 
carborundum powder, 600 mesh, except for a ring about 
3.5 mm wide. When the roughened edge of the cylin- 
drical surface of the glass rod was adjacent to the anode, 
the breakdown voltage Vo was 49.5 kv. This value is 
not significantly different from the breakdown voltage 
V> of a glass rod of which the cylindrical surface was not 
roughened. In reversed polarity, that is, when the 
roughened part of the surface was close to the cathode, 
Vo was 68.0 kv. 

Tests were made with another glass rod which had a 
roughened ring about 2.5 mm wide (used carborundum 
powder, 600 mesh) on one end only. With the roughened 
ring at the cathode, Vo was 68.0 kv. This shows that the 
region on the insulator adjacent to the cathode is critical. 


BREAKDOWN VOLTAGE VERSUS LENGTH 
OF INSULATOR 


Experimental Procedure and Results 


The tests were made with copper electrodes and 
hollow 7740 Pyrex glass cylinders 51 mm o.d. and 1.9 


mm wall thickness. A copper shield protected the glass 
wall of the vacuum chamber against bombardment by 
charged particles. A model of the assembly of electrodes 
and shield was tested in a three-dimensional electrolytic 
tank to assure uniformity of the field within the vacuum 
gap. The electrical stresses had to be low to prevent 
breakdowns which might occur, without an insulator, 
for the same separation of electrodes at the same, or 
even lower, voltages than over the insulator. This could 
happen for short lengths of insulators. 

In Fig. 1, the breakdown voltage V> is plotted against 
the length of the insulator. 


Discussion 


It may be seen that for lengths of insulators one 
millimeter and more, the breakdown voltage does not 
increase linearly with the length of insulator. These 
tests were made to obtain more nearly complete data 
about the relation between length of insulator and 
breakdown voltage, although it was already well known 
that this relation is not linear.® 


INSULATOR AND VACUUM IN SERIES 
Experimental Procedure 


The arrangement of the test sample is shown in a 
sketch in Fig. 2. The length of the insulator and the 
distance of either the cathode or the anode from the 
insulator were varied. The upper electrode could be 


® R. J. Van de Graaff, U. S. Patent No. 2,082,474, June 1, 1937. 
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Fic. 4. Breakdown voltage versus separation of electrodes with 
and without a layer of 7052 glass (about 5X 10-? mm thick) on 
either the cathode or the anode. 


raised by means of screws operated through a sylphon 
bellows. The separation was measured to within 0.1 mm 
with a cathetometer. The maximum possible error be- 
cause of lack of parallelism between both electrodes is 
calculated to be less than 10 percent. It was necessary 
to use specially shaped fused quartz insulators which 
were fastened securely to the lower electrode because 
it was observed, in other tests, that an insulator which 
was only resting on this electrode was lifted to the upper 
electrode either shortly before or during breakdown. 
The cylindrical surface intervening between the elec- 
trodes was smooth; the flat surfaces were polished with 
carborundum powder. The following test procedure was 
used: in the beginning, both electrodes were in contact 
with the insulator. The test sample was conditioned. 
About 24 hours later, the average of the first five break- 
down voltages (Vo) was determined with the electrodes 
still in contact with the insulator. Then tests were made 
in which the separation between the movable electrode 
and the insulator was first increased and then decreased. 

Other tests were made in which one edge of the insu- 
lator was rounded (radius= } mm) and highly polished. 

The influence of a very thin layer of an insulator on 
one of the electrodes on breakdown voltage was studied. 
Tests were made in which a layer of 7052 glass, about 
5<10-? mm thick and about 11 mm in diameter, was 
fused to the center of a decarborized and oxidized Kovar 
electrode 114 mm in diameter. The other electrode was 
18-8 stainless steel. Breakdowns were measured at 
electrode separations of one to three millimeters. The 
breakdown voltages were determined in a way similar 
to that in previous tests. 


Results 


Measurements with copper electrodes are shown in 
Figs. 2 and 3. In these graphs, results are shown for a 
vacuum gap, quartz rods of different lengths in contact 
with both electrodes, and dielectric and vacuum jn 
series (for different lengths of insulator, and for different 
separations between the insulator and the upper 
electrode). 

During tests in which the insulator had one edge 
rounded, it was found that if the rounded edge was in 
contact with either the cathode or the anode, the break- 
down voltage was higher than for a test sample where 
the insulator had a sharp edge. 

Figure 4 shows curves obtained from breakdown 
measurements with the thin glass layer applied to one 
electrode which was used either as cathode or as anode. 
In this figure further curves are included which repre- 
sent data obtained with a vacuum gap with an identi- 
cally prepared plain Kovar electrode. 


Discussion 


The gradients in the discharge space at the experi- 
mental values of breakdown voltage were calculated for 
plane electrodes from the ratio of dielectric constants 
and the dimensions of the test sample, realizing that 
this may not include all factors. The following equation 
was used: 


E=(V)/(D/k+d), 


where E is the gradient in the vacuum space between 
the separated electrode and the insulator, D is the thick- 
ness of the insulator, d is the distance between the 
separated electrode and the insulator, V is the measured 
breakdown voltage, and & is the dielectric constant of 
fused quartz (~4). 

From these calculations it is seen that the critical 
gradients at breakdown in the space between the insu- 
lator and the cathode calculated in this way were 
generally smaller than would have been required with- 
out an insulator. The observed breakdown voltages 
were larger when the separated electrode .was the 
cathode than when it was the anode. The gradients 
calculated from the data for 0.5 mm separation were 
almost the same for copper as for 18-8 stainless steel. 
With a 2- and 3-mm long quartz insulator (D in Fig. 2), 
the calculated gradients were 340 and 300 kv/cm for 
copper electrodes, and 310 and 400 kv/cm for 18-8 
stainless steel electrodes. This contrasts with observa- 
tions that the critical gradient in a vacuum gap with 
18-8 stainless steel electrodes (~450 kv/cm) is almost 
twice that in a vacuum gap with copper electrodes 
(=~ 250 kv/cm). 

Experiments with a thin layer of glass sealed to 4 
Kovar electrode showed that by applying the insulator 
to the cathode of a vacuum gap, the breakdown voltage 
is lowered by more than 25 percent. Application of such 
a layer to the anode does not change the breakdown 
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REACTION RATE THEORY 
voltage. It should be pointed out that the breakdown 
voltage with an insulator fused to the cathode occurs at 


‘ higher voltages than if such an insulator merely rests 


on the cathode. Therefore, if a thin layer were to rest 
on the cathode of a vacuum gap, instead of being fused 
to this electrode, one would expect a more pronounced 
lowering of breakdown voltage. Such tests cannot be 
carried out because of the earlier mentioned attraction 
of the insulator by the other electrode. Earlier in this 
paper tests were mentioned in which only a part of the 
cylindrical surface of the insulating rod was roughened. 
With the roughened part adjacent to the cathode, 


TO SOME 


PROBLEMS IN ANNEALING 771 
breakdowns occur at higher voltages. Similar results 
were also obtained in experiments by M. J. Kofoid® who 
used a cathode with a groove into which a hollow glass 
cylinder was fitted. All these experiments demonstrate 
the importance of the region at the junction of the 
insulator and the cathode. 
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Absolute rate theory is combined with molecular models in the study of the annealing of metals and of 
glass. It is thus possible to obtain expressions which are in close agreement with experimental data. Both 
the observed first-order data for metals and the second-order data for glass are predicted in this way. A 
virtue of the rate theory treatment is that it replaces the earlier macroscopic theories with a treatment in 


molecular terms. 


INTRODUCTION 


HE annealing of both metals and glass has in 

common the dimunution of internal stress. The 
origin of the stress in metals is usually cold working, 
whereas in glass it usually arises from rapid chilling. 
In any event, the process of annealing brings about the 
relatively rapid removal of this internal stress. 

An examination of the annealing of metals reveals 
that many cases can be satisfactorily accounted for by 
the assumption that the change in hardness at a given 
temperature follows first-order kinetics. On the other 
hand if the release of stress in glass is studied by ex- 
amination of the birefringence of a strained specimen, 
the process is found to obey closely second-order 
kinetics. Dr. N. W. Taylor, who examined the law of 
annealing of glass with much care, found that the re- 
laxation at the beginning was steeper than could be 
explained by the bimolecular law. He therefore, logically 
enough, included an additional initial unimolecular 
part.’ This took care of the deviation very well except 
at the very beginning, where it still failed to explain 
the too rapid annealing at the earliest time. Thus, still 
another term might have been added. Dr. Taylor’s 
work beautifully illustrates the difficulty of explaining 
relaxation of strain in terms of a series of independent 
chemical processes. This initial very rapid relaxation 





*This work was conducted under a grant from the ONR, re- 
search contract N7-onr-45101, project number, NR-032-168. 
'N. W. Taylor, J. Am. Ceram. Soc. 21, 85 (1938). 


for large stresses is a natural consequence of the fact 
that strain relaxes according to a hyperbolic sine law. 
This law is written as Eq. (1) below and it may readily 
be seen that for small strain, S, Eq. (1) gives a bi- 
molecular law, while for larger strain, it goes over into 
the much steeper exponential form. Thus, Dr. Taylor’s 
analysis is a most interesting confirmation of the fact 
that the hyperbolic sine form of the strain law is neces- 
sary to explain large strains. 

One may well inquire if the divergent observations 
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Fic. 2. Unsymmetrical potential energy barrier for 
annealing ky>kp. 


on glass and on metals may be connected by a single, 
reasonable theory. It has indeed been possible to do so, 
and the development by models together with the 
treatment of some experimental data constitute the 
remainder of this paper. 


THEORETICAL CONSIDERATIONS 


Suppose that an internal stress, S, of a substance is 
proportional to the number of stress sites, NV, in the 
substance. This may be represented, S=aN. 

If the process of annealing is considered as the pas- 
sage of the reaction coordinate of the stress units over 
a symmetrical barrier in configuration space to which 
a pressure in the form of the internal stress has been 
added, we may visualize the process in terms of Fig. 1. 

A mathematical analysis of this condition? gives 


—dS/dt=Sk'Lexp(SV/2kT)—exp(—SV,/2kT)]. (1) 


In this equation k’ is the rate constant for passage over 
the barrier without the stress and is*® 


k’ = («kT /h)exp(— AF*/RT). (2) 


The term V, (volume of the hole) is the cross section 
of the moving unit multiplied by the distance through 
which the unit moves. In any case V, multiplied into 
the stress S gives the average work done on the reaction 
unit as it passes from one equilibrium position to the 
next. 

Equation (1) may easily be reduced to quadrature: 


i dS 1 dS 


kr’) SCexp(aS)—exp(—aS)] 2k’ S sinh(aS) 
1 d(aS) 
-— {——_-- fa, @ 
2k’ aS sinh(aS) 
2 Glasstone, Laidler, and Eyring, The Theory of Rate Processes 


(McGraw-Hill Book Company, Inc., New York, 1940). 
3H. Eyring, J. Chem. Phys. 3, 107 (1935). 
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where a=V;/2kT. The integral (1/2k)fd(aS)/as 
sinh(aS) may be evaluated as follows: 








1 pesch(aS)d(aS) 1 p11 ° 
ounins =— —|-{ 1425 
2k! (aS) 2r'J aSlaSL m0 
(-— 1)*(22"-'— 1) Bon-1(aS)** 
d(aS) 
(2n)! 


1 1 7 
-—| -—- BaS+—B.(a5)- “* J! (4) 
2k’L aS 36 


This will converge for (aS)?<7*. In this expression the 
odd order of B’s are Bernoulli’s numbers and are given 


by 
a J a. 
= toto | 
(2m)! (22™—1)a2™| 32m Sen 





Some numerical values of these B’s are B,\=1/6, B, 
= 1/30, Bs=1/42, B;=1/30, By=5/66, Bi: = 691/2730, 

If, however, in Eq. (1) SV;/2kT is small and the 
expression 


[exp(SV,/2kT) —exp(—SV,/2kT) | 


is expanded in series, one obtains the term SV;/kT, 
neglecting higher orders. In this case Eq. (1) becomes 


—ds/dt= V pk'S?/kT. (5) 


It is experimentally found* that the annealing of 
glass follows this mechanism. In this case the release 
of the internal stress is a cooperative phenomenon 
(i.e., two stress sites interact in the process of an- 
nealing). 

Consider an unsymmetrical barrier of the type shown 
in Fig. 2. One may write the general expression 


—dS/dt=S{ky exp(ySV»/kT) 
— ky exp[(y—1)SVi/kT]}. (6) 


Again the differential equation may be easily sepa- 
rated: however, the integration with respect to S must 
be performed numerically. 

If, however, the shape of the barrier is such that 
ks>>ks, the experimental data will be of the form: 


—dS/dt= Sk, exp(ySV r/kT)~R'S. (7) 


It is found experimentally that many metals anneal 
in this way. In these substances the stress sites relax 
individually and thus differ from those found in a glass. 

The condition on the last equality in Eq. (7) is that 


(ySV,/kT)<K1 
so that the term 
exp(ySV;/kT)™1 


even though S varies. 


4. H. Adams and E. D. Williamson, J. Franklin Inst. 190, 597, 
835 (1920). 
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REACTION RATE THEORY TO SOME PROBLEMS IN ANNEALING 


TABLE I. Percentage composition of batches. 











——==— 
No. of 
en. «Type «= SiOz. BxOs NasO K:O CaO BaO ZnO PbO Al:0; 
1 516/200 67 12 9 8... as mm 
2 523/99 73 .. 14 1 o .. ov 7 a 
3 573/420 54. a GS lCok ee “ae 
4 574/570 47 4 3 5 29 11 on 1 
5 606/440 46 .. 3 4 > - & « 
6 608/570 40 6 ha 43 : wa © 
7 616/570 45. 3 4 ican! ~ tea 
g 655/330 42 s s 52 
9 756/270 28 3 69 
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THE ANNEALING OF GLASS 


The empirical observation that the rate of stress re- 
lease (annealing) is proportional to the square of the 
stress is due to Adams and Williamson.‘ This effect was 
further confirmed by Hampton, Morey,’ and Lillie.® 
It is possible as discussed above to conduct the anneal- 
ing of glass at a temperature sufficiently low so that 
the initial annealing requires the unmodified hyperbolic 
sine law for its explanation. This has been demonstrated 
by Morey and Warren.’ Nevertheless, under the usual 
conditions of annealing the empirical! rule of Adams and 
Williamson is in accord with the experimental data. 
In view of this fact, it is of interest to observe a mecha- 
nism which can give rise to such an experimental re- 
sult. This has been discussed in the derivation of 
Eq. (5). 

For the application of the theory of absolute reaction 
rates, data from the publication of Adams and William- 
son‘ are employed. The expression used for the calcula- 
tion of the rate constant is 


(1/S9)—1/S= BAt=k't. (8) 


(This order of the S’s is adopted for a negative B.) 
In Eq. (8) the following symbols appear: 


GH 


, stress at time /; 

So, initial stress ; 

B, stress— optical coefficient ; 

, the annealing constant of Adams and Williamson; 
t, time in seconds; 

bk”, a rate constant. 


i 


Data for nine glasses studied by Adams and William- 
son are given in Table I. 


The numbers given under “type” are the usual com- 
mercial identification of glasses® and are 


(np—1)10*/10[(mp—1)/(nr—nc) ]. 


Values of k” for annealing at various temperatures 
for the glasses tested in Table I are given in Table II. 





*W. M. Hampton, J. Soc. Chem. Ind. 44B, 207 (1925). 
anes Hampton, Trans. Optical Soc. (London) 26, 14 


uss W. Morey and B. E. Warren, Ind. Eng. Chem. 27, 966 
*H. R. Lillie, J. Am. Ceram. Soc. 19, 45 (1936). 
*G. W. Morey, “Properties of glass,” International Critical 


Tables (McGraw-Hill Book Company, Inc., New York, 1927), 
Vol. 2, p. 87. 
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From Eq. (5) one notes that our experimental k’’ 
may be related to k’ in the absolute rate Eq. (2) by 
hk” = Vyk'/kT. (9) 
This may be substituted into Eq. (2) to give 
k”’ = (V2/h)exp(— AH*/RT)exp(AS*/R), (10) 


in which the usual assumption x=1 has been made. 
In addition, the thermodynamic relation, AF*= AH* 
—TAS*, has been introduced. Equation (10) may be 
written in the alternative form 


logiok”’ = logio(V2,/h) — (1/T) (AH*/2.303R) 











+(AS*/2.303R). (11) 
TABLE II, 
No. of 
specimen Temperature °C k” 
500 1.2« 1078 
550 3.2X10-" 
1 600 1.0 10-§ 
650 3.2X10-" 
700 1.0X 10-” 
500 6.0 10718 
550 1.8 10716 
2 600 4.7X107-% 
650 1.4x 10-% 
700 3.9X10-” 
350 2.4X 1079 
400 1.0X 10-" 
3 450 4.6X 1078 
500 2.0 10-™ 
550 9.1X10~" 
500 3.7X 107-9 
550 1.5<X10-"" 
4 600 6.3X 1076 
650 2.4X 10-4 
700 9.5X10- 
450 1.1 10-8 
500 2.8107!" 
5 550 7.0X 1076 
600 1.8X< 10-4 
650 4.4X 10-* 
550 3.3X 107-9 
600 2.6X 107? 
6 650 2.1 1075 
700 1.6 10-" 
750 1.3X10™™ 
350 4.8 10-79 
400 3.8X 10718 
7 450 3.1K 10-6 
500 2.4 10-" 
550 1.9 10-” 
350 1.2 107-9 
400 8.8X 10-7 
8 450 6.3X 107-16 
500 4.5X 107" 
550 3.1 10-" 
350 6.6 1079 
400 2.9X 107"? 
9 450 1.3x< 107% 
500 5.9 107" 
550 2.6X 10-2 
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Fic. 3. Data for glass type 516/620. 





It is thus possible to deduce AH* from the slope of 
the line obtained by plotting logiok” versus 1/T. A plot 
of this kind for glass type 516/620 is shown in Fig. 3. 
In order to obtain a value for AS* it is necessary to 
know V,, the volume of the hole into which the an- 
nealing unit flows. An estimate of this value may be 
obtained from data on the creep of glass under constant 
load which were published by Phillips.’ From these 
data one calculates by the method of Eyring, et al." as 
outlined by Hollingsworth” a value of 2X10~ cc for 
V,. It must be understood that this is only an estimate 
of V, in the process of annealing, and that any error in 
this estimate will be reflected in AS* but will not effect 
the calculated value of AH*. 











TABLE III. 
aH* kcal/g mole of + 
No. annealing units 4S”* e.u 
1 101 31 
2 98.0 31 
3 76.2 21 
4 108 39 
5 85.6 20 
6 145 75 
7 90.0 39 
& 89.4 39 
9 70.6 14 
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© P. Phillips, Phil. Mag. 9, 520 (1905). 


" Reichardt, Halsey, and Eyring, Textile Research J. 16, 382 


(1946). 
# R. L. Hollingsworth, M. S. thesis, University of Utah, (1948). 
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Table III lists the values of AH* and AS* for the 
annealing of the glasses identified in Table I. An ex. 
amination of Table III discloses that in general a de. 
crease in AH* through a series of similar glasses jg 
accompanied by a decrease in AS*. Further, it is noted 
that glasses high in BaO have high positive values of 
A4H* and AS* and must be held at a relatively high 
temperature to obtain a reasonable annealing rate. 
Glasses high in PbO show a low annealing temperature. 


THE ANNEALING OF METALS 


It has been empirically observed that the hardness 
of work-hardened metals may be removed by annealing 
and that the process obeys first-order kinetics." 

Typical data for annealing of a cold-rolled metal is 
a function of temperature at constant time are given 
in Fig. 4. From these data one may evaluate the rate 
constant k’ in the expression 


loge(No/N) = k't. (12) 


It will be seen that this relation would be expected 
from Eq. (7) under the conditions discussed there and 
if hardness were proportional to the number of stress 
sites. From this by substitution into the absolute re- 
action rate expression, Eq. (2), and with the approxi- 
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Hardness 























= 


Annealing Temperature 


Fic. 4. Typical annealing curve for metals at constant time. 


3G. Masing, Handbuch der Metall physik (Akademische Verlags 
gesellschaft, Leipzig, 1941), Vol. 3, Part 2, pp. 136 et. seq. 
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Fic. 5. Data for cold-rolled platinum: (A) 19 percent reduction 
in thickness, (B) 39 reduction percent in thickness, (C) 60 percent 
reduction in thickness, (D) 98 percent reduction in thickness. 


mation x= 1 as well as rearrangement, one may obtain 


logio(k’/T) = (logiok/h) 
~ (1/T)(AH*/2.303R)-+(AS*/2.303R). (13) 


Wise and Vines have studied the annealing of cold 
rolled platinum.’ These data were obtained on speci- 
mens reduced in thickness by different amounts up to 
98 percent. The information is given in Fig. 5. From 
this figure AH* and AS* for the annealing process may 
be calculated. Results of this calculation are given in 
Table IV. 

Similar data have been obtained by Simmons,” and 
the values of AH* and AS* based on these data are 
given in Table V. 

The process of work hardening involves the breaking 
up and displacement of crystalline aggregates along 
“slip planes.” In actual fact, these “slip planes” are of 
finite thickness, and the atoms contained therein are 
disturbed from their usual orderly crystalline arrange- 
ment The process of annealing involves the recrystal- 
lization of these disordered regions. 

A requirement for crystallization is the presence of a 





4E. M. Wise and R. F. Vines, Trans. Am. Inst. Mining Met. 
Engrs. 137, 464 (1940). 
* A. L. Simmons, Trans. Am. Soc. Metals 41, 1440 (1949). 
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TABLE IV. 








Reduction in thickness 
of sample by rolling 




















(percent) aH* (kcal/g mole) as* (e.u.) 
19 22.3 —49 
39 21.6 —51 
60 14.1 — 56 
98 10.0 —57 
TABLE V. 
Reduction in thickness 
of sample by rolling 
(percent) aH* (kcal/g mole) as* (e.u.) 
30-35 43.8 —4.6 
48-51 11.1 — 53 








nucleus. This nucleus is an array of atoms whose size 
and arrangement is critical. Any group of atoms smaller 
than this will not avail to start crystalline growth and 
any group this size or larger will serve as the starting 
point for the growth of a crystal. The exact size of a 
crystallization nucleus is now known. Derge"*® has con- 
sidered the matter and states that it should not be 
more than one hundred atoms and probably is more 
nearly ten atoms, properly arranged. 

In view of the facts stated above, the interpretation 
of our results is as follows: the more extensively a metal 
is worked, the more random the positions of the atoms 
in the slip regions become, and each atom then pos- 
sesses, on the average, fewer satisfactory bonds with 
its neighbors. Thus, the difficulty of assuming a favor- 
able position with respect to a group of atoms (a poten- 
tial nucleus) is lessened. This results in the observed 
decrease in AH* with an increase in the amount of 
work hardening. Upon going from a less ordered to a 
more ordered condition, the atoms forming the crystal- 
lization nucleus lose entropy. Since the observed losses 
of entropy are distributed among ten or more atoms, 
the value per atom is quite satisfactory. 


SUMMARY 


1. Physical models of annealing processes have been 
described, and the absolute reaction rate theory has 
been applied to these models. 

2. One of the models predicted the rate of decrease 
of internal stress proportional to the square of the 
stress. Data for the annealing of glass were in accord 
with this theoretical result. 

3. One of the models predicted the rate of decrease 
of internal stress proportional to the stress. Data for 
the annealing of metals were in accord with this theo- 
retical result. 


16 G. Derge, J. Chem. Phys. 5, 462 (1937). 
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Effect of Size and Spectral Purity of Source on Fringe Pattern 
of the Mach-Zehnder Interferometer 


F. D. BENNETT 
Ballistic Research Laboratories, Aberdeen Proving Ground, Maryland 


(Received November 17, 1950) 


In analysis of Mach-Zehnder interferograms taken of the axi-symmetric flows about supersonic projectiles, 
the question arises whether errors in fringe width occur because of the finite size and non-zero spectral width 
of the source employed. Under the assumptions that the source is a circular area normal to the axis of the 
interferometer with spectral intensity function approximated by a gaussian error curve, it is shown that the 
deviations from ideal fringe width Ao/e caused by source size and spectral line width are negligibly small for 
an interferogram with 200 fringes on either side of center. The limiting factor is not deviation in fringe width 
but the exponential damping of fringe intensity amplitude owing to the spectral band width of the source. 
This reduces the fringe contrast below experimental detectability long before deviations in fringe width 


become appreciable. 





1. INTRODUCTION 


N a critical analysis of sources of error encountered 
in the use of the Mach-Zehnder interferometer for 
gas flow interferometry, the question arises whether the 
size and spectral purity of the light source can introduce 
appreciable effects into the fringe pattern observed, 
causing variations in fringe width across the inter- 
ferogram. The usual procedure even in recent studies! 
is to assume a fringe width appropriate to a mono- 
chromatic point source of light. Where conditions allow 
relatively long exposures, this assumption can certainly 
be well fulfilled by use of sufficiently narrow band filters 
(or narrow monochromator slits) and by limiting the 
source size by a suitably small mask. On the other hand, 
in the interferometric study of transient steady-state 
phenomena such as the flow of air about supersonic 
projectiles, exposure times are extremely short (<3y 
sec), and it becomes of paramount importance to use 
the largest source size and broadest spectral band width 
tolerable within the limit imposed by the number of 
clear fringes required. Under these extreme conditions, 
it is no longer obvious that the effects on fringe width 
of source size and spectral purity are negligible over the 
whole interferogram. To answer this question, a quanti- 
tative investigation of the intensity pattern of the Mach- 
Zehnder interferometer has been made. The results of 
the investigation are presented below. 


2. INTENSITY FORMULA 


We shall treat only an ideal interferometer in stand- 
ard position producing fringes perpendicular to the 
plane of centers of the reflecting elements. For this case 
it has been shown?* that the optimum source is a circle 
in the focal plane of the collimating lens with center on 
the axis of the lens and radius p= f(2K/N)}, where f is 
the focal length of the lens, K, the fringe clarity cri- 
"13. Winckler, Rev. Sci. Instr. 19, 307 (1948). 

2F. D. Bennett, “Optimum source size for the Mach-Zehnder 
interferometer,” B.R.L. Report No. 731 (September, 1950) or 
J. Appl. Phys. 22, 184 (1951). 


3E. H. Winkler, “Analytical studies of the Mach-Zehnder 
interferometer,” N.O.L. Report No. 1077 (December 5, 1947). 


terion, is an upper bound to the difference in phase of 
pairs of interfering rays reaching a given field point, 
and N is the number of fringes desired on either side 
of the central fringe. Under these conditions, the path 
difference between pairs of interfering rays is? 


d= 2x sin}e cos¢, (1) 


where x is the perpendicular distance from the central 
fringe to the fringe under investigation, $e the angle 
through which the last divider plate is rotated, and ¢ 
the angle between the line joining source point with lens 
center and the axis of the lens. 

The intensity of the interference at a point produced 
by two monochromatic, plane, transverse waves of 
equal amplitude is governed according to classical 
theory by the expression, 


i= A*{cos(wt—2mS,4/d)+cos(wt—2mS2/d)}?, (2) 


where S, and S,* are the distances traveled from refer- 
ence points where both waves had the same phase. The 
other symbols are self-explanatory. By simple trigo- 
nometric transformation, 


i= 4A? cos*[ wt— (4/d)(Ss+S2) | cos?(x/A)(Si—S2); (3) 


but S,—S2.=d, and averaging over the time interval 
(to, ty), which is taken to be large compared with the 
time of one vibration, we obtain 


1= 2A? cos*(md/)). (4) 


To represent the intensity pattern due to a non 
monochromatic area source we now assume (1) all 
points of the source to be of equal strength; (2) each 
characterized by the gaussian intensity function 
exp(—?A2), where A=A—Xo, and Ap is the central fre- 
quency of the spectrum “line”; thus, the increment of 
total intensity is proportional to exp(—#°A*)dA; (3) 
since all points of the source for which d=const. lie on 
the circle of radius s=f tan@, the increment of total 
intensity is proportional to 2rsds with O<s<p. We 


* The subscripts 4 and 2 agree with those used in reference 2 in 
the derivation of d. 
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THE MACH-ZEHNDER 


have then, using Eq. (4) and the preceding assumptions, 
B +2 
Jae? f sds f exp(— kA?) cos*[ wd(s)/X ]dd. (5) 
0 0 


Assumptions (1) and (3) need no comment but (2) 
may be open to discussion. While spectrum lines pro- 
duced under the conditions of high temperature and 
pressure encountered in arcs and sparks are known in 
many cases to have envelopes differing from the gaussian 
error curve,‘ this function is fairly representative of the 
general shapes encountered and recommends itself on 
grounds of mathematical simplicity. Since we seek esti- 
mates of the errors to be expected in fringe width, we 
are not so much interested in reproducing the exact 
shape of a given spectrum line as in representing mathe- 
matically many spectrum lines to a reasonable approxi- 
mation so that conclusions may be drawn as to the 
magnitude of errors to be expected. The effects of filter 
and/or monochromator will limit the range of \ en- 
countered in practice; nevertheless, by choosing ? suffi- 
ciently large, the error function with range — © CAC © 
may be made to represent with reasonable fidelity a 
narrow, Symmetrical spectrum line. 


3. INTEGRATION WITH RESPECT TO WAVELENGTH 


The integration of Eq. (5) with respect to wavelength 
may be performed approximately. Indicating the inner 





0-01, 


—e 
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integral of Eq. (5) by P we have 
P= iZ exp(— k®A?) cos*(ard/d)dX, 
0 
oo 6) 
~~ f exp(— k?A?)[1+-cosa(1+A/Xo)~ JdA 


—m 


upon using our definition of A in the form A= Ao(1-+ A/Ao) 
and setting 27d/Ao=a. In making the transformation 
we replace the lower limit A=—XA» by A= — &, since 
Ao(24000A) is a very large number and F? is large 


enough so that no appreciable error is involved. Thus, 
by Peirce No. 492 


P= (x4/2k)+Q/2, (7) 
where 
+00 
Q= f e~? cosa(1+A/Xo) dA. (8) 
With the help of Taylor’s formula we find that 
(1+-A/Xo)“*=1—A/No (9) 


to within about 0.01 percent when OS A<5OA and 
Ao=5000A. This suggests that we may be able to sub- 
stitute for Eq. (8) the approximation, 


+00 
Q1.= f e— #8 cosa(1 “a A/Xo)dA, 


—oO 


(10) 


which may be readily integrated. The fractional error 
involved in this approximation is bounded by 


+00 
f e~#PA?| cosa(1+A/Xo)-!—cosa(1—A/Xo)| dA 





1 “a 


—eo 


(11) 


f e~*? cosa(1—A/Xo)dA 


Converting the difference of cosines into the product of sines and replacing one of the sine terms by 1, we obtain 


—@ 


O-@ 


f e~ #3 | sinza{ (1+ A/Xo)7— (1 —_ A/Xo) ] | dA 





Or 


—72 


+00 
f e~**4 cosa(1—A/do)dA 


(12) 


The argument of the sine term is always less than a/2(A/Xo)? and in the range | A| < ¢ such that the sine equals 


its argument 


t 2 
{ a” 2d0?) J A2e-# 7d A+ f ewan 
Q0-Q: , 0 t 





01 


—& 





+00 
J e~# 4? cosa(1—A/Xo)dA 


, (13) 


‘S. Tolansky, High Resolution Spectroscopy (Pitman Publishing Corporation, New York, 1947). 
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which becomes after integration using Peirce No. 508 


Q-Q: s exp(a?/4k*),”) 








QO; cosa 
a /2kte*s* 
x[1- ( +ert(et) )—ers(en) | (14) 
407R? ie 
where 


kg 
ert(he)= (2/x4) f e-* dé. 


For the example considered in detail later on we have 
Qmax= 4007, k=6.67X10-, Ao=5461A, and ¢=45A. 
With these values we find (Q—Q,)/Q:< 0.048 so that 
the error of approximation even in the worst situation 
with a@=amax is less than 5 percent. Smaller bounds may 
be found by choosing & larger; however increasing the 
value of k narrows the width of the spectrum line as 
represented by the exponential function. 

We have then 


Q=(Q,=('/k) exp(a?/4r07k?) cosa (15) 
and Eq. (7) becomes 
P= (n'/2k)[1+exp(—a?/4A07k”) cosa], (16) 
which yields when substituted into Eq. (5) 


I= (2ntas/a) f sds{1+-exp(— a?/4d¢?k?) cosa], (17) 
0 


recalling here that a= a(s)=22d(s)/Xo. 


4. LIMITING CASES 


In preparing to examine the case of finite source size 
and spectral line width, it is instructive first to review 
the limiting cases (a) point source and monochromatic 
light and (b) point source but light of non-zero spectral 
width. Inspection of Eq. (17) shows that as either source 
area or spectral width approaches zero, J tends to zero. 
In order to have something to work with in the limiting 
cases we must assume either that p? and 1/k remain 
finite though small or that A’p?/k—constant as k>« 
and p—0. Selecting the second of these alternatives and 
noting that the approximation used in obtaining Eq. 
(17) improves as the light approaches monochromacity, 
we find under assumptions (a) 


To=lim I= const [1+ cosa ]. (18) 
ko 
A*p?/kC). 
Under assumption (b) 
I,=lim I =const [1+exp(— av?/4A0?R") cosay]. (19) 


moc} 
A*p’?C}. 


BENNETT 


For the ideal pattern represented by Eq. (18), 
maxima and minima of the pattern are given by 
dI9/dx=0, which implies 


sinao(day/dx) = 0, (20) 
or 
= 2mdo/Ao= nT, 
sr aa ‘ (21) 
as 
dao/dx+0. 


It is clear from Eq. (18) that even values of n, e.g, 
0, 2, 4, ---, yield fringe maxima, while odd values corre- 
spond to minima. Using d)= 2x sin}e for a point source, 
Eq. (21) yields for the location of maxima and minima 


x=nyo/4 singe. (22) 


The distance between maxima (i.e., fringe width) is 
given by 


Wo = Xen+2— Xen = Xo/2 sinte= No/€. (23) 


This is recognizable at once as the standard expression. 
Similar reasoning applied to Eq. (19) yields slightly 
more complicated results. dJo/dx=0 implies 


tanay= — ao/ 27k? = can ao/B, (24) 


which may be solved for ao/8 small by letting ao>=nx—«; 
whence if ¢€ is small, 


tane= e= (nx—e)/B, (25) 
e=nr/1+8, (26) 
ao= nm[B/1+ 8], (27) 
x= (ndo/4 sine) [B/1+ 8], (28) 

and finally 
Wo= wool B/ 1+8]. (29) 


The effect of non-zero line width is to multiply the 
standard fringe width by a factor less than one. To 
illustrate that this factor is negligibly different from one 
in most cases, consider \»= 5461A for a line whose half- 
width at the half-intensity point is 12.5A. For this case 
2k*\o?= B= 2.66 10° and the fringe width wo differs 
from woo by only 1 in 266,000—a negligible difference for 
most measurements. If we set e< 7/20 in Eq. (26), an 
upper bound which fulfills Eq. (25) within 1 percent, 
we find n<1.33X 10'; thus, since » numbers both max- 
ima and minima, the above results hold out to 6650 
fringes from the center. On the other hand, the expo- 
nential term in Eq. (19), being raised to about the 
— 2000 power, is practically zero, so that the fringes 
have long since been indistinguishable from the back- 
ground haze. 

The decrease of the exponential damping factor in 
Eq. (19) is of far more importance in limiting the useful 
fringe pattern than is the error introduced into fringe 
width by the spectral breadth of the source. If, instead 
of examining 6000 or more fringes from the center, we 
agree that it is more useful to characterize a usable fringe 
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by a reasonably large value of exp(— ao?/4A,7k?), say, 
1/20, then it is possible to deduce the maximum number 
of fringes within this amplitude criterion for Eq. (19). 
Measuring x in terms of standard fringe widths wy, for 
~=Nwo, where N is the largest number of fringes 
desired, we find 


Ark’? > rN?/log.20. (30) 


The inequality (30) may be expressed in terms of the 
half-width A, at half-intensity; thus, 


Ai? < Ao? log.2 log.20/2N?, (31) 


or 
Ay=1.440/aN. (32) 


For 200 fringes on either side of center at \o=5460A, 
Ay€12.5A. 


5. APPROXIMATION TO THE INTEGRAL 


Expression (17) for J may now be integrated if we 
introduce a change of variables and make suitable 
approximations. 

Setting 

f=cos¢, 
c= 2r'A?/k, 


recalling Eq. (1), the definition a(s)=2md(s)/XA»o and 
that s=/f tang, we find 





e $(0) cosX 
[= {art f exp(— X7f?/28)d¢ } (33) 
t(p) 
where 
6(0)=1, 


$(e)=1—3(0/f)’, 


X=4nx singe/do 
= 21rx/woo. 


and 


Since we are interested for the most part in a large 
number of fringes of high clarity, we may select as 
a representative example*® the field of 200 fringes 


on either side of center for which K <7. Thus, (p/f)? 


=2K/N=10-, and 
$(p)=0.9995 < F< 1=$(0). (34) 


Since the range of ¢ is so small, although the allowed 
source is by no means small compared with ordinary 
spark sizes, both 1/¢* and exp(— X°f¢?/28) will vary only 
a small amount from the ¢(0)=1 value; the former by 
about 15 parts in 10‘, the latter by about 12 parts in 
10°. We may therefore assert that these terms remain 
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nearly constant in the entire range of ¢ for any values 
of X and thus bring them outside the integral sign. With 
this simplification the integral is easily evaluated. 
Letting g=(p/f)? and making a simple trigonometric 
transformation we have 


I= }cp*{1+[4 exp(—X*/28)/gX] 
XsinggX cosX(i—g/4)}. (35) 


If the number of fringes desired be allowed to increase 
indefinitely, i.e., g—0, the source shrinks to a point and 
Eq. (35) becomes identical with Eq. (19). To examine 
maxima and minima we set dIJ/dx=0 and find upon 
simplification 
{igX cotigX—1} 

— {(X?/6)+X(1—g/4) tanX(1—g/4)}=0; (36) 


and as g—0, we are led once more to Eq. (24). Setting 
the second bracket equal to zero and solving for X, we 
obtain the result, similar to Eq. (27), that 


Xo=n7[B(1—g/4)/1+B(1—g/4)*]. (37) 


Next putting X=X_+46, where 6 is small compared 
with Xo, and substituting into Eq. (36), we find upon 
neglecting terms in gé and & as compared with terms 
in gX, 9 or X, 0) 


5=(1/nm)[(Gnmg/tanjinrg)— 1], (38) 


and 


X=nz[@(1—g/4)/14+8(1—g/4)"] 
+(1/nx)((inrg/tanjnrg)—1] (39) 


=nr[F(8)+G(n)]. (40) 


Using the definition for X and solving for w= Xny2—Xn, 
we have 


w= wool F(8)+3L(n+2)G(n+2)—nG(n)]}}. (41) 


For the example used previously in which g=10- and 
B=2.66X 10°, the term F(8) is not sensibly altered. If 
we examine the two-hundredth fringe, n= 400 and the 
term in G(m) turns out to be approximately 2 10-, an 
entirely negligible quantity. We may then conclude that 
the effect of source size and spectral line width on the 
width of fringes across the field is entirely negligible. The 
limiting factor will be the clarity of the fringes furthest 
from the center. This depends as we have seen upon the 
clarity condition (K) and the damping factor due to 
line width [exp(—ao?/28) ]. For the example just dis- 
cussed this latter factor is 1/20; so one sees that with 
a line of 12.5A half-width at half-intensity just 200 
usable fringes will appear. 
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The count of a cascade of binary pulse counters having any arrangement of feedback connections can be 
calculated. The calculation is simplified for two special connection patterns. For a particular count, one or 
the other of these patterns, or a modification of the two, requires a least number of connections. 





ET a number of scale-of-two or binary counters be 
arranged in cascade, so that the output pulse of 
one counter becomes the input to the next. Then, the 
number of pulses required at the input of the cascade 
to generate one pulse at the output is a power of two 
and is called the scale or count of the cascade. Lifschutz! 
was the first to point out that this count can be made 
any integral number less than 2” (m being the number 
of counters) if suitable feedback connections are made 
to introduce additional pulses within the cascade. Con- 
siderable practical use has been made of this principle. 
Potter? and Grosdoff,’ for example, have shown how 
particular feedback arrangements can be made to pro- 
duce decade counters, and Spaulding and Rod‘ have 
applied the technique in a loran indicator. Gossick® has 
analyzed the general case when all of the counters 
generating feedback voltages are nearer the output end 
of the cascade than any of the counters receiving feed- 
back. It is the purpose of this paper to analyze the 
cascade having any feedback arrangement introducing 
additional pulses and to show that, for a given count, 
a feedback connection pattern can be found that results 
in a least number of required connections. 


THE GENERAL PATTERN 


Consider a cascade of binary counters numbered one 
to n, beginning at the input end of the cascade. There 
are s feedback connections. The problem is to determine 
the count, P. 

If there were no feedback, the number of pulses re- 
quired at the input of the pth counter to generate one 
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Fic. 1. General pattern. 


1H. Lifschutz, Phys. Rev. 57, 243 (1940). 

2 J. T. Potter, Electronics 110 (June 1944). 

31. E. Grosdoff, RCA Rev. 438 me grry 1946). 

‘ F. E. Spaulding, Jr., and R. L. Rod, RCA Rev. 567 (December, 
1949). 

5 B. Gossick, AEC Report AECU-16 (June 21, 1948). 


cascade output pulse would be 
P,=2°P,, 


where P, is the number of pulses required at the input 
of the gth counter to generate one cascade output pulse. 
Now, each time a feedback pulse appears at the input 
of a particular counter, the number of pulses required 
from the preceding output to generate one pulse at the 
output of the cascade is reduced by one. The number 
of pulses appearing at the output of an rth counter, per 
cascade output pulse, is 2-'P,. A feedback connection 
from the output of the rth counter to the input of the 
pth counter will therefore reduce the number of pulses 
required from the output preceding the pth counter to 


P,/ =2*-?P,—2P,. 


The count for the cascade with multiple feedback con- 
nections is determined in this way. 

Number in order, one to s, beginning at the input end 
of the cascade, the counter inputs to which feedback 
connections are made. Then, a, is defined as the number 
of the counter whose input is a terminal of the th feed- 
back connection. (See Fig. 1. Note that it is possible 
for aj=a,; i.e., that a particular counter input may 
receive more than one feedback connection.) Similarly, 
b, is defined as the number of the counter whose output 
is a terminal of the kth feedback connection. The only 
condition imposed is that b,>a,. If Pa, is defined as 
the number of pulses required, at a point in the cascade 
just preceding the kth feedback input connection, to 
generate one cascade output pulse, then 


Pa= Qekti— ek Poy — 22t-bk-1 Pa), (1) 


where a; is the next counter following 5, to which a 
feedback input connection is made. The first term in 
Eq. (1) is the number of pulses required at the input 
of the a,th counter; the second term is the number of 
pulses fed back from the output of the d,th counter. In 
order that Pa, may be calculated from Eq. (1), we define 


d41=n+1, 
PryiX= 1, 
and when no input connection follows by, a1= 441. It is 


now possible, starting with Pa,, to calculate all Pa, and, 
therefore, Pa;. But the total count is 


P=22"Pa, (2) 


which was to be found. 
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Thus, for the general pattern it is necessary to calcu- 
late P from a knowledge of the particular a,’s and b,’s 
by means of Eqs. (1) and (2). In two special cases, how- 
ever, Eqs. (1) and (2) can be combined to yield an 
immediate general result for P. 


THE SHIELDED OR PROGRESSIVE PATTERN 


Consider a cascade with feedback connections ar- 
ranged in either of the patterns of Fig. 2. This arrange- 
ment corresponds to 


b> as, 
aq=n+1. 
Then, from Eq. (1), 
Pa= 2akti—ek Pay — 27->k, (3) 


Using Eq. (3) as a definition, it can be proved by 
induction that 


r 
Pa.= Qekt+r—sk Pay, -— Qn-4k > Dak+i—1—bk+i-1 


i=1 


from which, if k=1, r=s, 


8 
Pay=2"+1-21— 22-01 1» Jai—bi 
i=1 


= 2nti—a1(4 a pm 2ee-be-1) 
i=l 
But, from Eq. (2), 


P=2"(1— 5 20-0), (4) 


i=1 
The result shows that, as long as b,>a,, the total 
count is independent of the relative positions of the 
feedback connections and depends only upon the num- 
ber and magnitudes of the differences b;—a;. Equation 
(4) is a more compact form of an equation given by 
Gossick,® who shows that the shielded pattern is indeed 


capable of producing any integral count between 2"— 
and 2", 


THE ISOLATED PATTERN 


Consider a cascade with connections arranged in the 
pattern of Fig. 3. This arrangement corresponds to 


be <4, 
and 


a> A441. 


Then, from Eq. (1), 


Payg= (20k+1-2k— 22kt+1—bk-1) Pg, 
_ 2ant1(2—ok— 2-1) Paps. 


As before, it can be proved by induction that 


Pap= Papyy Il 2k+i(2—ekti-1— 2 dk+i-1-1) 
i=1 


























LO-O+0e 


Fic. 2. Shielded and progressive patterns. 
from which, if k=1, r=s, 
Pa= II 201+6( 2-21 — 2-bi-1) | 
i=1 
But, from Eq. (2), 


P=2¢-1 Il 21+i(2-21 — 2-*:-1) 
i=] 
=n Il 224(2-41— 2—b:-1) 
i=1 


P=2"T] (12%), (5) 


Note the formal similarity between Eqs. (4) and (5). 
As in the case of the shielded pattern, the total count 
is independent of relative positions of the connections 
(this fact could be inferred from the sequential form of 
the pattern) and depends only upon the number and 
magnitudes of the differences b;—a;. A disadvantage is 
the impossibility, in general, of obtaining a count equal 
to every integer between 2" and 2”; for, since (5) can 
be expanded as 


P=2¢(24—1)(2¢—1)-+-(24—1), 


where c+d+:---+h=n, every prime factor of the given 
count must either equal 2 or be capable of representa- 
tion by 2*—1, else the isolated pattern will not serve. 
For example, suppose n= 3. Then counts of 8, 7, and 6 
are available, but 5 cannot be obtained without shielded 
pattern connections. On the other hand, for certain 
particular counts the isolated pattern has the advantage 
of requiring fewer connections than the shielded pattern. 


EXAMPLES 


The primary purpose of this paper has been to de- 
velop the analysis of any given feedback arrangement. 
Synthesis of a connection pattern to produce a particu- 








Fic. 3. Isolated pattern. 
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lar count with the least number of connections is a more 
difficult task; a definite procedure for synthesis that 
will result in an absolute minimum number of connec- 
tions has not been found. However, the following nu- 
merical illustrations will show that, in general, several 
patterns are suitable for a particular count and that 
one of these will require a least number of connections. 

(A) P=25. Factored, P=(5)(5). Since 5 cannot be 
represented by 2*—1, the isolated pattern cannot be 
used. For the shielded pattern, with n=5, 

2eter—bi-l as 4 2, 1 
so that 
b;—a,;= 2, 3 4. 
Suitable feedback connections are, therefore, stages 5 
to 3, 5 to 2, and 5 to 1. 

(B) P=18. Factored, P=(2)(3)(3) and can be real- 
ized with either pattern. For the shielded pattern, 
with n=5, 

2ntai-bi1— 8 4 2, 
and three feedback connections are required. For the 
isolated pattern, since only two factors do not equal 2, 
only two connections are required. 


ZADEH 


(C) P=35. Factored, P=(5)(7), and the isolated 
pattern cannot be used. For the shielded pattem, 
with n=6, 


2nt+ai-bi-1= 16, 8 4, 1, 


thus requiring four feedback connections. But if the 
factors are treated separately, using the shielded pattern 
for 5 and a single feedback connection for 7, the total 
count will be achieved with only three feedback cop. 
nections: stages 6 to 5, 6 to 4, and 3 to 1. 

(D) A connection from the output of the last counter 
in a cascade to the input of the first, if such a connection 
does not already exist, will always reduce the total 
count by one. This fact is useful in the example P=17, 
The isolated pattern cannot be used. For the shielded 
pattern, with 2=5, 


Qm+ei-bi1— 8 4 2.1, 


and four connections are required. But it has been 
shown in example (B) that a count of 18 is obtainable 
with two isolated pattern connections. The addition of 
a connection from stage 5 to stage 1 will reduce this 
count to 17. 
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Initial Conditions in Linear Varying-Parameter Systems 
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The problem considered in this paper is that of determining the response of an initially excited linear 
varying-parameter system to a given input. Mathematically, this problem reduces to solving a linear dif- 
ferential equation (with time-dependent coefficients) subject to prescribed initial conditions. It is shown 
that these conditions may be satisfied by superposing upon the given input a linear combination of delta- 
functions and treating the system as if it were initially at rest. Based on this fact and employing the concept 
of a system function, a general and yet simple expression for the response is developed. The result is 
similar in form to that obtained by the use of conventional laplace transformation techniques in the case of 
a linear differential equation with constant coefficients. 


INTRODUCTION 


NE of the basic problems in the analysis of linear 

varying-parameter systems is that of determining 

the response of a system to a given input. In general, 

this problem reduces to solving a differential equation 
of the form, 


L(p; t)o(t)= K(p; t)u(d), (1) 


where p=d/dt, L(p;t) and K(p; ¢) are polynomials in 
p with time-dependent coefficients, u(?) is the given 
input, and 2(¢) is the response to u(t). For convenience, 
the input «(f) is usually assumed to start at =0. The 
problem is then to find the response to u(t) subject to 
initial conditions on o(¢) and its derivatives at ‘=0+-. 
For the case where the system is initially at rest, 


the response can be expressed in a simple form, 
t 
= f WU, Duce, a) 
0 


where W(t, £) represents the impulsive response! of the 
system, that is, the response at /=¢ to a unit impulse 
(Dirac’s delta-function) applied at ‘=. 

An equivalent and frequently more convenient repre- 
sentation?* for the response is 


v(t) = £1 { H(s; t)U(s)}, (3) 


1L. A. Zadeh, J. Appl. Phys. 21, 642 (1950). See this reference 
for the relation between W(t, £) and Green’s function G(é, £). 

?L. A. Zadeh, Proc. Inst. Radio Engrs. 38, 291 (1950). 

3L. A. Zadeh, J. Appl. Phys. 21, 1171 (1950). 
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where U(s) is the laplace transform of u(t); H(s; t) de- 
notes the so-called system function, which is a function 
such that H(s; t)e** is the steady-state response of the 
system to e**; and £~' represents the operation of in- 
verse laplace transformation (treating the variable / 
in H(s; ¢) as if it were a constant parameter). The ex- 
pression for H (s; 2) in terms of W(t, £) and vice versa, 
can readily be obtained by applying Eq. (2) to the 
case where u(/)=e*t. These expressions are given in 
reference 1. 

For the case where the system is not at rest prior 
to =0, the available representation‘ for the response 
is both unwieldy and impractical. The purpose of this 
paper is to present a simple and general expression for 
the response based on the use of the frequency domain 
approach described in references 2 and 3. This approach 
is essentially a generalization of the familiar laplace 
transformation technique which is commonly used in 
connection with linear differential equations with con- 
stant coefficients. 


GENERAL THEORY 


As a preliminary to examining the case of linear 
varying-parameter systems, it will be useful to review 
briefly the standard laplace transformation procedure 
used in connection with constant-coefficient equations. 

Consider a constant-coefficient differential equation 
of the form 


(a,p"+ ---+ai1p+ao)o(t)= u(t), (4) 


or, more compactly, 


L(p)o(t)=u(d), (5) 


where u(#) is a given function of time which vanishes 
for <0. The response v(¢) is assumed to be subject to 
the initial conditions 


v”(0)=v,, v=O0,1,2,---, n—1, (6) 


where v, represents the specified value of the vth de- 
rivative of v(f) at =0 (more precisely, at ‘=0+). 

The first step in the standard procedure consists in 
transforming both sides of Eq.. (4). In this, use is made 
of the basic relation 


Li prv(t)} =s"V(s)—Qn(s), (7) 


where V(s) is the laplace transform of v(t) and Q,,(s) 
is the polynomial 


Qm(S)= 5" 9+ 5" 01+ + + ++ m—1. (8) 
By means of this relation, Eq. (5) becomes 
L(s)V(s)=U(s)+AU(s), (9) 


where U(s) is the laplace transform of u(t) and AU(s) 
is the polynomial 
AU(s)=4nQn(S)+@n-10n—1(S)+ +++ +010,(s), (10) 


_‘E. L. Ince, Ordinary Differential Equations (Dover Publica- 
tions, New York), p. 256 ef seq. 


or more explicitly, 


AU(s) = 4,V9S" "+ (An03+ An—1¥9)S* 7+ tee 
+ (GnIn_rt + +++ a201+41%). (11) 


Solving for V(s), we have from Eq. (9) 
V(s)=[1/L(s) ]LU(s)+AU(s)], (12) 
and from this o(¢) is obtained by inverting V(s): 
v(t) = £“{[1/L(s) ]LU(s)+AU(s) J}. (13) 


This, in brief, is the procedure commonly used in solv- 
ing Eq. (4) when o(¢) and its derivatives are subject to 
specified initial conditions at ‘(=0+. 

The polynomial AU(s) in Eq. (13) represents the 
laplace transform of a linear combination of delta- 
functions, 


Au(t) = anv05—? (L)+ (Gnd t+ dn—i00) 5 (t)+ «+ - 
+ (GnVn-1t + + + +201 +4100) 5(t), (14) 


where 6(¢) denotes a unit impulse at ‘=0, and 6(t) 
denotes a delta-function of vth order, i.e., the vth 
derivative of 6(t). This fact, in conjunction with Eq. 
(13), leads to a well-known interpretation of Eq. (13), 
which may be stated in the following form: 

The response to a given input of a fixed linear system 
which is in a specified excited state at t=0+-, is the same 
as the response of the system at rest to a modified input 
consisting of the given input and a linear combination of 
delta-functions of various orders. This combination is such 
as to produce at t=0+ the specified values of v(t) and its 
derivatives. 

In so far as the preceding discussion is concerned, 
the above statement is simply an interpretation of Eq. 
(13) which holds only for fixed systems. It turns out, 
however, that the statement holds true not only for 
fixed systems, but also for linear varying-parameter 
systems. Moreover, it will be seen that for such systems 
the expression for Au(t) is almost exactly the same as 
that given by Eq. (14). This fact furnishes the key to 
the derivation of a simple general expression for the re- 
sponse to a given input of an initially excited linear 
varying-parameter system. 

Turning to variable systems, we shall assume for 
convenience that the differential equation (1) connect- 
ing the input and output of the system is of the form, 


L(p; t)o(t) = u(t), (15) 


or more explicitly 


Lan(t)prt+ ---+arlt)ptac(!) o()=u(t), (16) 


where the coefficients ao(¢), ai(/), ---, an(t), are specified 
functions of time. This assumption implies that the 
right-hand operator K(p;?¢) appearing in Eq. (1) is 
equal to unity. This does not entail any loss in gen- 
erality, for when K(p;?) is different from unity, the 
right-hand member in Eq. (15) may be regarded as the 
result of operating with K(p; 7?) on the given input. As 
will be seen later, the results obtained on the basis of 
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the assumption that K(p;?#)=1, can readily be ex- 
tended to the case where K(p; ¢) is different from unity. 

As is well known, the standard laplace transforma- 
tion procedure outlined previously is not directly ap- 
plicable to Eq. (16), for in transforming both sides of 
Eq. (16) it is necessary to deal with expressions of the 
form, 


Ll an(t)p"v(t)}, (17) 


which, in general, cannot be expressed explicitly in 
terms of V(s). Thus, the transformation of both sides 
of Eq. (16) is not the proper approach to the solution 
of the problem. 

Consider instead the possibility of satisfying the 
prescribed initial conditions by superposing upon the 
given input a linear combination of delta-functions of 
various orders. Assume, for simplicity, that the system 
is of the second order; i.e., m= 2. It is sufficient to con- 
sider this special case, inasmuch as there is no essential 
difference between this case and the general case. 

For a second-order system, Eq. (16) reads 


[a2(t)p?+-ai(t)ptao(t) ]o(t)=u(2), (18) 


and the initial conditions are of the form, 


v(0+)=2 (19) 
and 
v(0+-) =. (20) 


The required combination of delta-functions is as- 
sumed to be of the form, 


Au(t)=od(t) +8 (0), (21) 


where the constants wo and y; are to be determined in 
such a manner as to satisfy Eqs. (19) and (20). 

Let W(t) denote the response of the system at rest 
to 6(/), and let, similarly, W,(¢) denote the response to 
6(t). Then, 


[ao(t) p?+a1(t)p+ao(t) |Wo(t) = 6(0) (22) 


[ao(t)p?+ai(t)ptao(t)JWi(=6(). (23) 


Furthermore, let Wo(0), Wo’(0), and W,’’(O) represent, 
respectively, the initial values of Wo(¢) and its first 
two derivatives (at =0+-). Similarly, let W1(0), W1’(0), 
and W,’’(0) represent the initial values of W(?), W1'(d), 
and W,’’(t). In the neighborhood of ‘=0+, we have 


W(t)=W.(0), (24) 

pW o(t) = Wo(0)5(t) + Wo'(0), (25) 

PW o(t) = W(0)56 (+ Wo’ (0)5()+Wo"(0), (26) 

and three similar equations in which the subscript 0 
is replaced by 1. 

In the neighborhood of ‘=0+-, the three terms con- 

stituting the left-hand member of Eq. (22) reduce to 


those expressed by Eqs. (24)-(26). Substituting these 
into Eq. (22) and transferring all terms to the left-hand 


and 
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side, we have 


[a2(0)Wo(0) ]6™ (2) + [a2(0)W 0’ (0) 
+4,(0)W(0)—1J6(4)+[2(0)W0’’(0) 
+4;(0)Wo'(0)+40(0)Wo(0)]=0. (27) 
In a similar manner, Eq. (23) leads to: 
La2(0)W1(0)—1]6™(4)+[a2(0)W1'(0) 
+a,(0)W,(0) ]6()+[a2(0)W1" (0) 
+a;(0)W1'(0)+a(0)Wi(0) J=0. (28) 
Setting the quantities inside the brackets in Eqs. (27) 


and (28) equal to zero, we obtain a set of linear equa- 
tions in W,(0), W,'(0), etc., 


W,(0)=0 (29) 
a2(0)W'(0)+-a1(0)Wo(0)—1=0 (30) 
a2(0)W 0" (0)+-a1(0) Wo’ (0)+-a0(0) Wo(0) =0; (31) 

and 
a2(0)W,(0)—1=0 (32) 
a2(0)W1'(0)+a1(0)W1(0) =0 (33) 


a2(0)W1’(0)+41(0)W1'(0)+a0(0)W1(0)=0. (34) 


From these equations it is readily found that: 


W,(0)=0 (35) 
Wo'(0)=1/a2(0), (36) 
and 
W,(0) = 1/a,(0) (37) 
Wy'(0) = a;(0)/a27(0). (38) 


Now, the initial value of the response to Au/(é) [see 
Eq. (21) ] is 


uoW o(0)+u1W (0), (39) 
while that of the derivative of the response to Ax(t) is 
poW o'(0)+uiW (0). (40) 


Setting these values equal to v and 2, respectively, 


and making use of Eqs. (35), (36), (37), and (38) re- 
sults in the following equations in the unknowns po 
and wy: 


bi /a2(0) =U (41) 
and 
[40/a2(0) ]— a;(0)u1/a27(0) = 1. (42) 
Solving these equations, we find 
Ho= 42(0)21+4(0) 00, (43) 
and 
f= a2(0)v. (44) 


Hence, the expression for Au(t) [see Eq. (21) ] reduces to 
Au(t) = a2(0)005 (t)+ La2(0)01+41(0) 00 ]6(2), (45) 


which is the desired result. By using the same procedure 
as above, we may readily show that the general ex- 
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INITIAL CONDITIONS IN LINEAR 


pression for Au(t) (for an mth order system) is 


Au(t)=an(0)005"— ()+[an(0)r1 
$dq-1(0)00 8° ()-+---+[an(O)oeat s+ 

+ a2(0)01+41(0)00 J5(2). (46) 
Thus, it may be concluded that: 
- ‘The specified initial values of v(t) together with its first 
n—1 derivatives, may be obtained by superposing upon 
the given inpul® the combination of delta-functions given 
by Eq. (46) and treating the system as if it were initially 
at rest. 

It will be noted that the expression for Au(?) given 
above differs from the corresponding expression in the 
case of a fixed system [see Eq. (14) ] only in that a, is 
replaced by a,(O), i.e., by the value of the coefficient 
a,(t) at t=0. This, of course, is to be expected, since 
over an infinitesimally small interval in the neighbor- 
hood of =0, a variable system behaves essentially 
like a fixed system. 

By means of the result obtained above, the deter- 
mination of the response to a given input of an initially 
excited linear system defined by Eq. (15) is reduced to 
finding the response of this system at rest to a modified 
input consisting of the given input and Aw(?). For this 
purpose one may use either Eq. (2)—which involves 
the impulsive response of the system—or, more con- 
veniently, Eq. (3)—which involves the system func- 
tion H(s; ?). 

First, consider the use of Eq. (2). Denoting the modi- 


' fied input by u’(?) and the given input by u(¢), we have 


u’(t)=u(t)+ Au(e), (47) 
where Au(t) is given by Eq. (46). 
Substituting the modified input into Eq. (2), we 
obtain 


= f "Wi, Dul@de+ J “Wh DAule)de. (48) 
By use of _ well-known identity 
[es @ae- (170), 49) 
Eq. (48) tien to the following expression 
x)= f W(t, Dulg)det {(—1)a4(O)e 


Xo" W(t, &)/d&"* J+ (—1)**La,(0)21 
+4n1(0)v0 LO" W(t, &)/0E"* J+ ---+[Lan(O)on-1 
+ ++++-a2(0)01+41(0)00 W(t, —)} e041, (50) 


It is tacitly assumed here that the given input is bounded in 
the neighborhood of ¢=0, in which case it does not affect the 
initial values of v(é) and its first n— 1 derivatives. In case the given 
input contains delta-functions (at #=0), these delta-functions will 
affect the initial values of v(t) and its derivatives, and hence they 
should be considered as part of Au(t). This means, more precisely, 
that the expression for Au(#) as given by Eq. (46) should be modi- 
fied by subtracting from it the delta-functions (at #=0) contained 
in the given input. 
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which is the desired result. It will be observed that the 
first term in this expression is the response of the sys- 
tem at rest to the given input, while the remaining 
terms, involving the derivatives of the impulsive re- 
sponse, account for the effect of the initial excitation of 
the system. 

Next, consider the use of Eq. (3). In terms of the 
modified input, Eq. (3) reads 


v(t)=£"{ H(s; t)U"(s)}, (51) 


in which U’(s) is the laplace transform of u’(t) [see 
Eq. (47) ]. Thus, 


U"(s)=U(s)+AU(s), (52) 
where AU(s) is given by 


AU(s)=a,(0)09s"""+[a,(0)01 
+an—1(0) 9 |s"?-+ niga +[a,(0)o,-1+ iigney 
+42(0)2:+41(0)x]. (53) 


Note that the expression for AU(s) is the same as that 
obtained previously [Eq. (11) ], except that a, is re- 
placed by a,(0). 

For the differential equation under consideration 
[Eq. (15) ], the system function H(s; 1?) is the inverse® 
of L(s;¢), which is denoted by L~(s; ¢). Thus, the ex- 
pression for v(¢) becomes 


v(t) = £7{L-(s; )LU(s)+AU(s)]}}, (54) 


where AU(s) is given by Eq. (53). 

The above relation constitutes a generalization of 
Eq. (13). It will be noted that the expression for the 
response of an initially excited variable system is of 
the same form as that of a fixed system, the only essen- 
tial difference being that the factor 1/L(s) in Eq. (13) 
is replaced by the factor Z~(s; 7?) in Eq. (54). For a 
fixed system, the inverse of L(s) is equal to the re- 
ciprocal of L(s), and thus Eq. (54) reduces to Eq. (13). 

It is of interest to note that Eq. (54), despite its 
similarity with Eq. (13), cannot be obtained by using 
the conventional laplace transformation technique. The 
proper approach, as is shown in this paper, is to use 
the concept of a system function and the fact that the 
prescribed initial conditions can be satisfied by super- 
posing upon the given input a linear combination of 
delta-functions. 

When the expression for AU(s) [Eq. (53) ] is substi- 
tuted into Eq. (54), there results a rather long and 
cumbersome expression for v(/). The resultant expres- 
sion for v(¢) can be put, however, into a compact form 
by using an operator fp in a manner similar to that 
employed by Moore’ in connection with fixed systems. 
This operator is defined by the relation 


po™v=0™)(0+), (55) 


6 See reference 3. The inverse of L(s;t) is denoted by L~(s; #) 
and is the steady-state solution of the differential equation 
L(p+s; )L-\(s; t) =1. 

7J. R. Moore, J. Appl. Phys. 21, 933 (1950). 
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which means that o"v represents the initial value of 
the mth derivative of v(/). With this notation, it can 
readily be verified that the polynomial Q,,(s) appearing 
in Eq. (8) may be expressed as 


an(E) 


Substituting this in Eq. (10), we find the expression for 
AU(s) in the case of a fixed system to be 


S"— po” S— po 
AU()=a4( yet . +a/( )s (57) 
S— Po S— po 


which simplifies to 











L(s)—L(po 
(s) o. (58) 


AU =| 

S— Po 
Thus, the expression for AU(s) in the case of a fixed 
system [Eq. (11) ] may be replaced by the compact 
expression given above. But, since the expression for 
AU(s) in the case of a variable system [Eq. (53) ] is the 
same as that for a fixed system, it follows that Eq. 
(53) may similarly be replaced by the compact ex- 
pression, 





L(s;0)—L(po; "] 
v. 


S— Po 


AU(s)= | (59) 


By use of this result, the general expression for v(t) 
assumes the following form: 


v(t) = 2 I-\(s; | U(s) 


L(s;0)—L(po; 0 
+( (s;0)—L(p *)e]|, (60) 
S— Po 


where, to recapitulate, U(s)=laplace transform of the 
given input u(t), L(p;?)=left-hand operator in Eq. 
(16), po"v= initial value of the mth derivative of v(?) 
(at t=0+), L—(s; t)=inverse of L(s; t), and £-'=the 
operation of inverse laplace transformation. In per- 
forming this operation the variable ¢ in Z~'(s; ¢) should 
be treated as if it were a constant parameter. 

It is important to note that the expression for AU(s) 
[Eq. (53) ] was derived under the tacit assumption 
that the right-hand member in Eq. (15) does not con- 
tain any delta-functions at ‘=0 (see footnote 5). In 
case the contrary is true, the delta-functions in ques- 
tion must be subtracted from the expression for Au(?). 
A situation of this kind arises whenever the operator 
K(p; 4) in Eq. (1) is not equal to unity. In such cases 
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the right-hand member in Eq. (15), which is in effeg 
the result of operating with K(p; ¢) on the given input, 
will in general contain some delta-functions owing tp 
the discontinuities in u(#) and its derivatives at =( 
It can readily be shown that the laplace transform of 
these delta-functions is of the same form as AU(s), 
except that L(s;?¢) is replaced by K(s;¢) and » by x, 
When this transform is subtracted from AU(s), the 
explicit expression for v(¢) assumes the following form: 


v(t) = £"'{ H(s; )U(s)} 


 F L(s;0)—L(po; 0 
+ Gs; al ( G 7 ‘). 
5— Po 


K(s; 0)—K (po; 0) 
(KAO 
S— po 


where H(s;¢) is the system function* of the system 
defined by the relation L(p; ¢)v(t)= K(p; u(t) ; L-(s;1) 
is the inverse of L(s; ¢); u(t) is the given input; U(s) is 
the laplace transform of u(t); and pou is the value of 
the mth derivative of u(t) at t=0+. The remaining 
symbols have the same significance as in Eq. (60). It 
will be noted that the first term in Eq. (61) represents 
the response of the system at rest to the given input 
u(t), while the second term represents the effect of 
initial conditions. It will also be noted that for 
K(p; t)=1, Eq. (61) reduces to Eq. (60). 

The system function H(s;?¢) in Eq. (61) is related to 
the inverse of L(s;¢) and the right-hand operator 
K(p; t) by the operational relation, 


H(s;t)=L-(p+s; t)K(s; 4), (62) 


in which s plays the role of a parameter. In the case of 
a fixed system, Eq. (62) reduces to the familiar ex- 
pression, 








H(s)= K(s)/L(s). (63) 


Equation (61) constitutes a general expression for 
the response of an initially excited linear varying- 
parameter system to a given input. For a fixed system, 
Eq. (61) reduces to 


v(t) = £{ K(s)U(s)/L(s)} 


| 1 [ o) 
+L v 
L(ISL\  s—po 


J eae ai 
S— Po 


which is equivalent to the result given by Moore.’ 





® In this case H(s; t) is the steady-state solution of the differen- 
tial equation L(p+s; t)H(s; t)=K(s; 2). 
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fect Behavior of the Resistance Ignitor in Mercury* 

Put, W. W. Ricropt 

8 to Lamp Division, Westinghouse Electric Corporation, Bloomfield, New Jersey 

f=0, (Received November 20, 1950) 

Mm of 

J (3), An empiric expression has been derived for the probability of arc striking per unit time, per unit length 

yuse of contact perimeter, for a resistance ignitor in a mercury-pool tube: p’=k(E—Eo)*/p*, where k and Eo are 
the constants, E is the “useful” electric field strength near the mercury surface, and p the resistivity of ignitor 

orm: material at the junction with the mercury. 


From the foregoing, a formula has been established for the probability of ignition per unit time, for the 
entire ignitor, in terms of the applied voltage v and ignitor “firing resistance” R. With this formula, whose 
two arbitrary constants can be determined by two sets of measurements, the firing voltage of any ignitor 
can be predicted under a wide variety of circuit conditions, provided R remains unchanged under these 
conditions. 

The probability formula was found to be consistent with a modification of a theory advanced by L. Tonks, 
whereby mercury surface distortion and rupture permit field emission at field strengths less than those 
effective for smooth surfaces. The modification attributes the reduction in ignitor firing voltage by ignitor 

(61) current to its extremely localized ohmic heating of the mercury. This heating reduces the surface tension 
and roughens the mercury surface, thereby accelerating the process of surface rupture by the electric field. 
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we EVERAL physical theories!* have been advanced = the — gs of bo ree 
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)). It sonar hg gpreengpens = mene © ay taney sition, but differing resistivities. Their firing char- 
math has led to any generalized formula which agrees en- P° ’ 8 : & 


nat tirely with the experimental data of ignitor performance. acteristics are measured using an “anode-firing circuit,” 

oa A formula of this nature could be quite useful, both to pa a of sd 60-cy cle, 220-volt rms supply ’ and “ 
designers and users of ignitron tubes. It might be used resistive oad in series with a thyratron and the ignitor. 

to predict ignitor performance under widely differing This circuit and Ge Ama procedure have been fully 

ail 0 circuit conditions, merely from the results of a few poate ge elsewhere. bes penser — A 

key measurements. In addition, it might throw some and the “maximum firing Current” / are measu 

light on the physical processes involved in ignition of 

the low pressure cold-cathode mercury arc. 

(62) This paper describes the results of a search for such 200 

a generalized formula. The procedure is heuristic: | 

empiric relations are first surmised, then tested for 

mathematical and physical plausibility, consistency 

(63) with published experimental data, and finally with the 
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results of fresh measurements differing in nature from 6 
n for those on which the empiric relations were based. In a 3 
ying- concluding section, various theories of the ignitor 5 
stem, mechanism are evaluated by their compatibility with $ 
the empiric formula. FH: fl 
1, PUBLISHED DATA ON IGNITOR FIRING 3 


Under seemingly identical conditions, an ignitor | 
rarely fires repeatedly with the same voltage. Over a 
sufficiently long interval, moreover, the distribution of 4 
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firing voltages appears to be time-independent. For 








(64) * Part of a thesis submitted to the Faculty of the Graduate ee ee eT 
School of the Polytechnic Institute of Brooklyn, in partial fulfill- | | 
ment of the requirements for the degree of Doctor of Electrical | a 
7 Engineering. ° 10 20 36 
heree- Ph naa at Bell Telephone Laboratories, Murray Hill, New MAX. FIRING CURRENT, AMPERES 
2 oro eae ou Ludwig, Trans. Am. Inst. Elec. Engrs. Fic. 1. Typical variation in firing characteristics of sintered 
* Georg Mierdel, Wiss. Veréffentl. Siemens-Werken 15-16, Fy RS SPE Ey eee eer ae 
35 (1936-7). *D. E. Marshall and W. W. Rigrod, Electronics 20, 122-6 
*E. G. F. Arnott, J. Appl. Phys. 12, 660-669 (1941). (May, 1947). 
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Fic. 2. Variation of maximum firing voltage with rate of 
rise of applied voltage. (Reference 5.) 


separately with a peak voltmeter, by adjusting it so 
that its setting is barely greater than the greatest firing 
voltage or current occurring in a period of 30 seconds. 
The probability that the ignitor requires more than the 
recorded voltage (or current) to fire, then, is less than 
1 in 1800, the number of firing cycles in that interval. 

As a result of numerous tests of this kind, it has been 
found that plotted points whose coordinates are V and 
I for each ignitor tend to fall within a curved band. 
Figure 1 shows a typical set of measurements on “hot- 
pressed” ignitors, made of sintered boron and boron 
carbide particles. E. G. F. Arnott* has published a 
similar graph for “‘converted-type” boron carbide ig- 
nitors, produced by exposing graphite rods to a heated 
atmosphere of boron oxide (Fig. 5 of reference 3). 

Owing to fluctuations in the mercury level at the ig- 
nitor, the coordinates V and J of each point, which are 
measured separately, may not correspond to the same 
immersion depth. Moreover, the ignitors may differ 
slightly from one another in dimensions, surface rough- 
ness, average immersion depth, and the cleanliness of 
the mercury surface at the time of each test. It seems 
reasonable to infer, therefore, that a relation between 
V and J exists, which closely resembles the function 
represented by the average curve drawn through each 
cloud of plotted points. 

When the ignitor current and voltage are simul- 
taneously displayed on an oscilloscope screen, it is 
found that the trace is a straight line whose slope 
changes each cycle, but remains within a small range. 


W. RIGROD 


This means that the ignitor behaves like a resistance 
whose value changes each cycle. Rather than char. 
acterize each ignitor by its average resistance, it js 
convenient instead to define its “firing resistance” as 
R=V/I. Then, if the functional relation between y 
and J were correctly surmised, it could be restated in 
the form of a relation between V and R, which might 
be more convenient to test by curve-fitting. 

Before inquiring into the relation between V and R, 
however, another type of experimental data needs to 
be considered. D. E. Marshall® has obtained a series of 
simultaneous measurements of V, J, and the firing time 
T, measured from the voltage zero to the maximum 
firing voltage V. By discharging a condenser through 
an inductance, Marshall was able to apply ignitor 
voltages with constant rates of rise, the wave form 
resembling a right triangle. The rate of voltage rise 
could be varied by altering the inductance and the 
initial condenser voltage. Two sets of measurements 
were taken on a single welder-service ignitor, of the 
sintered type: (a) at about 3 percent duty, with 6 
seconds between firing’ bursts; and (b) at continuous 
duty (60 cps). 

Marshall’s data has been replotted in Figs. 2 and 3 
in somewhat changed form. Using a= V/T for the tri- 
angular waveform, and R=V/I, we have replaced T 
and J by a@ and R. In Fig. 2, the relation between 
V and ais shown, for intermittent and continuous duty, 
respectively. In Fig. 3, the relation between R and V 
for each set of measurements has been plotted. 

Figure 3 shows that R remained nearly constant 
throughout the intermittent-duty test. Figure 2 shows 
that the firing voltage is strongly affected by changes 
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Fic. 3. Variation of R with V during test of Fig. 2. 


5D. E. Marshall, Trans. Am. Inst. Elec. Engrs., Tech. Paper 
47-624 (September, 1947). 
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BEHAVIOR OF THE RESISTANCE 


in a even when R is nearly constant. Thus V is a func- 
tion of both a and R in a given tube and circuit. 

The smooth average curves of Fig. 1 and of Fig. 5, 
reference 3, appear to resemble hyperbolas: 


(V—V.)(I—Io) =constant, (1) 


where Vo, Jo are constants. A line drawn from any 
point on such a curve to the origin would have a slope 
equal to the firing resistance R. When R is infinite, the 
ignitor is equivalent to an open circuit, or J=0. This 
means that the constant Jp must be zero. Using J= V/R, 
(1) may then be written, generally, 


(V—V>)(V—V)/R=constant. (2) 
Suppose Vi= Vo. Then it follows that 
(V—V,)?/R=constant. (3) 


Inasmuch as R and a@ are independent variables of 
V, the relation between V and R can be established only 
when a is held constant. In the anode-firing tests, 


a= (de/dt)R/(R+R,), (4) 


where R, is the total circuit resistance in series with 
the ignitor, and de/dt the rate of rise of supply voltage. 
In the usual firing interval, less than 30 electrical de- 
grees, de/dt is nearly constant and equal to its value at 
the voltage zero. From (4) it would seem that a is con- 
stant only for R considerably greater than R, (about 
7 ohms). 

The simplest modification of (3) which suggests it- 
self is that the relation between V and R is the same as 
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Fic. 4. Maximum firing voltage as function of firing resistance. 
Data of Fig. 1 and reference 3, Fig. 5. 
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Fic. 5. Curve-fitting for data of Fig. 2, at 3 percent duty. 
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(3) when a@ is constant: 
(V—Vo)?/R= f(a). (S) 


To test this guess, two simple trial functions may be 
used for f(a): a and a: 


V=VotCyaR}, (6) 
V=Vo+CratR}. (7) 


The coordinates of the average curves of Fig. 1 and 
of reference 3, Fig. 5, have been replotted in accordance 
with (6) and (7), and shown in Fig. 4. In all cases, the 
curves are very close to straight lines. This means that 
the variation in a was too small during these tests to 
influence the linear relation between V and R? or to 
permit identification of f(a) and that (5) is an ade- 
quate representation of the data. 


2. DERIVATION OF A PROBABILITY FUNCTION 


The first published attempt to describe ignitor per- 
formance in terms of probability functions is due to 
W. G. Dow and W. H. Powers,® as follows: 

Let p be the probability of ignition per unit time, 
and ¢ the time delay, measured from the instant of 
application of ignitor voltage. Then pdt is the proba- 
bility of ignition within any time interval dt. If P be 
the probability that ignition occurs later than ¢ seconds 


*W. G. Dow and W. Powers, Trans. Am. Inst. Elec. Engrs. 
54, 942 (September, 1935). 
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Fic. 6. Curve-fitting for data of Fig. 2, at 100 percent duty. 


after voltage application, it follows that 
—dP=Ppdt, (8) 


this being the probability that ignition will not take 
place until ¢ seconds have passed, but will occur in dt 
seconds immediately thereafter. Integrating (8), and 
using the condition that P=1 when t=0, one obtains 


InP=— f ‘pdt (9) 


By putting P=4, Dow and Powers defined ‘=¢,, the 
“median firing time.” When # is a function of the ap- 
plied voltage v(¢), the integral in (9) may be evaluated, 
and a relation between ¢,, and the voltage amplitude 
found. The authors found that their experimental data 
could be represented approximately in this manner, 
when the probability function had the form 


p= (1/t)exp(v/Vo), (10) 


where f, Vo are arbitrary constants. However, the 
authors were aware that this was not the correct ex- 
pression, as it does not show that p approaches zero 
when the step voltage approaches some lower limit. 

Following the procedure of Dow and Powers, it 
should be possible to derive the correct form of the 
probability-density function , using the following 
criteria : 

(a) As the applied voltage v decreases, P must ap- 
proach unity or p must approach zero. 

(b) As » approaches infinity, P approaches zero, 
that is, ignition must occur “instantaneously.” This 
means that pdt, and therefore p, must approach infinity. 

(c) When applied to the circuit conditions of anode- 
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firing, the probability function must lead to a relation 
similar to (5). 

(d) It must represent V as a function of R and @ as 
shown by the experimental data of Figs. 2 and 3. 

The wave form of voltage applied to ignitors jn 


anode-firing circuits is very similar to the “triangular” 


wave form used by D. E. Marshall in obtaining the 
data of Figs. 2 and 3. In both cases, therefore, we may 
write v=at, where v is the instantaneous applied ignitor 
voltage at some time # after the voltage zero. 

As defined in Sec. 1, the maximum firing characteris 
tics V, J, and T correspond to P=1/1800, as these 
values are barely greater than any V, J, T occurring 
in an interval of 30 seconds, or 1800 firing pulses. Using 
this convention, one obtains 


InP=—1n1800= —Q, (11) 


when v= V, ‘=T. From (9), therefore, using »= at, one 
obtains 


1 V 


Differentiating both sides with respect to the upper 
limit of the integral, one obtains 


da/dV = p/Q, (13) 
In(da/dV) =Inp—InQ. (14) 


Using (14), various guess functions can be tried for 
p, and tested by comparison with experimental data. 
The simplest functions with which to start are various 
powers of a. If no single term be found satisfactory, 
more than one can be combined to form a power series. 
The empirical relation (5) is therefore written 


a= (constant)[(V—Vo)?/R]", (15) 
p(v, R)= K(v— Vo)?"""/R". (16) 


Examination of this expression shows the first three 
requirements listed above to be satisfied. It remains to 
compare it with the information contained in Figs. 2 
and 3. 

It will be noted that in (14) the variable is the loga- 
rithm of the probability function, not the function 
itself. The unknown V» may therefore be put equal to 
zero without serious error, in a preliminary search for 
the correct value of m. Using n=1 and n=2, the fol- 
lowing trial equations are obtained: 


In(da/dV)=In(K/Q)+In(V/R), (17) 
In(da/dV) =1In(K/Q)+1n(V2/R?). (18) 


The data obtained at 3 percent duty will be examined 
first, as Fig. 3 shows that R changed very little in this 
test, whereas it varied a great deal during the 100 per- 
cent duty test. At 3 percent duty, then, V is essentially 
a function of « alone. The reciprocal of the slope of the 
upper curve V=f(a) in Fig. 2 was computed graphi- 


meal; 


n=2: 
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cally, and its natural logarithm plotted as a function 
of V. A smooth curve was then drawn through the 
points, to correspond to the continuous nature of the 
function. Coordinates of this smooth curve were then 
tabulated for use in testing (17) and (18). As shown in 
Fig. 5, the correct exponent is n= 2, for which the data 
falls on a curve close to a straight line of unit slope. 

Proceeding as before, the data obtained at 100 per- 
cent duty was employed to compute In(V*/R?) as a 
function of In(da/dV) in Fig. 6. The result is a sharply 
bent curve. On the same chart, however, In(V*) plotted 
as a function of In(da/dV) produces a nearly straight 
line of unit slope. When a single ignitor is heated to a 
variable degree, therefore, its probability function be- 
haves as though R were constant. 

Before investigating the dependence of p on R fur- 
ther, it is desirable to evaluate the constant Vo, if in- 
deed it exists. To do so, it is necessary to assume that 
the exponent of R is two: 


p= K(0—Vo)¥/R?. (19) 
As p cannot be negative, p=0 for o< Vo: 
1 pv 
a=—| K(v—Vpo)*dv/R? 
Vo 
= K(V—V>)*/40R?, (20) 


Simultaneous values of the three variables have been 
plotted in this form, as shown in Fig. 7. Straight lines 
drawn to fit the points as closely as possible are seen 
to pass through the same intercept Vo, for both sets 
of data, at 3 percent and at 100 percent duty, but with 
slightly different slopes. As V and a@ vary over far 
greater ranges than R, the linearity and common inter- 
cept of the curves strongly confirms the form of the 
numerator in (19). The difference in slopes, however, 
suggests that its denominator is not quite correct. 

On the other hand, Fig. 4 shows that (21) is well 
satisfied when a@ is held fixed and the resistivities of 
otherwise identical ignitors varied. 

The resistivity of the heated, exposed portion of the 
ignitor is much lower than that of the submerged, cool 
portion, owing to the negative temperature-coefficient of 
resistivity of the usual ignitor material. Just above and 
just below the mercury surface, however, agitation of 
the mercury by the arc spot serves to cool the ignitor 
material to some intermediate temperature, on the 
average, at which its resistivity is p. 

The anode-firing tests of Sec. 1 are characterized by 
nearly equal heating of many similar ignitors, giving 
rise to approximately the same relative distribution of 
resistivity in each. Under these conditions, R is propor- 
tional to p. 

Thus the exponent of R in (19) is two when R is pro- 
portional to p but is variable when this proportionality 
is violated because of variable heating of a single ignitor. 
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This suggests that p, not R, controls the firing proba- 
bility. 

Arnott? has shown that, for similar boron carbide 
ignitors in the anode-firing circuit, 


J'= py, (22) 


where J’ is the maximum firing current per unit length 
of ignitor-mercury contact perimeter, and pp the re- 
sistivity of ignitor material at room temperature. 

The “useful current density” J (amperes per unit 
area) is defined by Arnott as that part of J’ which is 
responsible for striking the arc. By assuming that cur- 
rent entering the mercury below a fixed distance can- 
not aid in starting the arc, Arnott derived the relation 


J«J'/d, (23) 


where d is the diameter of the contact perimeter. 
Owing to passage of current through the ignitor ma- 

terial, an electric field is established near the mer- 

cury surface, in the direction of the current flow lines: 


E=Jp. (24) 


This may be defined as the “‘useful electric field,”’ which 
is proportional to the field normal to the mercury sur- 
face, for a fixed geometry, and may thereby contribute 
to arc striking. 

The total ignitor current i=vR is equal to J’ times 
the length of contact perimeter. Combining these 
relations, one obtains 


E= (constant) -vp/diR. (25) 
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Thus when p is proportional to R, E is proportional to 
v. This, and the previous considerations, suggests that 
the firing prebability is fundamentally a function of E 
and p, rather than v and R as in (22): 


p’ =k(E—E,)?/p. (26) 


The proposed formulation represents the probability 
of ignition per unit time per unit length of contact 
perimeter. As the same values of E and J are present, 
on the average, at all elements of length along this 
perimeter, and ignition at any one element excludes 
ignition at all the others (mutually exclusive events), 
the probability of ignition per unit time for the entire 
ignitor is the sum of the probabilities for each element: 


p=rdp’. (27) 
Using (23)—(25) and a new constant C, one obtains 
C (v—Vo)*p 
a = (28) 


When R is proportional to p, this reduces to the simpler 
but less general formula (19). The experimental rela- 
tion (22) is now seen to be additional verification of the 
“microscopic” probability formula (26), as J’ is pro- 
portional to J, and py to p. 

For a triangular wave form of voltage, the maximum 
firing voltage is 


V= Vot (40/C)'4d7/8qh/ 4 R34 p- U4, (29) 


3. CYCLICAL VOLTAGE FLUCTUATIONS 
A. Analytical Relations 


The assumption made in (3), that Vi= Vo, appears 
to be borne out by the data of Figs. 4 and 7. Additional 
verification of the numerator of the /-function is 
warranted, however, because of its significance as a 
measure of the activity of the arc-striking mechanism. 
The test consists of comparing with experimental data 
the firing-voltage distribution in repetitive, continuous- 
duty operation. No more than two arbitrary constants 
can be determined by this test, restricting the dis- 
tinguishable forms of the p-function to: 


p=Ar, (30a) 
p=A(v— Vo)’, (30b) 
p= Av(v— Vo)’, (30c) 
p=Avr?(v— Vo), (30d) 


where A absorbs the constant terms of (28). 

With sinusoidal excitation, the voltage wave form is 
assumed to be “triangular,” as before. Then the time 
interval between ignitor voltages v and v+do is (dv/a). 
From (8), the probability of firing between V and 
V+dV is 


q(V)-dV =P- p-(dV/a)=—aP, (31) 
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where g(V) designates the probability density, or rela- 
tive: frequency of firing in any voltage interval be- 
tween V and V+dV. Using (9) one obtains 





p(V) 1’ 
q(V)= exp| ~- f p(2) as (32) 


a a 


where v is the instantaneous applied voltage, and V 
the firing voltage in any given cycle. 

The various forms of the p-function indicated in (30) 
may be written 


p(v)=A- f(v, Vo). (33) 


At the maximum ordinate of the g(V) curve, dg/dV =0, 
from which 


dp/dV = p’/a, 
it follows that 


(q= Gm, V=Vm). (34) 
Applying (34) to (33), one obtains 
A/a=f'(Vm; Vo)/f?(Vim; Vo), (35) 


q(V)= (A/a): f(V, Vo) 
-exp| —(4/a) f f(a, vo} (36) 


From (35) and (36), using the measured coordinates 
(Vimy Ym) Of the voltage-distribution curve, Vo» and the 
coefficient (A/a) may be evaluated. 

In (30a) the range of the variable » is zero to infinity; 
in the remaining three forms, however, the lower limit 
must be Vo. This follows from the requirements that 
p cannot be negative, or g(V) have two maxima. 

’ With this procedure, the expressions for g(V) corre- 
sponding to (30a) and (30b) are 





3V3 34V\‘ 

Me, exe| —=(—-) | (37a) 
3(V—Vo)* 34 V—Vo \4 

w= Vey eal -i(5= a } i 


The corresponding expressions for (30c), (30d) are 
somewhat more complicated, but readily found in the 
same way. 


B. Experimental Procedure 


Up to the present time, the only available quanti- 
tative data on the voltage distribution of an ignitor 
has been that published by Arnott.? However, fresh 
measurements were undertaken with special emphasis 
on holding the resistivity and firing resistance of the 
test ignitors constant during measurements, in order to 
identify the correct voltage-distribution function. Ex- 
perimentally, this condition can be approached by 
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minimizing: (1) the temperature-coefficient of re- 
sistivity of ignitor material, and (2) the agitation of the 
mercury pool. 

By means of a process’ developed by the writer, 
ignitors have been produced whose firing characteristics 
are independent of the “duty cycle,” and are the same 
during the first cycle of operation as after several hours 
of continuous operation. Such ignitors represent a con- 
siderable improvement over contemporary ignitors, 
whose firing voltage when cold is from two to three 
times their voltage under continuous duty after thermal 
equilibrium is reached. An indication of the fall in re- 
sistivity of ignitors due to heating is given by the ratio 
of their cold resistance, measured with an ohmmeter, 
to their firing resistance. This ratio is about 15 to 1 for 
conventional ignitors, but only about 1.5 to 1 for the 
newly developed ignitors. Conventional ignitors con- 
tain boron nitride, and are designated as BN ignitor; 
the temperature-insensitive ignitors contain beryllia, 
and are called BeO ignitors. 

# Four ignitors were selected for the test: two welder- 
service ignitors and two rectifier-service ignitors, one 
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Fic. 8. Arc-quenching circuit. Notes: TR. 1: 5/220 v; TR. 2: 
220/330 v; T: WL-672 thyratron; A : 0-25 amps dc. 


of each type being a BN and the ‘other a BeO ignitor. 

All four ignitors were simultaneously mounted in a 
continuously-evacuated ignitron, or test bottle, which 
was fairly well isolated from vibrations. The firing cir- 
cuit, shown in Fig. 8, was designed to permit a tested 
ignitor to be fired by the standard anode-firing circuit, 
but to quench the arc very soon after it had transferred 
to the anode. This technique made it possible to keep 
the mercury in contact with the ignitor very still. Ob- 
servation of the ignitor’s volt-ampere trace on the 
oscilloscope screen showed that the firing resistance at 
thermal equilibrium was as constant as the definition 
of the trace could reveal. 

The trace of ignitor voltage on the screen was photo- 
graphed on an 8-foot strip of 35-mm film, driven past 
the screen at a speed of about 0.1 inch per cycle. Thus 
a record of ignitor voltage was obtained for 1200 to 
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Fic. 9. Firing-voltage distributions of ignitors in nearly still 
mercury. Points—measured averages over 5-volt intervals. Con- 
tinuous curves—computed from probability function (37b). 


1300 successive cycles. Tabulation of the firing voltages 
was accurate to within a volt. 


C. Analysis of Results 


The observed voltage distributions of the four selected 
ignitors in still mercury are shown by the marked points 
in Fig. 9, each point representing the average ordinate 
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FIRING VOLTAGE (V) 


Fic. 10. Firing-voltage distribution of converted type ignitor, 
with free arc spot. Points—E. G. F. Arnott’s measurements. 
(Reference 3.) Continuous curves—computed from probability 
function (37b). 
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TABLE I. Maxima of voltage distribution curves. 








With quenched arc With free arc 
Ignitor Vm 
Type and code no. dm (volts) dmVm dm 


0.112 62.5 7.0 


Vn 
(volts) gmVm 
0.0464 47.5 2.2 





tv Ae (BN) 
T.M. 46-3 


Welder-Type (BeO) 0.125 62.0 7.75 0.039 53.0 2.06 


W.X. 11A-32S 

Rectifier-Type (BN) 0.085 71.0 6.03 0.020 77.5 1.55 
R.S, 2-91L 

Rectifier-Type (BeO) 0.059 89.0 5.25 0.0295 85.0 2.5 
R.S. 18A-5L 


Converted-Type 0.0464 55.0 2.55 








in a 5-volt interval. Arnott’s measurements’ of g(V) 
for a converted-type ignitor in a similar test bottle, 
with free arc spot, are plotted similarly in Fig. 10. The 
data for the four selected ignitors in agitated mercury 
is not shown. In all cases, agitation of the mercury by 
the moving arc spot caused the voltage distribution 
points to be greatly dispersed with respect to the same 
ignitor’s performance with a quenched arc. 

As the total area under each curve has been normal- 
ized to unity, and is approximately equal to gm times 
the half-width, it follows that gm equals the reciprocal 
of the half-width. The ratio of V,, to the half-width is 
a measure of the sharpness of each curve. Therefore, the 
greater the product gmVm, approximately, the sharper 
and narrower the curve. 

The curves of Fig. 9 are so narrow for the two welder 
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FIRING VOLTAGE (V) 


Fic. 11. Comparison of observed firing-voltage distribution 
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ignitors, having a half-width of about 10 volts, that 
the error in plotting points at the 2.5-volt mark js 
considerable. The broadest curve is that for the BeQ 
rectifier ignitor, which was therefore chosen for the 
purpose of testing the distribution functions. 

Equation (37a) requires that the product q,V, 
= 3 exp(— 3)=1.417. From Table I, it is seen that the 
product of these coordinates is greater than this valye 
for all of the experimental curves, including those ob. 
tained in agitated mercury. Not one of them is as flat 
and broad as (37a) requires. Consequently, the proba. 
bility function (30a) must be ruled out. 

Using the values of gm, Vm shown in Table I for the 
BeO rectifier ignitor, the remaining three formulas 
(30b, c,d) were used to compute g(V). These curves 
have been plotted in Fig. 11, together with the experi- 
mental points. The closest fit, by far, was obtained 
with (37b). 

Accordingly, (37b) was used to compute the empiric 
curves for the remaining three ignitors in still mercury, 
Fig. 9, as well as to fit the experimental data published 
by Arnott® for the converted-type ignitor, Fig. 10. The 
computed curves are seen to fit the experimental points 
fairly well. In Fig. 9, the only consistent error, char- 
acterizing 3 of the 4 ignitors, appears to occur at the 
lower end of the voltage range, where the curves decay 
more rapidly than the observed trend. 

The experimental evidence presented in this section 
indicates, therefore, that (30b) is the correct form of the 
numerator of the probability function, corroborating 
the evidence of Figs. 4 and 7. 


4. THE CRITICAL FIELD STRENGTH £, 


When the applied voltage is sinusoidal and rising 
from zero, the ignitor firing voltage is given by (29). 
When many similar ignitors are fired under similar 
circuit and tube conditions, it is reasonably certain 
that R/p is constant, whence V is a linear function of 
aR}, as in Fig. 4. However, when a single ignitor is 
energized with a wide range of values of a, there is some 
doubt as to whether R/p or p can be taken to be constant 
during the entire test. Fortunately, it has been found 
that either assumption leads to a straight-line plot of 
experimental data. This is due to the fact that a varies 
over a far greater range than R or p, under most operat- 
ing conditions. 

Measurements of V and R as a function of a, for 
several BeO welder ignitors in sealed-off metal ignitrons, 
were kindly made available to the writer by Mr. D. E. 
Marshall. As previously noted, BeO ignitors behave 
under all duty conditions in the same way, and their 
firing resistances R remain nearly constant. The data 
for 3 such ignitors, taken from the same batch of raw 
material, has been plotted in Fig. 12 using the assump- 
tion of constant R/p. The straight-line plots are typical 
of many other ignitors tested in the same way, serving 





with computed functions. Data for BeO rectifier-service ignitor 
in still mercury. 


thereby to establish the generality of (29). 
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The three curves of Fig. 12 have nearly the same 
voltage-intercept Vo. In Fig. 4, the same relation, ob- 
tained when the independent variable was R, rather 
than a, for anode-firing tests of a large number of igni- 
tors made from the same raw material, again showed a 
single voltage-intercept for all the similar ignitors. 

As Vo in each case is independent of a, p, and R, it 
can depend only on the physical properties that vary 
from batch to batch of ignitor material, and from one 
“species” to another, but not from ignitor to ignitor 
within a batch. Such properties are the ignitor geometry, 
relative distribution of resistivity, roughness of surface, 
average distribution of impurities, etc. These are the 
properties which determine the relation between applied 
ignitor voltage v and the useful electric field Z. The con- 
stancy of Vo for large numbers of similar ignitors there- 
fore strongly implies that, corresponding to the various 
values of Vo for various batches of ignitors, there is a 
minimum electric field EZ) which is the same and con- 
stant for all ignitors, under the same test conditions. 

The order of magnitude of E is given by the product 
of p and the average current density J, entering the 
mercury within a distance x from the surface, where x 
is the smallest distance over which the ignitor material 
can be regarded as a continuum (10-* to 10-* cm). This 
is readily computed from Eq. (17) of Arnott’s paper 


to be 
E~=J p= ip/(x*(ra)*], (38) 


where # is the total ignitor current, and a the radius of 
the contact perimeter. 

From Fig. 12, for the first BeO ignitor, Vp>= 44 volts, 
R=10 ohms, whence J)>=4.4 amperes. Approximately, 
the values are p= 1.5 ohm-cm, a=0.112 cm, and x= 10-* 
to 10-* cm. Substituting these values, one obtains 
E,= 300,000 to 30,000 volts/cm. 


5. IGNITOR THEORIES 
The “microscopic” probability function p’ is a 
measure of the activity of the physical mechanism of 
arc striking by resistance ignitors. It is therefore a 
clue to the nature of that mechanism. 


Consider the p’-function in several of its possible 
forms: 


p’ = k(E—E,)*/p*, (26) 
pb’ =k(JI—Jy)(E—E,), (39) 
p’ =k’ J .?(E— Ey)’, (40) 


where J= E/p, Jo=Ey/p, and k’=k/E,?. 

Suppose the mechanism were entirely one of field 
emission. Then increasing p would enhance the field at 
the junction with the mercury, and thereby raise ’. 
But in (26) p’ varies inversely as p?. Therefore, simple 
field emission is inconsistent with 9’. 

If p’ depended on heat generated in the ignitor ma- 
terial, it would need to be some function of E2/p. This 
would require the exponent of (E— Ep) in (26) to be at 
least 4, again in contradiction to p’. 


Written in forms (39) or (40), the coefficient may be 
considered to include the resistivity of the mercury. 
The probability function is then proportional to the 
product of two factors, one involving ohmic dissipation 
in the mercury, the other some power of (E— Ey). How- 
ever, it seems unlikely that the difference in current 
densities (J — Jo) can be simply related to heat produced 
by ohmic dissipation. This suggests that (40) is the form 
most descriptive of a process involving both power 
dissipation in the mercury and the action of an electric 
field. 

Of the possible thermal mechanisms, thermionic 
emission does not seem to be consistent with (40), as 
there is no apparent way of reducing the exponential 
factor of Richardson’s equation to J,” at the relatively 
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Fic. 12. Relation between V and a?R} for BeO welder 
ignitors in sealed-off tubes. 


small temperatures conceivably produced by ignitor 
current. 

When a high electric field is applied to the surface of 
a mercury cathode, it is generally assumed that a spark 
discharge will be initiated when the field emission cur- 
rent density reaches a critical value, corresponding to 
fields of the order of 10’ volts/cm. It has been found 
experimentally,* however, that sparking takes place 
with fields of 105-10 volt/cm. An explanation of this 
discrepancy was offered several years ago by Lewi 
Tonks,® who suggested that, when the electric field 
normal to the mercury surface exceeds a critical value 
En, the net pressure on a small initial hump draws it 
up until the surface ruptures, whereupon sparking takes 


8 J. W. Beams, Phys. Rev. 44, 803 (1933). 
®L. Tonks, Phys. Rev. 48, 562-8 (1935). 
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place. This theory has recently received considerable 
support’ by the experimental work of N. Warmoltz,” 
as well as by the observation of Haynes," that spark 
discharges in mercury are invariably accompanied by 
high velocity jets of mercury vapor. 

Approximate calculations by Tonks led to an expres- 
sion for the time delay for surface rupture 


t=[5.4+2.83 In(yo/ya) |/E*, (41) 


where ¢ is in microseconds, the field E in megavolts/cm, 
and y, is the height in cm of an initial bump, referred 
to that of an arbitrary bump, yo. The critical field is 
En= 57,700 volts/cm. 

The firing time of a resistance ignitor, when energized 
by a step voltage, may be computed using (9), and 
rewritten in terms of field strength using (40): 


Q B 


==, (42) 

p Jo(E—E,)* 
where Ey has been found to be of the same order of 
magnitude as En. 

In deriving (41), Tonks considered only fields E> 3E£,,, 
so that E,, could be neglected. One possible way of 
altering (41) to express the condition that sparking 
cannot take place for E<E,, is to replace E in the de- 
nominator by (E—E,,). 

Another condition in the derivation of (41) was that 
of constant mercury temperature. Tonks has suggested, 
however, that the initial surface distortions may be 
due to thermal motions of the mercury, of amplitude 


yx (kT /y)}, (43) 
where & is Boltzmann’s constant, T is the absolute 
10 N. Warmoltz, Philips Tech. Rev. 9, No. 4, 105-113 (1947). 


Philips Research Lab. Reprint R 62. 
"J. R. Haynes, Phys. Rev. 73, 891 (1948). 
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temperature, and y the surface tension. Over the Tange 
0-350°C, one obtains approximately” 


y= 450—0.228, (44) 


where = T— 293°C. 
Reintroducing the temperature-dependence of these 
quantities into Tonks’ equations, (41) is modified to 


(E—E,,)*t= (1—0.000496)[5.4— 1.415 In(1+6/293) 
+-4.254 In(1—0.000498)]. (45) 


This relation has been plotted in Fig. 13. The time of 
surface rupture is reduced by about 30 percent by a 
temperature rise of 200°C, for a given field. 

In Eq. (42), Jo? is a measure of the temperature rise 
of the incipient cathode spot, when E= Ep. Because of 
the finite conductivity of the mercury, a slight gradient 
exists along the ignitor surface below the contact line, 
causing the current-flow lines to form a concentrated 
sheet parallel to the boundary, before diverging. This 
concentration may cause appreciable local heating of 
the mercury. 

Considering the complexity of current and field inter- 
action in ignitor firing, the qualitative agreement be- 
tween (42) and (45) seems to offer support for the 
modified Tonks theory. 


CONCLUSION 


An empiric formula (40) has been established for the 
probability of arc striking per unit time, per unit length 
of resistance-ignitor contact perimeter. The formula has 
been found to be consistent with a modification of a 
theory advanced by L. Tonks, attributing sparkover 
at a mercury cathode to field emission. This theory 
proposed that the impressed field causes the mechanical 
distortion and rupture of the mercury surface, giving 
rise to local fields adequate for cold emission. The 
modification ascribes the reduction in ignitor firing 
voltage by ignitor current to its extremely localized 
ohmic heating of the mercury. This heating reduces 
the surface tension and roughens the mercury surface, 
thereby accelerating the process of surface rupture by 
the electric field. The process is inherently of a statistical 
nature, as it depends on thermal motions in the mercury. 
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The alkali chlorides were crystallized from solution on single crystals and on polycrystalline specimens 
of various metals. Oriented growth was obtained on Ag, Au, Cu, Zn, Pb, Sb, Bi, and Fe. Since oxide films 
were present on all metals except Ag and Au, it was concluded that the oxides were oriented with respect to 
the metallic substrate. From results with Ag and Au, it was found that the permissible misfit for epitaxy to 
occur was of the same order (~10 percent) as for ionic pairs. 





UMEROUS examples of the oriented growth of 
one crystal on another have been reported. Van 
der Merwe! gave a detailed summary of results of 
observations of oriented growth produced under various 
conditions. Not included in this listing are several other 
fields in which epitaxy plays a part. The remarkable 
efficiency of silver iodide in promoting the nucleation 
of snow in supercooled clouds is attributed to the near 
fit of the ice and iodide lattices.? In all phase transforma- 
tions in the solid state, which have so far been investi- 
gated, the new phase which develops bears a definite 
crystallographic orientation to the mother phase.’ This 
generalization recently received further support when 
it was shown that silver released by the photolytic de- 
composition of silver chloride and bromide precipitated 
in a definite orientation with respect to the halide 
crystal.‘ 

Phenomena associated with the crystallization of 
solids in some instances may depend upon the existence 
of epitaxy. Metals on resolidification after melting often 
retain characteristics of grain size and shape which were 
originally present. Smith® has suggested that this effect, 
as well as others connected with freezing, results from 
the presence of an insoluble oxide or other compounds 
pseudomorphic with the initial solid matrix which serve 
as centers of crystallization when the melt again solidi- 
fies. When care is taken to eliminate or isolate the effects 
of such nuclei, so that nucleation is homogeneous, 
metals may be supercooled by large amounts. Gold, for 
example, may be held at a temperature of 180° below 
its melting point for several hours without freezing.® 

In searching for oriented growth between ionic crys- 
tals and a silver surface, Sloat and Menzies’ observed 
such growth only when the lattice dimensions were com- 
mensurate within about one percent. Royer® considered 


* Research carried out under contract with the AEC. 

t Now on active service with the United States Navy. 

‘J. H. van der Merwe, Disc. Faraday Soc. No. 5, 201 (1949). 

?B. Vonnegut, Chem. Revs. 44, 277 (1949). 

*W. Boas, Physics of Metals and Alloys (John Wiley and Sons, 
Inc., New York, 1947), p. 169. 

*J. N. Kooy and W. & Burgers, Rec. trav. chim. 67, 21 (1948); 
C. R. Berry and R. L. Griffith, Acta Cryst. 3, 219 (1950). 

°C. S. Smith, J. Metals 1, 204 (1949). 

*D. Turnbull and R. E. Cech, J. Appl. Phys. 21, 804 (1950). 
\1981) A. Sloat and A. W. C. Menzies, J. Phys. Chem. 35, 2005 


*L. Royer, Bull. soc. franc. minéral. 51, 7 (1928). 


that similarity of interatomic binding of partners 
favored oriented growth. In view of these results van 
der Merwe! concluded that the degree of misfit allow- 
able was much greater for ionic pairs than for the cases 
in which one of the crystals was not ionic. This was 
taken to indicate that the electrostatic components of 
the binding forces are the important ones in promoting 
oriented growth and that the metallic terms may be 
neglected. That this view requires modification is indi- 
cated in recent work of the author in which oriented 
growth of alkali chlorides on several metals was re- 
ported.® The crystallization of sodium chloride on silver 
proved that for this pair a misfit at least as large as ten 
percent was allowed. This difference is comparable with 
the usual tolerance of twelve percent permitted for pairs 
of ionic crystals," * although Sloat and Menzies reported 
one case in which the misfit was twenty-five percent. 

In this paper observations of the growth of alkali 
chlorides from solution on the surfaces of various metals 
are discussed. The metals were selected from each of 
the several recognized groups depending upon their 
crystalline form and on their physical and chemical 
properties. Oriented growth occurred on metals extend- 
ing from the true metals, such as silver and copper, to 
the almost nonmetals, bismuth and antimony. In most 
cases it will be shown that the growth probably took 
place on top of an oxide film; in those cases for which 
oriented growth was found on a readily oxidizable sur- 
face it was concluded that the oxide was also oriented 
on the metal. 


EXPERIMENTAL PROCEDURE 


The general methods used were similar to those em- 
ployed for silver.° Specimens were obtained both in 
polycrystalline form and as single crystals. The poly- 
crystalline materials were polished and etched following 
usual metallographic practice. Massive single crystals 
of some metals were available, but in some cases single 
crystal films of metals were prepared by vacuum dis- 
tillation on cleaved rock salt and mica surfaces under 
appropriate conditions. Fresh (111) surfaces of bismuth 
and antimony were prepared by cleaving crystals from 
polycrystalline aggregates. The alkali chloride solutions 

® G. W. Johnson, J. Appl. Phys. 21, 449 (1950); J. Chem. Phys. 


18, 154 (1950); Phys. Rev. 78, 316 (1950); Nature 166, 189 (1950); 
J. Appl. Phys. 21, 1057 (1950). 
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TABLE I. 
Orientation of Epitaxy 
Metal Structure oxide film NaCl KCl RbCl 
Cu f.c.c. oriented x 
Ag f.c.c. (no oxide) x x 
Au f.c.c. (no oxide) x 
Mg hex amorphous 
Zn hex oriented x 
Cd hex unknown 
Al f.c.c. amorphous 
In f.c.tetrag. unknown 
Sn tetragonal unknown 
Pb f.c.c. oriented x 
Sb rhombohedral unknown x 
Bi rhombohedral x x x 
Ni f.c.c. unknown 
Fe b.c.c. oriented (CsCl) 








then were applied successively to the surface with a 
dropper and were dried quickly under an electric drier. 
All observations of the orientation of the crystals were 
made with an optical microscope. The orientations of 
some of the thick substrates were determined by x-ray 
back reflection, while those of the thin films were as- 
sumed to be known from the method of preparation. 
The detailed procedures for each metal are discussed in 
the following sections. : 


THE METALS 


The selection of metals used in this investigation was 
guided by a desire to consider the oriented growth of 
the alkali chlorides on representative types of metals 
rather than by an attempt to study all of them. By 
such a procedure it was considered possible to determine 
which factors were of importance in influencing the 
processes of orientation. Thus, metals were chosen from 
each group from the monovalent types up through the 
pentavalent ones plus the transition metals. The crys- 
tallographic structures included face-centered cubic, 
body-centered cubic, hexagonal close packed, rhombo- 
hedral, and face-centered tetragonal. 

The metals used and their purities were as follows: 
Ag (99.99 percent), Au (99.97 percent), Cu (99.98 per- 
cent—OFHC), Mg (99.8 percent), Zn (99.9 percent), 
Cd (99.0 percent), Al (2S-99.0 percent), In (99.97 per- 
cent), Sn (99.9 percent), Pb (99.99 percent), Sb (99.8 
percent), Bi (99.8 percent), Fe (2 percent Si), Ni (99.5 
percent). 


RESULTS 


The factors found to be of importance in determining 
whether oriented growth would occur were (1) lattice 
constants, (2) chemical activities, and (3) the properties 
of the oxide layer when present. 

The resistance of active metals to oxidation in atmos- 
phere is attributed to the presence of thin protective 
oxide layers. The initial layers of the order of 20-100A 
are known to form in seconds or minutes. Under the 
conditions of the experiments described here, with the 
exception of silver and gold, sufficient time always 
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elapsed between the preparation of the surface and the 
growth of crystals on it so that such oxide films were 
always present. Therefore, whether oriented growth of 
the alkali chlorides resulted or not depended upon the 
crystallographic relationship of the oxide to the sub. 
strate. Under such circumstances the presence of epitaxy 
indicates that the oxide is oriented with respect to the 
substrate. The absence of epitaxy indicates one of the 
following: (1) the surface of the oxide is not oriented, 
or (2) the alkali halide fails to orient on the oxide. Often 
an oxide is pseudomorphic with the substrate in the 

















Fic. 1. Oriented growth of sodium chloride on 
polycrystalline copper. 100X. 


initial stages of growth but loses its alignment on 
thickening. 

In Table I is a brief summary of the results. The 
entries in the third column describe the nature of the 
oxide films as reported in the literature.’° In the fourth 
column the check marks indicate the chlorides which 
exhibited marked epitaxy, but weak occurrences of the 
effect are not included. The detailed results for each 
metal are discussed in the following. 


1 Cu: U. R. Evans and H. A. Miley, Nature 139, 283 (1937); 
A. H. White and L. H. Germer, Trans. Electrochem. Soc. 81, 305 
(1942); G. D. Preston and L. L. Bircumshaw, Phil. Mag. 20, 
706 (1935); Mehl, McCandless, and Rhines, Nature 164, 1009 
(1934). Mg, Zn, Cd: G. I. Finch and A. G. Quarrell, Proc. Roy. 
Soc. (London) A141, 398 (1933); Proc. Phys. Soc. (London) 46, 
148 (1934); Vernon, Akeroyd, and Stroud, J. Inst. Metal 65, 301 
(1939); M. Bound and D. A. Richards, Proc. Phys. Soc. (London) 
51, 256 (1939); E. A. Gulbransen, Ind. Eng. Chem. 41, 1385 
(1949); L. de Brouckers, J. Inst. Metals 71, 131 (1945). Al, In: 
G. D. Preston and L. I. Bircumshaw, Phil. Mag. 22, 654 (1936); 
W. D. Treadwill and A. Obrist, Helv. Chim. Acta 26 (6), 1816 
(1943); W. H. J. Vernon, Trans. Faraday Soc. 30, 1038 (1934). 
Sn, Pb: R. O. Jenkins, Proc. Phys. Soc. (London) 47, 109 (1935). 
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Fic. 2a. Sodium chloride oriented on the (100) plane 
of copper thin film. 100. 


MONOVALENT METALS, Cu, Ag, Au 


Copper, silver, and gold all crystallize with face- 
centered cubic structures. The (100) net planes are 
squares of sides a, and the (111) planes are composed of 
atoms at the vertices of equilateral triangles of sides a. 
The atomic spacings in each of these planes are as 
follows: 


Metal a 
Cu 2.54A 
Ag 2.88 
Au 2.88 











Fic. 2c. Sodium chloride oriented on the (111) plane 
of copper single crystal. 100. 


The silver and gold lattices are almost identical in size, 
while that of copper is smaller by about 11 percent. 
Following procedures similar to those used for the 
study of silver, polycrystalline and oriented specimens 
of gold and copper were prepared. The polycrystalline 
aggregates were rolled plates which were recrystallized 
by heating in a vacuum to appropriate temperatures 
(Au 800°C, and Cu 800°C) for about two hours. The 
surfaces were then mechanically polished and etched. 
The etchant for gold was a mixture of 10 percent potas- 
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Fic. 2b. Sodium*chloride oriented on single crystal 
film of gold. 200X. 





Fic. 2d. Sodium chloride oriented on the (111) plane 


of a thin film of gold. 100X. 
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sium cyanide and 10 percent ammonium persulfate 
solutions, and for copper dilute nitric acid was used. 
Thin oriented films of both metals were prepared by 
condensation of each metal on cleaved rock salt and on 
mica by the method of Briick." On rock salt, copper 
grows parallel to the cleavage plane to give a (100) face, 
but gold does not yield a simple plane. On mica, both 
gold and copper assume the (111) orientation. A copper 
single crystal grown from the melt was cut to expose a 
(111) plane. The films condensed on rock salt were 
floated off on water and picked up on glass plates; those 
on mica were not removed prior to testing for epitaxy. 

On polycrystalline metals oriented growth was noted 
on many of the grains. By and large, many more of the 
grains of copper exhibited epitaxy than did those of 
gold. In most cases the NaCl crystallites favored a (111) 
orientation, as indicated by their hexagonal or triangu- 
lar shapes. In Fig. 1 are shown the results for copper; 
the appearance of gold was quite similar. On silver, as 
previously reported, the orientating effects were much 
more pronounced than for either copper or gold, in fact, 
some form of epitaxy occurred on nearly every grain 
of silver. 

Epitaxy was found both on the oriented specimens of 
copper and of gold. The results for the (111) and (100) 
planes are shown in Fig. 2. On the (100) plane of copper 
the orientation of the sodium chloride was the same as 
that observed on silver; the (100) planes were parallel, 
but the [100] direction of the metal was directed along 
the [110] direction of the salt. On the film of gold de- 
posited on rock salt, sodium chloride did not assume a 
simple orientation, although the alignment ‘was rather 
strict (Fig. 2b) showing that a monocrystalline film of 
gold had been obtained. On the (111) planes of both 
gold and copper the sodium chloride grew parallel to 
the substrate, as had also been the case with silver. 

Potassium chloride and rubidium chloride were also 
tried on these metals, but oriented growth was observed 
only for potassium chloride on silver. Sodium chloride 
at all times was the most readily oriented salt. 

It is of interest to compare the lattice spactngs of the 
metals and sodium chloride for the various planes for 
which epitaxy was observed. In Table II are given the 
ratios of the lattice spacing for each metal to the corre- 
sponding one of the salt for which epitaxy was found. 
No value is given for the (100) plane of gold, since 
neither the orientation assumed by the sodium chloride 
nor the orientation of the film were determined. Thus, 
while the fit of the silver lattice on the (100) planes is 
quite close, on copper the difference is relatively large. 
On the (111) plane of both metals the discrepancy is 
much larger, but, as was suggested by Royer for other 
systems, it may not be necessary that the lattices fit 
directly together in a one-to-one correspondence; they 


"L. Briick, Ann. Physik 26, 233 (1936). 
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may be in ratios of small whole numbers. For example 
if one considers that three cells of the metal lattices were 
coinciding with two of the salt, the ratios become for 
Cu (0.96) and for Ag (1.09). The fit thus would be much 
better under such a circumstance, but whether this jg 
the arrangement actually assumed is not known. From 
the general results it is therefore concluded that 
misfit of as much as 9 percent may be tolerated for q 
metal-ionic crystal pair. 

While the geometric aspects of the problem are im. 
portant, it is evident that other factors need to be con- 
sidered. First of all, gold and silver are almost identical 
structurally, yet silver is much more active in promoting 
epitaxy. Secondly, while gold and silver do not oxidize 
appreciably at room temperature, films of cuprous oxide 
do form rapidly on copper. 

The difference in behavior of silver and gold must be 
attributed to differences in their chemical activity, 
Silver is more active than gold and, thus, would be more 
susceptible to oxidation. Since in the discussion of the 
behavior of silver in previous publications it was con- 
cluded that the silver surfaces as prepared for those 
studies were free of an oxide film, it is assumed that the 
gold surfaces used here likewise were free of oxide. 


TABLE II. Ratios of atomic spacings of metal atoms to 
those of the chloride crystals. 











Cu Ag Au 
(100) 0.904 1.205 — 
(111) 0.64 0.725 0.725 








Therefore, the observed effects are attributed to the 
interaction of metal atoms and the sodium and chlorine 
ions as they crystallize from solution. The difference in 
behavior of gold and silver must be due to their different 
chemical activities. 

The nature of the processes whereby the sodium 
chloride is orientated is not clear, but some clues may 
be contained in the following. It has been established 
for the direct combination of chlorine with the (100) 
plane of silver that the silver chloride formed has its 
(100) plane parallel to the (100) of silver and its [100] 
direction parallel to the [110] of the silver. Further- 
more, it was shown by Royer’ that silver chloride, which 
has the sodium chloride structure and dimensions 
(within 1 percent), grows parallel to the (100) plane of 
sodium chloride. It is possible than that the oriented 
growth of sodium chloride on silver did involve an inter- 
mediate thin layer of silver chloride. Since the observed 
effects would be the same whether the orientating was 
direct or involved such an intermediate compound, it 
was not possible to declare which process was operative. 
That the presence of silver chloride would not disturb 
the results was indicated when it was shown that soak- 
ing a silver specimen in saturated sodium chloride solu- 
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Fic. 3a. Sodium chloride on polycrystalline zinc. Note that some 
form of oriented growth appears on nearly every grain. Some 
preference indicated for grain boundaries. 50X. 


tion for several days or dipping it in hydrochloric acid 
had no effect on its ability to orientate sodium chloride. 

To observe oriented growth of sodium chloride on 
copper, it was essential to apply the solution within a 
minute or so after removal of the copper from the etch. 
The aging of the surface was very rapid and was un- 
doubtedly a result of the growth of the oxide. Because 
of the high rate of oxidation, it seems likely that the 
salt was aligned on top of the oriented oxide of copper. 
The spacing of the copper ions in the oxide is 3.01A as 
compared with 2.54A in copper. For the observed orien- 
tation of NaCl on copper, considering that the surface 
was actually Cu,O, the lattices fit within 6 percent on 
the (100) orientation and on the (111) plane considering 
two cells of the sodium chloride in coincidence with 
three of the metal in the oxide agree within 12 percent. 
Thus, the fit is better on the (100) plane and not quite 
as good on the (111) plane as it would have been on 
metallic copper. 

Since metal surfaces prepared by evaporation pro- 
duced epitaxy in the same way as those prepared by 


‘polishing and etching, it is concluded that the chemical 


etching did not lead to the production of adherent sur- 
face compounds different from those which grow in air 
under ordinary circumstances. It is for this reason that 
the discussion of surface layers was restricted to the pos- 
sible presence of oxides rather than to other compounds. 


DIVALENT METALS, Mg, Zn, Cd 


Polycrystalline specimens of each metal were me- 
chanically polished and etched using the usual solutions 
(Zn Palmerton reagent; Mg dilute acetic acid; Cd 5 
percent nitric acid in ethyl alcohol). On zinc oriented 
gtowth was readily produced, but none was observed 














Fic. 3b. Sodium chloride on polycrystalline zinc. 100X. 


on either of the other metals for any of the alkali 
chlorides. The zinc after etching was rinsed first in water 
and then immediately in salt solution. Sodium chloride 
was the only salt which showed marked alignment, and 
it lined up on almost every grain. In Fig. 3a several 
grains are shown, and on them the sodium chloride 
assumed an orientation determined by each grain. 
Clearly visible are hexagonal, rectangular, and diamond 
shapes, indicating that epitaxy took place for several 
orientations of the substrate. Another observation of 
interest was that in some cases the grain boundaries and 
twin bands provided favorable sites for growth so that 
strings of crystals often outlined the grain and twin 
boundaries. Several examples of this latter effect are 
seen in Fig. 3a. The preference for uncleation of crystal- 
lization on twin boundaries is indicated in Fig. 3b, where 
a portion of the twin system in a single grain is shown. 

For these metals thin oxide layers were present on all 
specimens. When zinc is oxidized at room temperature 
in air, an oriented pseudomorphic oxide film develops 
on the surface. On cadmium a film also forms which 
continues to grow in thickness with the passage of time; 
but no information on the orientation characteristics of 
such films could be found in the literature. Thus, on 
cadmium the surface of the oxide film either was not 
oriented or epitaxy does not take place between the 
oxide and any of the alkali chlorides used. On mag- 
nesium a amorphous layer of oxide forms rapidly. 

The general conclusion is that the epitaxy of sodium 
chloride on zinc actually is characteristic of the growth 
of the salt on an oriented film of zinc oxide. The fact 
that oriented growth was observed on so many grains 
indicated that the oxide grows parallel to the substrate 
in several orientations. The failure to observe oriented 
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Fic. 4a. Oriented growth of sodium chloride on polycrystalline 
lead. Grain boundaries not visible. 50X. 


growth on cadmium and magnesium is attributed to the 
formation of amorphous or disoriented oxide layers, or 
for cadmium it may be assumed that epitaxy between 


the chlorides and oxide does not occur. 


TRIVALENT METALS, Al, In 


Of this group of metals only aluminum and indium 
were selected for testing for epitaxy. On neither metal 
was epitaxy observed. Polycrystalline specimens of alu- 
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minum were prepared by standard metallurgical prac. 
tice by mechanical polishing followed by a chemical 
etch. The polishing procedure and etchant used for 
indium were those recommended by Carapella and 
Peretti."* Oriented films of aluminum were obtained by 
condensation on cleaved rock salt. 

Aluminum crystallizes in the face-centered cubic sys. 
tem (a=4.04A). Thus, structurally it is the same as the 
monovalent noble metals, and its lattice constant differs 
from that of silver by only about 1 percent. It is wel] 
known that a stable amorphous layer of oxide about 
100A in thickness forms rapidly on an aluminum sur. 
face. The failure’to observe oriented growth is attributed 
to the presence of the oxide layer. 

Nothing could be found in the literature concerning 
the structure of the film on indium or of its crystal- 

















Fic. 4c. Sodium chloride on (111) plane of lead. 50X. 


lographic relationship to the substrate. Failure to ob- 
serve oriented growth is attributed to the properties of 


the oxide film. 
TETRAVALENT METALS, Sn(6), Pb 











Fic. 4b, Sodium chloride on (100) plane of lead, 50X. 


Epitaxy of sodium chloride occurred for many orien- 
tations of lead, but none was found on tin. Since both 
metals are quite active, the effects must be associated 
more with surface films than with the structures of the 
metals themselves. 

Using electron diffraction Bound and Richards" were 
unable to detect any oxidation of tin exposed to air at 
room temperature for a month. After heating at 190°C 
for 2 hours, SnO formed, and the oxide exhibited marked 
orientation with the (001) planes parallel to the surface. 


2S, C. Carapella and E. A. Peretti, Metal Progress 56, 66 
(1949). 
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THE EPITAXY OF ALKALI 


However, there was no evidence of alignment of the 
oxide crystals in azimuth on the surface. Since sodium 
chloride was not oriented by tin, it is likely that the 
oxide formed at room temperature was either amor- 
phous or was a random aggregate of crystals. 

Lead was prepared in polycrystalline form and in the 
form of single crystals with the (100) and (111) faces 
exposed. After polishing mechanically, the specimens 
were etched in a mixture of glacial acetic acid (3 parts) 
and 30 percent hydrogen peroxide (1 part). Oriented 
growth was observed on all specimens (Fig. 4). To get 
epitaxy required extensive etching followed by the appli- 
cation of the salt solution immediately after removal of 
the specimen from the etch. A successful method was to 
remove lead from the etch, to rinse it in running water, 
then in alcohol, and before the alcohol dried, to flush 
the surface with salt solution. The surfaces of the (100) 

















Fic. 5a. Sodium chloride on (111) plane, cleavage plane, 
of bismuth. 100X. 


and (111) crystals were not as highly polished as the 
others, because the crystals had been prepared for 
neutron diffraction experiments; and it was not desirable 
to polish the crystals further. On polycrystalline lead 
epitaxy was observed quite generally with sodium chlo- 
ride. Several orientations were favored, but there seemed 
to be a preference for the (100) plane to develop parallel 
to the surface. 

Jenkins,’° while investigating the formation of oxide 
films on molten metals, noted that on the solidification 
of lead an oxide layer oriented completely on individual 
grains of the lead surface. The orientation of sodium 
chloride on lead therefore probably took place on top 
of the oriented oxide film. From the observations that 
the sodium chloride followed the (100) and (111) planes 
of the lead, it is concluded that the oxide also assumed 
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Fic. 5b. Potassium chloride on (111) plane of bismuth. 100. 


these orientations. The fact that epitaxy on lead seemed 
quite general indicates that the oxide was oriented with 
respect to the substrate for many other orientations of 
the underlying metal grains. 


PENTAVALENT METALS, Sb, Bi 


Antimony and bismuth are elements on the border- 
line between metals and nonmetals. They exhibit, in 
part, a homopolar binding in the crystalline state by 
surrounding themselves by three nearest neighbors. 
That their binding includes also metallic contributions 

















Fic. 5c. Rubidium chloride on (111) plane of bismuth. 100X. 























Fic. 6. Sodium chloride on polycrystalline bismuth. 50X. 


is evidenced by their relatively high electrical conduc- 
tivities and their high melting points as compared with 
elements with purely homopolar bonds. 

The structures are nearly simple rhombohedral. Both 
metals have perfect cleavage parallel to the (111) planes 
and perpendicular to the trigonal axis, and a fair 
cleavage parallel to the (111) planes. Thus, by cleaving 
a crystal a face of known orientation may be readily 
obtained. 

Single crystal faces (111) planes were obtained by 
cleavage. Polycrystalline specimens were prepared by 
mechanical polishing and by etching cast rods in dilute 
perchloric or nitric acids. Oriented overgrowth was ob- 
tained with NaCl, KCl, and RbCl on the (111) planes 
of Bi and with NaCl on the (111) plane of Sb. In each 
case the (111) planes of the salt and metal were parallel. 
On polycrystalline antimony and bismuth, NaCl was 
oriented by almost every grain. KCl and RbCl were 
oriented by polycrystalline bismuth but not as ex- 
tensively as was NaCl. In Fig. 5 are shown the results 
on the (111) plane of bismuth, and in Fig. 6 the oriented 
growth on polycrystalline bismuth. Photographs of the 
results on antimony are not shown, because they had 
the same appearance as those of bismuth. On the cleaved 
surfaces of bismuth or antimony, lines intersecting at 
60° are always observed. These lines are steps in the 
surface following the intersections of the (111) planes 
with the surface. On examining the oriented crystals, the 
straight edges of the chlorides were always found to be 
aligned with the steps. The surfaces retained their capa- 
bility to orient the alkali chlorides for several hours, 
after which time it was necessary to etch the surface 
lightly to again obtain epitaxy. 

In discussing the results for these metals it is neces- 
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sary to consider the effects of (1) the lattice constants, 
and (2) the presence of oriented oxides on the surface. 

The lattice constants do play a role, for while all the 
chlorides were oriented on the (111) planes of bismuth 
only sodium chloride was so affected by antimony. Since 
oxide layers were probably present, the important 
lattice constants are probably those of the oxide, al. 
though for thin layers the o<ide may be pseudomorphic 
with the metal. Since the actual surface arrangement js 
not known, it was considered fruitless to compare lattice 
constants quantitatively. 

Since both antimony and bismuth are more active 
than copper, it might be expected that they would react 
more readily with oxygen and, thus, would form an oxide 
layer quickly. Since oriented growth was observed, 
characteristic of each grain orientation, either the salt 
was oriented directly by the metal, or, what seems most 
likely, an undetectable oxide layer itself oriented with 
respect to the substrate led to the observed results. 

Freshly cleaved surfaces produced oriented growth of 
the same character as surfaces prepared by polishing 
and etching. It is assumed therefore that the chemical 
effects of the etchant did not produce surface adherent 
compounds. 


THE TRANSITION METALS, Ni, Fe 


Iron and nickel crystallize in the cubic system. The 
low temperature modification of iron is body-centered 
(a=2.86A), and nickel is face-centered (a=3.51A). 
While iron oxidizes readily, nickel does not. 

Polycrystalline iron and a single crystal of iron (2 per- 
cent silicon) with the (110) face exposed and poly- 
crystalline nickel were polished mechanically and 
etched. Iron was etched in nital and nickel in a mixture 
of equal volumes of concentrated nitric acid and glacial 
acetic acid. No oriented overgrowth was observed on 
any of the specimens with NaCl, KCl, or RbCl. How- 
ever, in this case, CsCl was tried also and was found to 
orient on a single grain of iron (Fig. 7). It was essential 
to apply the chloride solution immediately on removal 
of iron from the etch. On etching deeply in nitric acid, 
it was noted that this grain was pitted much before any 
of the others. It has been reported for polycrystalline 
iron that (100) faces are attacked more rapidly than 
other faces.* On determining the orientation of the 
particular grain by x-ray back reflection, it was, indeed, 
found to have its (100) plane in the surface. 

Because of the rapid aging of the iron surface, it was 
clear that oxidation had an important influence on the 
results. The oxide film grown on a single crystal of 
electrolytic iron was shown to be oriented with respect 
to the iron substrate by Mehl, McCandless, and 
Rhines.!° It thus seems likely that the oriented growth 
of CsCl took place on an oriented film of an oxide or 
other compound of iron on the (100) plane. The failure 
to find oriented growth for other grains may be a result 


3C, F. Elam, J. Iron, Steel Inst. (London) 112, 111-112 
(1925); H. C. H. Carpenter, J. Inst. Metals 35, 409 (1926). 
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either of structural factors or of the fact that the oxides 
did not grow parallel to the substrate in those cases. 

On nickel no epitaxy was observed. Nickel has the 
same structure as copper, and their lattice constants 
differ by only three percent; thus, it was reasonable to 
expect that oriented growth would appear at least for 
some grain orientations. Nickelous oxide has the same 
structure but a smaller lattice constant (4.17A) than 
does sodium chloride. This dimension agrees within 5 
percent with the atom spacing in the (110) direction of 
sodium chloride. Thus, if the oxide were following the 
substrate, oriented growth would be expected at least 
for some grain orientations. That such growth was not 
found, strongly suggests that the oxide does not grow 
parallel to the substrate for most orientations of the 
underlying nickel. 


GENERAL CONCLUSIONS 


The most apparent result is the fact that, contrary to 
expectations, oriented growth was readily produced on 
metals from all parts of the periodic table. Such growth 
in most cases probably was not characteristic of the 
metal surface but rather was determined by the nature 
of the oxide film usually present. 

For two metals, gold and silver, which do not combine 
directly with oxygen under ordinary conditions, the 
results were believed to be characteristic of the metal- 
alkali chloride pair. From the results for these metals 
two important conclusions are reached. 

(1) The limiting misfit between metals and ionic 
crystals is of the same magnitude (~10 percent) as for 
purely ionic pairs. This resu!t is at marked variance with 
previous work, which indicated a much smaller toler- 
ance for the metal-ionic crystal pair. 

(2) While oriented growth took place more readily 
on silver than on gold, the effect was quite pronounced 
on both. The higher efficiency of silver was attributed to 
its higher chemical activity. These results appear to be 
consistent with the general conclusion reached by 
Willems that for oriented growth to take place there 
must exist the possibility of a strong chemical bond 
between the units of the overgrowth and the substrate. 
The chlorides of silver and gold may satisfy the condi- 
tion of strong chemical binding. 

All other metals probably had oxide films on the 
surfaces at the time the chloride solutions were applied. 
Since oriented growth was observed for those metals 
(Cu, Zn, Pb, Sb, Bi, Fe), the oxide films must have been 
oriented with respect to the metal. Such conclusions 
had been reached previously for oxide coats on Cu, Zn, 
Pb, and Fe for some orientations, but the generality of 
the effects for many orientations has not been reported. 
In all cases, except on iron, it was found that sodium 
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Fic. 7. Oriented growth of caesium chloride on polycrystalline 
iron. Grain boundary bisects the field. Oriented growth on one side 
of boundary only. 100. 


chloride was more readily oriented than either potas- 
sium or rubidium chlorides. This agrees with the findings 
of Sloat and Menzies who showed that NaCl had greater 
orienting ability than KCl. It was suggested by van der 
Merwe! that this effect was a result of the small ionic 
size of sodium as compared with that of potassium. This 
explanation might also apply in the present work and 
account for the greater ease of alignment of NaCl, 
although iron presents an exception. 

No attempt was made to study systematically the 
aging effects of various surfaces. By applying the solu- 
tions after exposing surfaces for different intervals of 
time and measuring the thickness of the oxide (or other 
compound, if gases other than oxygen are used), infor- 
mation on thickness vs surface orientation could be ob- 
tained for a large number of systems. Specifically, the 
thickness at which the compound ceases to be affected in 
orientation by the substrate could be obtained readily 
for many different crystal orientations. Such results 
would be of basic interest in understanding processes of 
corrosion and passivity. 
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Electromagnetic scattering problems in cylindrical wave guides, including free space, involve the calcula- 
tion of the fields produced in the presence of geometrical discontinuities by arbitrary currents. Such dis- 
continuities may be replaced by equivalent electric and magnetic currents. The over-all calculation then 
leads to two distinct problems: first, the calculation of the fields produced by the prescribed and induced 
currents in a discontinuity—free guide; second, the self-consistent determination of the induced currents by 
the condition that the fields so produced satisfy the boundary conditions at the discontinuity surfaces. The 
first problem is treated herein by representation of the fields in terms of a complete set of vector modes 
characteristic of the possible transverse field distributions in the guide cross section. This representation 
transforms the over-all field problem into one-dimensional modal problems of conventional transmission 
line form. The eigenvalue problem of finding the characteristic modes is discussed in detail for the case of 
a uniform guide with perfectly conducting walls. The transformation procedure and the solution of the 
resulting transmission line problem are treated from an impedance point of view. A typical modal analysis 
and synthesis is presented for the explicit determination of the fields produced by arbitrary electric and 
magnetic currents in an infinite and semi-infinite wave guide of arbitrary cross section. The connection with 
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a corresponding dyadic Green’s function representation (to be treated in Part IT) is pointed out. 





I. DISCONTINUITIES AT LOW AND 
HIGH FREQUENCIES 


HE propagation and distribution of electromag- 

netic fields may be considerably modified by the 
presence of geometrical discontinuities. An infinitely 
detailed description of this modification, although for- 
mally possible, is frequently unnecessary in so-called 
wave guide regions where one is concerned primarily 
with the control and distribution of electromagnetic 
power. In these regions it is necessary to describe the 
modification only in those constituent modes of the 
electromagnetic field that propagate power. It is this 
simplifying feature which permits the introduction of 
equivalent circuits to describe the effects of discon- 
tinuities both at low and high frequencies. 

At low frequencies geometrical discontinuities on 
wires are generally “lumped” in the form of coils, con- 
densers, etc., whose dimensions are small compared with 
the wavelength. The effects of such discontinuities on 
the distribution of electromagnetic fields along the 
wires may be described almost everywhere in terms of 
only a single mode and schematically represented by a 
lumped constant equivalent circuit. The use of a circuit 
representation stems from the introduction of voltages 
and currents as measures of the electric and magnetic 
fields of this single mode at “terminals” far from the 
discontinuity (i.e., far in terms of dimensions). These 
terminal voltages and currents characterize completely 
the flow of power into and out of the given structure, 


* Although the following paper has lain dormant for a number 
of years, the authors feel it is nevertheless of current interest. 

f This article is Part I of two contemplated papers by the 
authors. 
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but are only crude measures of the infinitely detailed 
fields within the coils, condensers, etc. The circuit pic- 
ture provides a schematic representation of the relations 
among the terminal voltages and currents in terms of 
impedance parameters characteristic of the discon- 
tinuities; the wires connecting the discontinuities play 
an inessential role in this circuit picture since the volt- 
ages and currents do not vary along the wires. The 
quantitative derivation of these circuit relations, or 
“Kirchhoff laws,” from the fundamental field equations 
requires the ability to obtain expressions for the electro- 
magnetic fields at every point in terms of the densities 
of the actual currents and charges flowing in and ona 
discontinuity. Since at low frequencies a discontinuity 
structure is, or can be regarded as, situated in free 
space, the desired field expressions may be obtained 
classically from the vector and scalar potentials (whose 
functional forms are e~***/r) produced by the unknown 
currents and charges on the discontinuities. The imposi- 
tion of the boundary conditions to be satisfied by the 
fields on the discontinuities, etc., leads to integral 
equations for the actual current and charge densities. 
By integrating out and lumping the spatial dependence 
in these equations, one derives the desired circuit equa- 
tions in terms of inductance, capacitance, etc., param- 
eters characteristic of the discontinuity structures. 
At high frequencies the transmission and reflection 
properties of geometrical discontinuities may be like 
wise represented by means of an equivalent circuit, of 
better, by a network. However, the network representa- 
tion must be regarded from a more general point of view 
than is necessary at low frequencies. In the first place 
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REPRESENTATION OF 


the electromagnetic fields are guided not by wires but 
rather by metallic structures or wave guides which are 
enclosed to prevent energy loss by radiation, and which 
play an essential role in the network picture. Secondly, 
geometrical discontinuities within wave guides cannot 
be regarded as “lumped”; the “terminals” of such a 
discontinuity are accordingly ill defined with a corre- 
sponding ambiguity in the terminal fields. 

Longitudinal views of typical geometrical discon- 
tinuities in wave guides of uniform cross section are 
illustrated in Fig. 1. For convenience, these discon- 
tinuities are classified either as obstacle- or aperture- 
type discontinuities, although in many cases (such as 
Fig. ib) they can be regarded from either point of view. 
The over-all field behavior in such microwave structures 
js dependent not only on the effects of individual dis- 
continuities but also on the manner of field propagation 
along the wave guides. The network description, there- 
fore, requires not only lumped constant equivalent 
circuits to represent the discontinuities in field intro- 
duced by the geometrical discontinuities, but also trans- 
mission lines to represent the manner of field propaga- 
tion in the wave guide regions. As a necessary prelimi- 
nary to this network description, voltages and currents 
are introduced as measures of the amplitudes of the 
propagating fields at the “terminals” of a discontinuity 
as well as at all points along wave guides. These voltages 
and currents characterize completely the flow of power 
into and out of the discontinuity but not the fields in 
its immediate vicinity. 

To describe the detailed structure of the fields in the 
vicinity of a discontinuity as well as to derive the rela- 
tions among the terminal voltages and currents, it is 
convenient to employ a field representation which is 
characteristic of the wave guide regions. At any cross 
section of a wave guide region, the electromagnetic field 
can be represented, in general, as a superposition of an 
infinite number of characteristic modes or wave types. 
The functional form of these modes depends on the 
cross-sectional shape of the wave guide, their amplitudes 
on the nature of the field excitation produced by discon- 
tinuities, etc. Although the mode forms remain invari- 
ant at every cross section, the mode amplitudes vary 
with distance along the wave guide. This variation may 
be periodic or exponentially damped depending on the 
cross-sectional shape of the guide, the frequency of field 
oscillation, and the mode in question. In many wave 
guides all mode amplitudes but one, that of the so- 
called dominant mode, are exponentially damped with 
distance away from the discontinuity or source at which 
they are excited. As a result, only the dominant mode 
has appreciable amplitude far from the discontinuity, 
and, therefore, it alone characterized the “far” fields. 
Hence, the introduction of a voltage and a current as 
measures, respectively, of the amplitudes of the trans- 
verse electric and magnetic fields of this dominant mode 
provides a means for completely characterizing the 
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Fic. 1. (a) Obstacle discontinuity; (b) and (c) aperture 
discontinuities. 


fields at the “terminals” of a discontinuity. One has 
only to relate the dominant mode voltages and currents 
on either side (i.e., at the terminals) of a discontinuity 
structure to obtain a complete description of its trans- 
mission and reflection characteristics. Such relations 
may be schematically represented by means of a lumped 
constant equivalent circuit. The periodic variation of 
the dominant mode voltage and current along the wave 
guide is correspondingly characterized by means of a 
distributed transmission line. A general microwave 
structure is thus regarded as a composite structure 
whose network representation in terms of transmission 
lines and equivalent circuits is a natural generalization 
of the low frequency situation. 

As in the low frequency case, a necessary prerequisite 
to the quantitative determination of the voltage-current 
relations at the terminals of a discontinuity, or equiva- 
lently the circuit parameters descriptive thereof, is the 
ability to obtain expressions for the electric and mag- 
netic fields at every point within a wave guide structure. 
These fields are dependent upon the current and charge 
densities induced on discontinuities as well as on the 
impressed current excitation. The explicit and general 
determination of this dependence for uniform metallic 
wave guides is the essential purpose of this paper. 
Despite a formal similarity to the corresponding low 
frequency field problem, the determination of the field 
within a wave guide is relatively complex because of the 
presence of the guide walls. In the classical description 
applicable to this case, the complexity arises because the 
vector and scalar potentials do not have the simple 
functional form e~**"/r but rather must be determined 
so as to satisfy, in addition to the wave equation, the 
boundary conditions imposed by the metallic walls of 
the guide. Moreover, the evaluation of the unknown 
current and charge densities induced on a discontinuity 
is far more difficult in the microwave case. Although the 
imposition of the boundary requirements for the fields 
on a microwave discontinuity leads to an integral equa- 
tion for the determination of the induced currents, it is 
not possible, in general, to simplify this equation by 
integrating out the spatial dependence, because the 
dimensions of the discontinuity are no longer small com- 
pared with the wavelength. Despite the analytical com- 
plexity, the circuit parameters descriptive of a variety 
of discontinuities can be found once the field produced 
in the given wave guide by an arbitrary distribution of 
current and charge density is known. 
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Il. STATEMENT OF THE FIELD PROBLEM 


A fundamental existence theorem provides a guide 
for the specification of an electromagnetic field problem: 
a unique solution for the vector electric and magnetic 
fields within any region exists provided the tangential 
component of either the electric field E or the magnetic 
field H is specified at each pointt of the surface bound- 
ing the given region. In the steady state of angular fre- 
quency w, the electromagnetic fields E(x, y,z) and 
H(x, y, ) within a source-free region satisfy the max- 
well equations 


curlE= —jwuH, 


curlH = jweE, (2.1) 


where an e’*‘ time dependence of the fields has been as- 
sumed, and where yw and e¢ are the permeability and 
dielectric constant of the medium. Throughout this 
paper mks units and dimensions are used. As stated in 
the above theorem, the specification of E and H by 
Eqs. (2.1) becomes unique only if the values of either 
HXn or nXE (n=normal unit vector from region) are 
stated on the bounding surfaces of the given region. 

For the typical obstacle discontinuity shown in Fig. 
la, the region of interest is that bounded by the guide 
walls, the far “terminal” surfaces, and the surface of 
the obstacle. It is desired to solve Eqs. (2.1) for the 
electric field in the given region in terms of the bound- 
ary values of 


nXE_ on the guide walls, 
nXE_ on the terminal surfaces, 
HxXn_ on the obstacle surface. 


(2.2) 


If the guide walls are perfect conductors, nX E must be 
zero thereon. The desired expression for the electric 
field will then be expressed in terms of the known 
“voltage excitation” nX E on the terminal surfaces and 
the unknown “surface electric current density” HXn 
induced on the obstacle surface. If the obstacle is also 
a perfect conductor, the electric current density on the 
obstacle must be such that the total electric field tan- 
gential to the obstacle surface vanishes. If, on the other 
hand, the obstacle is a dielectric, HXn at the obstacle 
surface must be such as to produce thereon a tangential 
electric field which is continuous both within and out- 
side the dielectric. The explicit determination of HXn 
on the surface, and thereby of the circuit parameters 
descriptive of the discontinuity structure, will not be 
considered in this paper. 

For the aperture discontinuities of Fig. 1b, there are 
two regions of interest: one, the region bounded by the 
guide walls, the far “terminal” surfaces (shown dashed), 
and the aperture surface shown (dotted); second, the 
corresponding region on the opposite side of the aper- 
ture. It is desired to find a solution of Eqs. (2.1) for the 


t Including discontinuity points, 
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magnetic field in each region in terms of 


nXE_ on the guide walls, 
HxXn_ on the terminal surfaces, 


(2.3) 
nXE_ on the aperture surface. 


If the guide walls are perfect conductors, nXE yilj 
vanish thereon. The desired field expression in each 
region will then be expressed in terms of the known 
“current excitation” HXn on the terminal surfaces and 
the unknown “magnetic current” or “voltage density” 
n XE induced in the aperture. The determination of the 
unknown nX E follows by imposition of the requirement 
of continuity of the electric and magnetic fields in the 
aperture. 

It is generally difficult to solve directly field problems 
in the regions shown in Fig. 1, because the geometrical 
shapes of these regions are complicated by the presence 
of the obstacle and aperture discontinuities. It is con. 
venient to replace the perturbing obstacle and aperture 
discontinuities by equivalent distributions of electric 
and magnetic surface currents. As a result, the above 
outlined problems can be reformulated in more general 
terms as “Kirchhoff” problems of finding the fields pro. 
duced by arbitrary distributions of (real or virtual) 
electric and magnetic currents. The advantage of this 
reformulation is that the obstacle and aperture discon- 
tinuities within a given region can be replaced by suit- 
able distributions of electric and magnetic currents ina 
discontinuity-free region of “simple geometry.” In the 
latter formulation one is concerned with the solution of 
the inhomogeneous field equations 


curlH = jweE+ J, 
curlE= —jwuH—M, 


subject to simple boundary conditions. Equations (2.4) 
define the fields produced by sources of electric and 
magnetic current density J and M, respectively. An 
interesting aspect of these equations is evident when 
one rewrites them in vector wave equation form as 


curPE— RE = —jwul J+ (curlIM/jou)], 
curPH— 2H = —jwelM-+ (curlJ/—jwe) ], 


(2.4a) 
(2.4b) 


(2.5) 


where k?=w*ue. From Eqs. (2.5) one notes that both 


J and curlM/jwu (2.6) 
act as electric field sources, whereas both 
M and curlJ/—jwe (2.7) 


act as magnetic field sources. The terms in Eqs. (2.5) 
enclosed by brackets thus can be regarded as the total 
electric and magnetic field sources. 

The replacement of obstacle and aperture discon- 
tinuities by surface currents is based on the equivalence 
of electric or magnetic field discontinuities and mag 
netic or electric surface currents, respectively. To i 
vestigate this equivalence, we consider the singular 
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REPRESENTATION OF 


j-function current distributions 


J(r’)i(r—r’), (2.8a) 


and 

M(r’)d(r—r’). (2.8b) 
The vector current densities (2.8) vanish at all points r 
other than the source point r’ in virtue of the properties 
of the three-dimensional 6-function 6(r—r’). The latter 
may be represented in terms of one-dimensional 6-func- 
tions either as 


6(r—r’) = 6(x— 2x’) d(y—y’)5(s—2’), (2.9a) 


where x, y, and x’, y’, 2’ represent the cartesian coordi- 
nates of the points r and r’, or as 


5(r—r’) = 5(o— 9’)d(n—n’), (2.9b) 
where 9, 2 and 9’, n’ represent rand r’ in the curvilinear 
coordinates associated with a surface o for which n is 
the normal coordinate and 9 is the surface vector coordi- 


nate. The properties of the one-, two-, and three- 
dimensional 6-functions are defined by 


foe- x’)dx’=1, 


i(o— oe’) =0 if oF 0’, J fee o’)do’=1, (2.10) 


i(r—r’) =0 if r+r’, Jf foa-erar =; 


the single, double, and triple integrals extend over a 
linear, surface, or volume interval containing the point 
x, 9, or r, respectively. 

By integration over r’, any arbitrary current distri- 
bution can be represented as a superposition of the 
elementary currents (2.8). The 6-function representa- 
tion (2.9b) is particularly suited to the case where 
currents are restricted to some surface o’(o’, n’). The 
resulting current density is then given by an integral 
over the surface o’ as 


J(r)= f [3@o00- o')5(n—n')do’ 


i(a— x’) =0 if x2’, 


=J(o)d(n—n’), (2.11a) 
or 
M(r)= J J M(r’)5(o—0")5(n—n’)do” 

=M(o0)é(n—n’), (2.11b) 


oin the right-hand members of each equation being on 
’. Integration of the field equations over infinitesimal 
surfaces perpendicular to the directions of J and M, 
respectively, leads on use of Eqs. (2.11) and (2.10b) to 
the equivalence relations! 


[H(o)xn]7=J(e), (2.12a) 
a [nx E(e) |F=M(e), (2.12b) 
‘See S. A. Schelkunoff, Electromagnetic Waves (D. Van Nos- 


trand Company, Inc., New York, 1943), Sec. 4.5; also see Eqs. 
(2.17) below. 
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between the surface currents flowing on o’ at o and the 
field discontinuities produced thereby. The symbol 
[ |5 indicates the difference between the values of the 
bracketed quantity on the — and + side of the surface 
o’; the — refers to the side whereon the normal n points 
toward the surface. In most applications of Eqs. (2.12), 
the given surface is the seat of either an electric current 
J or a magnetic current M at 9; the former implies a 
discontinuity in tangential magnetic field but no dis- 
continuity in tangential electric field at , and the latter 
implies the converse. 

As is known, the equivalence relations (2.12) permit 
the effects of obstacles and aperture discontinuities to 
be replaced by appropriate surface current distributions. 
For example, a perfectly conducting obstacle discon- 
tinuity is characterized by a tangential magnetic field 
which is finite on but zero within the obstacle surface 
and by a tangential electric field which is continuous and 
equal to zero both on and within the obstacle surface. 
Hence, by (2.12) the effect of the obstacle may be 
replaced by a surface electric current J(o)=H(o)Xn 
flowing on the obstacle surface o (n= unit normal into ¢). 
On the other hand, an aperture may be regarded as a 
discontinuity surface on a perfectly conducting metallic 
surface, the tangential electric field being zero and the 
tangential magnetic field finite on the latter. The outer 
side of the aperture surface is assumed to fie on the 
metallic surface. The tangential electric field is thus 
finite on the inner but zero on the outer surface of the 
aperture, whereas the tangential magnetic field is con- 
tinuous and finite on both sides of the aperture surface. 
Thus, by (2.12) the effect of the aperture surface o may 
be replaced by a surface magnetic current M(o)=n 
X E(o) flowing on c. As a result of the indicated equiva- 
lences, the aforementioned discontinuity problems are 
seen to involve the general problem of finding the fields 
set up by arbitrary (and perhaps initially unknown) 
distributions of current in some region. 

In the following, the region of interest will be the 
nondissipative, cylindrical wave guide of arbitrary but 
uniform cross section illustrated in Fig. 2. The curvi- 
linear cross-sectional coordinates are designated by x 
and y, and the longitudinal cartesian coordinate by z. 
It is desired to obtain a complete representation of the 
fields in such regions so as to provide solutions either of 
the inhomogeneous field Eqs. (2.4) or of the homogene- 
ous Eqs. (2.1). 

The solution of the field equations for E and H ina 
uniform region can be simplified by eliminating the 
longitudinal field components from the equations. In 
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the case of the inhomogeneous equations, this is ac- 
complished by vector and scalar multiplication of Eqs. 
(2.4) by zo, a unit vector in the z direction, to yield 


moX(¥V XE)=V.E.—(0/dz)E, 


=jopH,X%+M X20, (2.13) 
mX(¥ XH)=V.H.—(0/d2)H: , 
= jwetoX E,+-20x J, 
and 
to (V XE) =—V:.- (ao XE.) = —jwouH.—M., (2.14) 


Zo" (vx<H)= Vi° (H.X Zo) =jweE,+J,, 


where the subscript / is employed to designate com- 
ponents transverse to the z axis. For example, the trans- 
verse component of the gradient operator ¥ is 


V:=V—2(0/0z). (2.15) 


This transverse (or surface) operator may be defined on 
a transverse surface in the same invariant manner as 
the operator ¥ in a volume. As a result, operations with 
Vv; may be manipulated exactly as are corresponding 
operations with ¥. On elimination of Z. and H, from 
Eqs. (2.13) by means of Eqs. (2.14), one obtains (assum- 
ing differentiability of J, and M.) the desired transverse 
form of the inhomogeneous field equations: 








] 1 
-—E,= jon(e+—v.91) . (H.x Zo) 
Oz k? 
ViJ; 
+MXa+ s ’ 
jwe 
(2.16) 
0 1 
——H.= jue( e+—v.v1) * (ZX E,) 
Oz ’ k? 
Vi M, 
+m0X J+ S ? 
J@M 


where e is the transverse unit dyadic, defined by the 
relations e- A= A-e=A. Equations (2.16) are transverse 
vector equations of “transmission line” form.§ Together 
with the supplementary Eqs. (2.14), which permit the 
determination of the longitudinal field components from 
those of the transverse, Eqs. (2.16) are fully equivalent 
to the inhomogeneous field Eqs. (2.4). The correspond- 
ing form of the homogeneous field Eqs. (2.1) is a special 
case of Eqs. (2.16) with J=0=M. 

Important elementary types of current excitation are 
represented by the singular electric and magnetic cur- 
rent distributions (2.11) associated with a surface 
characterized by the coordinate vector @ and the normal 
coordinate n’. Let the surface in question be the planar 
cross section of a uniform guide at z=z’ with p= (x, y) 
and n=2p, but let the directions of the current density 
vectors J and M be arbitrary with respect to this sur- 
face. Then, insertion of Eqs. (2.11) into Eqs. (2.16) and 


§ Equations (2.16) are also applicable for a uniformly stratified 
medium in which ¢ and yp are functions of z. 


integration over an infinitesimal interval centered at 3! 
leads to 


[H.(e) X 20 ]¢=Je(o)+ (VX M.(0)/jwu), (2.17a) 
[to E.(o) ]¢=Me(o)+(¥.XJ.(0)/—jwe), (2.17) 


in view of the finiteness of the transverse derivatives of 
E, and H;. The subscripts ¢ and z indicate vector com. 
ponents tangential and normal, respectively, to the 
given surface. As in Eqs. (2.12), the [ ]> represents 
the difference between the bracketed quantity at 
z=z'—0 and z’+0. Equations (2.17) exhibit the field 
discontinuities produced on a given mathematical sur. 
face by surface currents that are not necessarily tan- 
gential to the given surface; for planar surfaces these 
equations represent a generalization of the equivalence 
relations (2.12) and are basic to the transmission line 
considerations of Sec. III. One notes from Eqs. (2.5-7) 
that the right-hand members of Eqs. (2.17) are, respec- 
tively, the fotal electric and magnetic field sources 
tangential to the given surface. 

Whatever the current excitation, there exist two 
essentially equivalent methods for solving either the 
homogeneous or the inhomogeneous field equations: the 
characteristic function or modal method, and the 
Green’s function method. In the former the field re- 
sponse is obtained by analysis of the current excitation 
into constituent modes and subsequent synthesis of the 
individual modal responses. The latter method is based 
on the knowledge of the field response to a 6-function 
current excitation; the response to the actual excitation 
is then found by a superposition argument. (See Part 
II.) Both methods involve essentially the calculation of 
fields in a discontinuity region in terms of the fields 
produced by elementary sources in a discontinuity-free 
region with simple boundaries. 


Ill. THE CHARACTERISTIC FUNCTION METHOD 
A. Mode Representation 


The transverse fields in the cylindrical guide of Fig. 2 
may be represented by a superposition of a complete 
set of transverse vector functions as 


E,(x, y, 3)= Ui Vilz)e(x, y), (3.1a) 
H,(x, y; 2)=di I (z)hi(x, y), 


from which by Eqs. (2.14) the longitudinal field com- 
ponents follow as|| 


jweE.(x, y; Z) => s T(z)Vi-hixX Zo; (3.1b) 
jopH (x, y, 2)= di Vilz)Vi- 0X ei. 


The separation into xy dependent vector functions ¢i, 
h; and into z dependent scalar amplitudes Vi, Ji is 
permissible because of the uniformity of the guide in 
the z direction. The two-dimensional vector character 
of the representation implies that 7 is to be considered 





|| For guides of infinite cross section the representation is 
characterized by a continuous rather than a discrete index 4, and, 
hence, the sums are to be replaced by integrals. 
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z! 4 double summation index. For simplicity of over-all The explicit appearance of the bracketed surface inte- 
z representation, the vector functions e; and h; will be grals in Eqs. (3.4a) implies, in general, a complicated 
chosen so as to satisfy the orthonormality requirements __ relation to the amplitudes V; and J;. It is this complica- 


0 i+j tion which may be removed by a proper choice of the 

h f f eXhj-adS = (3.2) | vector functions e; and h;. The correct choice becomes 

) 1 i=j, evident on use of the vector integration by parts formula 
of 


the surface integrals being extended over the guide cross 


ra section. These orthonormality properties permit a for- f f (V.V,-A)-Bds= f f A-(V.V,-B)dS 
ne | mal determination of the amplitudes in Eqs. (3.1) as 

t 
i vi)= ff Bch.xnds, +f (erA)B-v)as— f (A-v) ve Boas (3.5) 
ond (3.3) 
an- The double integrals are taken over a planar surface 
lese I(z)= f J H,-zXedS, within which the transverse vector functions A, B and 
“a their derivatives to the second order are continuous. 
ine 


; where again the surface integrals are to be extended The single integrals are taken over the peripheral curve 
}-7) over the guide cross section at z. or curves s bounding the given surface. The unit vector 


pec- The explicit evaluation of the amplitudes (3.3) is vis the outward normal at s in the plane of the surface, 

rces : nd V; is the component of V parallel to the surface. On 
effected by means of the defining Eqs. (2.16) for E, and V; 1s the compone parane! to the surzace. 

‘ and H,. This evaluation is facilitated by a proper choice pplication of Eq. (3.5) to the surface integrals in (3.4a), 

wo 


of the functions e; and h;. The problem of finding a__ there is obtained 
= suitable set of orthogonal vector functions—the so- 
yo called characteristic (or eigen-) function problem—is a f f (V0, X20) “heX tod S 
| re. | Purely mathematical one whose solution is dependent 
on the cross-sectional shape of the guide. The solution 


ition . : 
insures both the orthogonality of the vector functions _ 
co and the completeness of the representation in Eqs. ~ J , HX 0° (ViVe- hi X20) dS 
ao (3.1). To investigate in detail the eigenfunction problem, 
wo one proceeds to calculate the amplitudes V; and J; by 


Part transformation of Eqs. (2.16) in accordance with the +  C(hxt0-v)¥- HX t6— HX 20-9) eh Xs 
anal operations indicated in Eqs. (3.3). Thus, integrating (3.6) 
Gelds | over the guide cross section the scalar product of the — 


free first of Eqs. (2.16) with h;Xz and of the second with J fovrrmx E,) -2XedS 
%Xe;, one finds on use of Eqs. (3.3) 





dV; 1 
- ~ ~ jou Lt J [ove Hexa) roxas = ff moxB.-(V.¥1-mXe,)45 
" 2 
Fig. 2 +;(z), 
aplete (3.4a) + [ Coxe») ¥1-20XEr- (zoX Ez- v) V2" ZX e; lds. 
dl; 1 
(3.1a) Sj Viet J J (oivenxB) maxes For a cylindrical guide, as in Fig. 2, with perfectly 
Lids) conducting walls{ 
Vj\Z), 
| com- | where zoX E,- v=0=V;.-H:Xz ons. 
sis) M 2)-hdS In this case the desired simplification in the evaluation 
(3.1b) } (x, y, 2)-hy of the left-hand integrals in Eqs. (3.6) is achieved by 
VI .(x the introduction of characteristic functions of the fol- 
Ons €i, f f J A(x, M8) ee dS lowing two types. The one type of eigenfunction e,’ is 
, 1, is jue iia ici defined by the vector eigenvalue problem 
ride in (3.4b) V,V,-e'+h"e’=0 
a i(2)= il J I(x, y, 2)-edS subject to 
. Zw Xe'-v=0=V,-h’Xz ons; (3.7a) 
ation is ViM.(x, y, 2) {| For a guide of infinite cross section, i.e., free space, these 
x i, and, + ccreeumen edS. boundary condition are replaced, for example, by periodicity 


Joop requirements on an “infinite box.” 
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the related function h,’ is equal to ze,’ and satisfies 
the equation V;-h,’=0 in the cross section. Noting that 
the so-defined e;’ must be a transverse gradient function 
(and, hence, h,’ a transverse curl function), one can 
equivalently define the vectors e;’ by the detailed 
equations 
—_ ke’ = Vid, 
k.' =V;- e’, 


(3.7b) 


whence the functions ¢; are defined by the scalar eigen- 
value problem 
Viot ke =0 ~ 
subject to (3.7¢) 
¢=0 on s, if k.’+0, 
d¢/ds=0 on s, if k,’=0.** 


The second type of eigenfunction h,’’ and the related 
function e;”’=h,’’ Xz are defined by the vector eigen- 
value problem, 


V.V.-h’+h."h” =0 (3.8a) 
subject to 


wXe"’-v=0=V,-h” Xz ons. 


In this case the h;” are evidently transverse gradient 
functions, and e,’’ transverse curl functions satisfying 
the equations V;-e;’’=0. Thus, an equivalent definition 
of the eigenfunction problem may be given by the 
detailed equations 


_ keh” = Vi, 


ke b=Vieeh" (3.8b) 


whence the functions y; are determined by the scalar 
eigenvalue problem 


Vivtk. *y=0 (3.8c) 
with 


dy/dv=0 ons. 


On substitution of the primed eigenfunctions defined 
in Eqs. (3.7a) into Eqs. (3.6), there is obtained for a 
guide with perfectly conducting walls 


J fo. -H,X 2%) - hi X dS 


= — hot f f H,Xt0-e/dS=—hes"I,', (3.92) 


ff fovrenx E,) -zXe,’=0, 


whereas for the double-primed eigenfunctions defined 


** The boundary conditions on ¢ are such as to insure both 
Vi: h’ Xz and zXe’-v=0 on s. Although only the former of these 
conditions is necessary to insure the orthogonality of the e’ func- 
tions, the latter is imposed to secure the desired simplification 
(diagonalization of the transverse vector field equations). There 
is a consequent difference in phrasing of the boundary conditions 
when k,.’+ or =0; the latter occurs for the principal mode in 
coaxial structures, for example. 
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in Eq. (3.8a) 


f fore H,X 2) - hy’ X wdS =0, 


ff cvevemx E,) -zXeidS 
= —ki™f [20x E,- h;’dS= —k,,/”"V;"". 


The resulting simplification in the transform Eqs, (3.4a) 
is apparent. Before discussing this point further, we 
shall consider briefly the nature of the above-defined 
eigenfunctions or modes and of the field representation 
effected thereby. 

The possible solutions e; and h; of the homogeneoys 
vector Eqs. (3.7a) and (3.8a) are characteristic of the 
dyadic operator V,V; in the sense that the operation 
V.V.- on e; or h; is simply proportional to e; or h, 
(diagonalization). These solutions define not only the 
infinite set of orthogonal vector mode functions e,, h; 
but also the associated set of characteristic wave num- 
bers k,;. The orthogonality properties (3.2) of the mode 
functions follow readily from the defining Eqs. (3.7a) 
and (3.8a) on use of the vector identity (3.5) with 
A=e; and B=e;=h;X2. Moreover, the eigenvalues 
k.2 can be shown to be real and positive by a conven- 
tional argument utilizing the two-dimensional form of 
Green’s theorem. As implied in Eqs. (3.7b) and (3.8b), 
the e; modes are of two independent types, e;’ and e;’, 
indicative of their two component vector character. The 
two vector types are expressible in terms of the scalar 
eigenfunctions ¢; and y;, characteristic of the scalar 
operator V? as given in Eqs. (3.7c) and (3.8c). Explicit 
evaluations of these scalar functions are well known: 
Since V,-h,;’=0, the field representation (3.1a and 3.1b) 
associated with an e;’(h;’) mode is such that the longi- 
tudinal magnetic field vanishes; for this reason these 
modes are designated as transverse magnetic or E 
modes. Correspondingly, since V;-e,’’=0, the longitu- 
dinal component of the electric field of an e;’(h’) 
mode vanishes; hence, these modes are designated as 
transverse electric or H modes 

With the mode definitions of Eqs. (3.7-8) and the 
resulting evaluations of the integrals in Eqs. (3.9), the 
defining Eqs. (3.4a) for the mode amplitudes can be 
rewritten as 


(3.9b) 


—dV ,/dz=jx ZI +i, 


ds=jxLl +0; (3.10 
—dI ,/dz=j«iY Viti, 


where the ’ or ” superscript distinguishing the EZ and 
mode quantities has been omitted, since the equation 
for both mode types are of identical form. For the £ 
modes 


xi! = (2 — hes!?)}, (3.10. 


2 See Waveguide Handbook (McGraw-Hill Book Company, Inc, 
New York, 1950), Radiation Laboratory Series, Vol. 10, chapter? 


V/=1/Z,/ =we/k;’, 
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whereas for the H modes 
(= (B— hel! Zi"=1/V "= on/ei"4t (3.10b) 
It is evident that the introduction of the mode repre- 
sentation in Eqs. (3.1) has transformed the original 
vector field problem into the problem of solving the 
infinite set of scalar differential Eqs. (3.10) subject to 
the boundary conditions imposed by the “far” excita- 
tion. Equations (3.10) are of conventional transmission 
line form.t{ They constitute the basis for terming V; 
and J; mode voltages and currents, and «x; and Z; mode 
propagation wave numbers and characteristic impe- 
dances, respectively. Thus, the variation in the ampli- 
tudes of any one mode along z, the transmission direc- 
tion, can be represented schematically by means of a 
transmission line of known propagation wave number 
and characteristic impedance. These transmission lines 
are of two types: propagating or nonpropagating, de- 
pending on whether the propagation wave number x; is 
real or imaginary (i.e., k.; less or greater than k). The 
determination of the voltage and current behavior on 
such transmission lines is the engineering problem of 
finding the response to the known distributed “source 
voltages and currents” v,(z) and i,(z) given in Eqs. 
(3.4b). From an engineering point of view, the knowl- 
edge of the dependence of »;, 7;, x;, and Z; on the dimen- 
sions of the wave guide and the type of excitation is all 
that is necessary in many practical microwave problems. 
The dependence of v; and i; on the excitation J and 
M can be cast into a more convenient form on applica- 
tion to the right-hand terms in Eqs. (3.4b) of the vector 
integration by parts formula 


| f Vif-AdS= — f f f¥-AdS-+ f f(A-w)ds, (3.11) 


which follows directly from the definition of the trans- 
verse divergence V,-(fA) in the plane S. The scalar f 
and vector A are functions which, together with their 
first-order partial derivatives, are continuous within the 
surface S bounded by the peripheral curve or curves s 
on which v is the outward normal unit vector in the 
plane of S. Thus, if J, and M, are suitably continuous 
scalars and if J, vanishes on the bounding curve s of the 
guide cross section S, Eqs. (3.4b) can be rewritten in 
the form 


a= [ (Me, y, 2) -hi(x, y)dS 


-2.f [3 y, 2) e2:(x, y)dS, 


(3.12a) 
ii(2)= f fre ys z) -e,(x, y)dS 


— vif [Me ¥; z) -h.,(x, y)dS, 


ttIf kei>k, xi is written as —j(kei?—k*)$ to conform with the 
exp(+jwt) time dependence. Note k?= wpe. 

t{ Equations (3.10) apply as well to the case of a stratified 
medium in which yw and ¢ are functions of z, but this case will not 
be considered herein. 
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where 


Vi- e,’ Res’ 


V.-h,”’ k.;”” 
Cau = _ 


io, h.;=— a 
Ji JKi Jki 











(3.12b) 


WV iZo. 

ji’ 
Since e,;=0 for H modes and h,;=0 for E modes, Eqs. 
(3.12) assume a simpler form for either E or H modes. 
The knowledge of the expressions for v; and i; given in 
Eqs. (3.12) is fundamental to the engineering calcula- 
tion of the fields produced by arbitrary excitation cur- 
rents J and M. For example, one notes from Eqs. (3.12) 
that a z-directed electric current excites only E modes, 
whereas a z-directed magnetic current excites only H 
modes. 

When the currents J and M flow on discontinuity 
surfaces a(x’, y’, 2’), contributions to the integrals in 
Eqs. (3.12) arise only from those surface elements dS 
at the intersection of the discontinuity surfaces and the 


plane z. As noted in Eqs. (2.8-12), surface currents can 
be represented as 


Je, a= f [Ie y,2) 


X 6(x—2')5(y—y')6(z—2')do’, 


M(s,y,2)= f [M@,y,2’ 


X 6(x—x')5(y—y’)5(z—2’)do’, 


(3.13) 


where the J integral is extended over obstacle surfaces 
and the M integral over aperture surfaces. If the normal 
unit vector n’ into the discontinuity surface element do’ 
is represented as 


n’ = (n’- y’)v’+(n’ + Z) 0, (3.14) 


where the unit vector v’ is the normal lying in the z 
plane at the intersection ds’ of the element do’ and the 
plane z, it follows that 


do’ =ds'dz'/(n’- v’) =dl'dz’ §§ 
Insertion of Eqs. (3.13) into Eqs. (3.12) and use of the 
6-function properties (2.9-10) lead to 


hie f M(x’, 9’, 2)-hi(x’, y")dl 
ap 


~Z, f Hx’, y’, 2)-ea(x’, y’)dl’, 
obs 
(3.15) 
i(z)= I(x’, y’, 2)-e:(x’, y’)dl’ 


obs 


~ vif M(x’, y’, 2)-hy(a’, y’)dl’, 
ap 


§§ For the singular case (n’-y’) =0 the discontinuity surface lies 
in the z plane, and, hence, do’=dS’. 
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where the line integrals are extended over the inter- 
section curve, or curves, s of the discontinuity surfaces o 
with the plane z. Since, as shown in Eqs. (2.12) et seq., 
the surface currents J and M on obstacles and aper- 
tures can be expressed in terms of the tangential mag- 
netic and electric fields thereon, Eqs. (3.15) can be 
rewritten as 


(s)= f n’XE(o, 2) -hi(o’)dl’ 


-2.f H(o’, z)Xn’-e,;(9’)dl’, 
(3.16) 


i(s)= f H(o’, 2)Xn’-e,(0')dl’ 


= vf n’X E(o’, z) ° h,;(0’)dl’. 
ap 


The general Eqs. (3.16) are fundamental to the engineer- 
ing solution of the problem of finding the fields set up 
in the vicinity of obstacles and apertures of arbitrary 
shape and location. 

Although Eqs. (3.16) follow from Eqs. (3.12) by 
means of the equivalence relations (2.12), the deriva- 
tion involves the use of the 6-function technique. It may 
therefore be of interest to sketch the derivation for the 
direct solution of the homogeneous field equation prob- 
lem. In this case it is desired to solve Eqs. (2.16) with 
J=0=M but with the fields subject to prescribed 
boundary conditions on discontinuity surfaces within 
the guide (see Sec. II). As in the inhomogeneous prob- 
lem, the solution proceeds by transformation of Eqs. 
(2.16) in accordance with the operations indicated in 
Eqs. (3.3). Instead of Eqs. (3.4a), one then obtains 


dE, 
ff Boxed 
dz 


1 
= jon Tot f [cove H.X Zo) -hiX nds | 


3.17 
iH, (3.17) 


-f —-a)XedS 
dz 
1 
= jod Vit J fvweroxBa-mxeds | 


where now the surface integrals at the plane z are ex- 
tended over that part of the guide cross section S not 
occupied by obstacles or apertures. The derivative with 
respect to z of the left-hand member of (3.17) can be 
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taken outside the integral on use of the relations 


ff ont «aaa 


5’ 








+ f (E,-h,X29)(n-t4)—— 


(n’-v’) 


sf- —(H;: uxends=— f fd. Zo Xe,)dS 


+ f He ZXe;)(n’- a 


(3.18) 





‘evl)' 


the first of which, for example, is derived by application 
of the vector (gradient) formula 


[Jf J venxmav= ff E-noxaiie 


to the discontinuity-free volume V bounded by the 
cross-sectional planes S at z+dz and at z, the obstacle 
and aperture surfaces o (the normal to which is defined 
as in Eq. (3.14)), etc. The right-hand surface integrals 
in Eqs. (3.17) can be integrated by parts as shown in 
Eqs. (3.6). On substitution of Eqs. ((3.3), (3.6-8), and 
(3.18)), it can be verified that Eqs. (3.17) are trans- 
formed into the transmission line Eqs. (3.10) with 9, 
and 7; given by the previously derived expressions (3.14). 


B. Transmission Line Solutions 


The mode representation (3.1) together with the 
mode definitions (3.7, 8) reduce the problem of deter- 
mining the vector fields set up in a wave guide region 
by an arbitrary distribution of induced or impressed 
sources to that of solving an infinite set of transmission 
line equations of the form 


—dV /dz=jxZI+1, 
—dI/dz=jxYV+i, 


one for each mode. For each mode the line parameters 
x and Z=1/Y are determined by the cross-sectional 
dimensions of the region, and the source parameters 1 
and i by the induced or impressed excitation within the 
region. The desired solutions for V and J are dependent 
not only on the values of the above parameters but also 
on the boundary values that either V, J, or the incident 
wave amplitudes assume on terminal planes bounding 
the given wave guide region. These boundary conditions 
are determined by the sources exterior to the terminal 
planes and by the nature of the wave guide region. 
To formulate more explicitly a typical transmission 
line problem, let us consider the case illustrated in 
Fig. 3a of an infinite wave guide in which, for definite 
ness, there exists a longitudinal aperture discontinuity; 
this case arises in the solution of the boundary value 
problem posed in Fig. 1c. Let it be assumed that only 


(3.19) 
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the dominant mode can be propagated in the wave 

ide. The boundary conditions at terminal planes 7), 
T,, “infinitely” remote from the discontinuity region, 
must correspond therefore to finite incident waves on 
the dominant mode transmission line and to no incident 
waves on each of the higher mode transmission lines. 
With this specification of the boundary conditions, each 
of the modal problems posed by Eqs. (3.19) becomes 
uniquely defined. The modal solutions of these trans- 
mission line problems can be obtained in terms of the 
modal parameters for any typical mode, just as in 
temporal problems steady-state solutions can be ob- 
tained in terms of the circuit parameters for any typical 
frequency. Modal analysis thus plays the same role in 
spatial problems that steady-state analysis does in 
temporal problems. 

For a typical mode the complete solution of Eqs. 
(3.19) is composed of a part due to sources at finite 
distances and a part due to sources (if any) at infinity; 
these correspond, respectively, to the particular and the 
complementary solution of Eqs. (3.19). In obtaining 
these component solutions for each of the above-defined 
transmission line problems, we shall emphasize the 
engineering point of view. As a particular solution, let 
us define that solution of Eqs. (3.19) corresponding to 
simple “matched” boundary conditions at the terminal 
planes; ie., V(0%)=ZI(~) and V(—#)=—ZIJ(— ~) 
for each mode (i.e., no incident waves). To obtain this 
solution, consider the voltage U(z, 2’) and current 9(z, 2’) 
set up at any point z by elementary voltage and current 
sources at 2’ of the form 2(z’)4(z—2’) and i(z’)6(z—z’), 
respectively. The defining equations for U and g are 
by Eqs. (3.19) 


—dV0/dz=jx«Z9+0(2’)5(z—2’), 
—d4/dz=jxYV+i(2')8(s—2’), 


with “matched” boundary conditions. In view of the 
properties (Eqs. (2.10)) of the 6-function, it is evident 
that integration of these equations over all source 
points z’ will lead to the original Eqs. (3.19) if 


(3.20) 


Ve)= [ v6, z')dz’, 
(3.21) 
I(z)= fo 2')dz’, 


On integrating Eqs. (3.20) with respect to z over a 
small interval containing z’, one finds that U and g 
possess discontinuities of value v(z’) and i(z’) at 2’. 
Thus, the problem specified by Eqs. (3.20) can be 
schematically represented by the equivalent circuit in 
Fig. 3b wherein are also indicated the positive directions 
of the various voltages and currents. With the aid of 
this network, one finds by conventional impedance 
calculations that the voltage UV and current 9 at any 
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1 
T Tt 
Fic. 3. (a) Longitudinal 


(b) Equivalent circuit for 
view. 


source at z=2’. 


point z are: | 
V(z, 2’) = [4(v(2’)e(z, 2')+Zi(z’)) Je~isle-2'1, 
I(z, 2’) — [4(i(2’)e(z, 2’)+ Yo(z’)) Je~tl2-2'1, 


where 


(3.22) 


+1 if z>z2’ 

e(z, 2’)= 

—1 if z<2z’ 
and therefore 
e(z, 2’ )e~*l2-2'| = (1/—jx)(0/dz)e—**12-#'1, 

The dual-bracketed expressions preceding the exponen- 
tials in Eqs. (3.22) are the voltage and current, respec- 
tively, at z=z’+0. The solution (3.22) evidently corre- 
sponds to a wave progressing outward from the source 
at 2’. Integration of (3.22) over all source points 2’ yields 
a particular solution for the mode in question. 

The complementary solution, i.e., the solution of 
(3.19) for the homogeneous case »>=i=0 at finite z, is 
conveniently chosen to satisfy boundary conditions 
appropriate to the incoming excitation, if any. Since 
solutions of the homogeneous transmission line equa- 
tions can be expressed in terms of the traveling wave 
solutions e*/**, the complementary solution for the 
voltage and current, respectively, may be written as 

V ineye~?**#+ V incget?*?, 
and 


(3.23) 


Y Vine 162"? — Y V incoet?*, 


The quantities Vince; and Vince designate the voltage 
amplitudes of waves incident from the left and right, 
respectively, in Fig. 3a; more specifically, for example, 
they represent the incident wave amplitudes at terminal 
planes T; and T2 any integral number of guide wave- 
lengths away from an arbitrarily chosen plane z=0 (i.e., 
at xz=-tn7). In the problem under consideration, the 
mode amplitudes V inc; and Vince are finite only for the 
dominant propagating mode. Hence, the complementary 
solutions vanish for the higher nonpropagating modes. 

By superposition of the component solutions given 
in Eqs. (3.21-3.23), the complete solution of Eqs. (3.19) 
for the voltage and currents of a propagating mode is 


V (2) = Vineye-***+ V inegeti** — 
fee €(z, 2’) +Zi(z’) jbe~*' z—2! idz’, 
(3.24a) 


I(z) = Y V ineye~*** — Y V ineget#**— 


J Li(2’e(z, 2!) + Vo(2’) pe"! *-*'lda’, 
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and for a nonpropagating mode witb no incident exci- 
tation, 


V@)=- f [o(2"e(s, 2')-+Zi(e’) oe-t*!=-*"ide, 
(3.24) 
I@)=— f Ci(e’)e(2, 2”) + Yo(e!) Ye-iel?—*" ide’. 


For 2>>z’ or zz’ (2’ defines the region wherein v and 
i are nonvanishing), Eqs. (3.24a) reduce to the form of 
voltage and current waves on a homogeneous transmis- 
sion line, since e~’*? or e*’** can be taken outside the 
integrals. If in these regions the voltage and current on 
terminal planes z= —2xm/x and z=+22n/x, where n 
and m are suitably large integers, are designated as 
V(—0)=Vi, 7(—0)=7, and V(+0)=V2, 1(+0)=Zs, 
respectively, it follows from Eqs. (3.24a) that 


Vi—V2= toe cosxz’ + 7Zi(z’) sinks’ |dz’, 
(3.25) 
I,-I= fie cosxz’+ 7 0(z’) sinks’ dz’, 


for both propagating and nonpropagating modes. 
Equations (3.25) give the discontinuities in the far 
voltages and far currents induced by the arbitrary exci- 
tation v(z’), i(s’) and are of fundamental importance. 
When the excitation v, 7 is characteristic of a discon- 
tinuity structure, the asymptotic relations (3.25) are 
representative of an equivalent discontinuity localized 
at z=0 which produces far away the same field as the 
actual discontinuity. A lumped constant equivalent 
circuit at z=0 is the natural expression of this equiva- 
lence. This point of view is applicable both to propagat- 
ing and nonpropagating modes. 
By Eqs. (3.25) and the relations 


Viney=3(VitZI}), 
V inep= $(V2—ZI2) 


obtained from the solutions (3.23) of the homogeneous 
transmission line equations, the voltage and current 











o- Or 


(b) Equivalent circuit for 
sources at 2’=0. 


Fic. 5. (a) Longitudinal 
view. 
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solutions (3.24a) for a propagating mode can be 
rewritten as 





VitVe +l, 
V(z)=— — cosxz— 7Z———- sinxz 
. wo sink |z—2'| 
+if v(2’){ — —)+zit | ———eomeig! 
—J Kdz 2 
(3.26) 
I+, VitV2 
T(z) =———— cosxz— 7 Y—— sinxz 
? 


~ — 








ad 1 @ i sink |z—2’ | 
+if cen (— y+ ae’) |= —dz', 
—J Kdz 2 


wherein use has been made of the operator form for 
e(z, 2’) given in (3.22). The mode solutions in Eqs. 
(3.26) and (3.24b) are usually most convenient for the 
description of the given microwave structure on an impe- 
dance basis. The transmission line problem posed by 
Eqs. (3.19) may be schematically represented by the 
network shown in Fig. 4 from which by conventional 
network calculations the solutions (3.24) or (3.26) can 
be readily derived. 

The above modal analysis of a typical longitudinal 
discontinuity is quite general. Depending on the nature 
of the excitation, v and 7, the analysis applies not only 
to the aperture discontinuity in Fig. 3a but also to 
arbitrary types of aperture and obstacle discontinuities 
in an infinite guide. By a suitable choice of the sym- 
metry of the over-all excitation, the analysis applies 
as well to discontinuities in semi-infinite guides. For 
example, the antisymmetric choice of excitation: 
V iney= — Vineg= Vine, v0(—z)=2(z), and i(—sz)=—i(z) 
insures that V(—z)= — V(z), I(—z)=T(z) and hence is 
equivalent to the insertion of an electric wall at the 
symmetry plane z=0. Such a choice is appropriate to 
the discussion of the transverse aperture discontinuity 
in the semi-infinite guide illustrated in Fig. 5a. This 
case arises in the solution of the boundary value prob- 
lems shown in Fig. 1b. A transverse aperture discon- 
tinuity (i.e., magnetic current) at z=0 is characterized 
by a source voltage v(z)~(0)6(z) and a vanishing source 
current i(z) (see Eqs. (3.12)); it is necessary in order to 
insure antisymmetry that the source voltage in the 
infinite guide be of the form v(z) = 20(0)4(z). Under these 
circumstances the modal solutions (3.24) become for the 
case of the transverse discontinuity in Fig. 5a 


V (z) =27V ine sinxz+0(0)e***, (3.27a) 
I(z)=2VV ine cosxz— YVo(O)e***?, 7 

or by Eqs. (3.26) 
V(z)=— ZI sinxz+ (0) cosxz, (3.27b) 


I(z)=I cosxz— jYv(0) sinxz, 
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and the discontinuity relations (3.25) become 


Vit V2=0(0)=V, 
I,=I,=I. 


As in the previous case the modal solutions (3.27a) with 
Vine=0 are the most convenient form for the non- 
propagating modes, whereas the solutions (3.27b) are 
most convenient for the propagating modes. It should 
be evident that the modal solutions (3.27) can be ob- 
tained directly from the discontinuity circuit of Fig. 5b 
without recourse to the modal solutions in Eqs. (3.24) 
and (3.26). 

It is of interest to point out a generalization of the 
discontinuity relations (3.25) derivable from a form of 
transmission line reciprocity theorem. Let V, J be 
solutions of the inhomogeneous transmission line Eqs. 
(3.19), and let V°, J°, be solutions of the homogeneous 
equations 


(3.27c) 


—dV°/dz= jxZI°, 
—dI°/dz= jxYV? 


for the same transmission line. On multiplying the first 
of Eqs. (3.19) by ? and the second of Eqs. (3.28) by V 
and adding, one obtains 


— (d/dz)[ VI? ]=jxrYVV°+jxZ1I°+vI°. (3.29a) 
Correspondingly, or by duality, one likewise finds that 
—(d/dz)[IV? |= jxZI°I + jxVYV°V+iV". (3.29b) 


Subtraction of Eqs. (3.29a) and (3.29b) and integration 
over an interval form z=—a to b then leads to the 
theorem 


(VIe—IV°]_.= f [i(z)V°—v(z)I°Jdz, (3.30) 


—a 


(3.28) 


which relates the various voltages and currents at the 
ends of a length a+ of transmission line to the sources 
within the line. If a and 6 are chosen sufficiently large, 
the integral in Eq. (3.30) is extended over all the source 
regions S$ within which v and i=0. If either 


°= COSKZ 
V°=jZ sinks 


°= COSKZ 
I°=—j¥Y sinxz 


are chosen as a set of solutions of the homogeneous 
Eqs. (3.28), there is obtained from Eq. (3.30) the de- 
sired generalizations of Eqs. (3.25): 


[V(—a) cosxa— j7ZI(—a) sinxa ] 
—[V(6) cosxb+ jZ1(b) sinxb ] 


= f [v(z) cosxz+jZi(z) sinxz dz, 
s 


3.31 
[I(—a) coska— j Y V(—a) sinka ] _ 


—[I(b) cosxb+7Y V(b) sink ] 


= f [i(z) cosxz+jYv(z) sinxz dz. 


The previously derived relations (3.25) follow from 
Eqs. (3.31) for the special case a=b=2rm/x, where m 
is an integer. In virtue of the invariance of the right- 
hand members to the choice of the far terminal planes 
b and —a, Eqs. (3.31) are invariant relations between 
the terminal voltages and currents at arbitrary terminal 
planes. 


C. Explicit Field Solutions 


By Eqs. (3.1) and the definitions (3.12b), the total 
electric and magnetic field intensities produced in a 
cylindrical guide by an arbitrary distribution of electric 
and magnetic current sources can be represented at any 
source free point r=(@, 2) as 


E(r)=: LVs’(2)es’(0) + Vi" (ze:’"(0) 
+Z;'T;'(z)e.i(e) J, 
A(t)=d Ui @hi (0) +- Li" (hi (0) 
+¥"Vi" (2h. Co) ], 


where the decomposition into both E and H modes is 
explicitly indicated. The modal description of the 
sources may be expressed in terms of the source voltages 
and currents v;(z) and i,(z) by either Eqs. (3.12), (3.15), 
or (3.16). The mode voltages V;(z) and currents /;(z) 
produced thereby are given, for the case of the infinite 
guide shown in Fig. 3a, by the transmission line solu- 
tions (3.24a) or (3.24b), depending on whether the 
modes are propagating or not. For the case of a single 
propagating H mode, the insertion of Eqs. (3.24) into 
Eqs. (3.32) leads to 


(3.32) 


E(r) = Viney E@ (r)+ V ineokE™ (r) 


¥ f [o.(e!)e(2, 2") + Zeid’) 


XLei(o)+ €(z, 2’)e.i(o) 3 (e-**'!-*"!)dz’, ~ (3.33a) 
H(r) =/Y Vina QO (r) —Y V inex (r) 
=Ei [Lise des, 2+ ¥0021 
x [hi(o)+€(z, 2’)h.i(o) J} (e-**!*-#"!)dz’,  (3.33b) 


where the definitions 
E*(r)=e(o)e***, HY (r)=[h(o)Fh.(o) Je****, (3.33c) 


have been employed for the dominant propagating 
mode. The summations in Eqs. (3.33) are to be extended 
over all E and H modes. If modes other than the indi- 
cated one are also incident, additional incident terms 
will appear for each such mode. 

A more.explicit form for the fields in an infinite guide 
can be obtained by expressing 2,(z) and i;(z) in terms of 
the exciting electric and magnetic currents J(r) and 
M(r). Thus, employing the relations (3.12a) in (3.33), 
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one obtains (with dr’ =dS'dz’) 


B(e)=Bint)— f f [2¢, r’)-J(r’)dr’ 
| — ff [rm r’)-M(r’)d7r’, 


H()=Hin)— f f fv, r’)-M(r’)dr’ 
— ff frm, r’)-J(r’)dr’, 


Einc(r) = Viney EF (r)+ Vineg2E(r), 
Hine(r) = VViny DO (r) me VV ine (r), 


and where, for r+r’ (i.e., omitting a 6-function contri- 
bution at r’), 

Z(r, ')=3 Di ZEW EMP), 

V(r, r)=3 Di VHOMDH), ~., 

Ton(t, F)=} Fs EP(2) He), | *=%» G54) 
—Talt, P)=3 Di DOW EM (7); 

the upper or lower superscripts are applicable according 
as z is greater or less than 2’, and the summations are 
extended over both the Z- and the H-mode functions 


©,’ (r) =[Fe,’(o)+e.:(0) Je***"*, 
$i (1) =h/ (p)e#**’s, 
9." (1) =F hi’ (eo) +h. (9) Je’, 
¢,’"a (r) = e,’’ (p)etixi’’*, 


representative of the total fields of an ith mode travel- 
ing in the direction of increasing z (upper superscripts) 
or decreasing z (lower superscripts). The reality of e,;, 
h,;, and jx; for nonpropagating modes implies that 
€™ and §$ are real for such modes. 

Equations (3.34) constitute an explicit formulation 
of the Kirchhoff-Huygens principle for the fields pro- 
duced in a uniform guide of arbitrary cross section both 
by volume electric and magnetic currents, J and M, as 
well as by sources at infinity characterized by the inci- 
dent waves Eine and Hine. For the special case of in- 
finitely large cross section, Eqs. (3.34) reduce to the 
usual Kirchhoff-Huygen’s principle in free space.!! |! 
Equations (3.34) are expressed in terms of dyadic func- 
tions Z(r, r’) and Y(r, r’), which we may call the impe- 
dance dyadic and admittance dyadic,™ respectively, 
in the given guide. As evident from Eqs. (3.34a), these 
functions represent, respectively, the negative of the 
vector electric (magnetic) field produced at a point r 
within the guide by unit vector electric (magnetic) cur- 
rent at r’. Correspondingly, the dyadic funetions 
T om(t, r’) and T,,.(r, r’) may be designated as transfer 
dyadics. The former represents the negative of the 

'! 1! See Part II. 

11 These dyadic Green’s functions, analogous to the impulse 


impedance and admittance in temporal] problems, wil] be discussed 
more fully in Part IT. 


(3.34a) 


where 


(3.34b) 


(3.34d) 
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electric field at r produced by unit magnetic current 
at r’; the latter is the negative of the magnetic field at r 
produced by a unit electric current at r’. As is apparent 
from the definitions under Eqs. (3.34), these two trans. 
fer dyadics are the negative transposed conjugates of 
one another; a transpose dyadic 7 is obtained from the 
dyadic T by interchanging the order of the vectors jp 
each of its terms. On the other hand, one notes from the 
definitions of Z(r,r’) and Y(r,r’) that each of these 
dyadics is the transposed conjugate of itself. A further 
point should be noted. In passing from Eqs. (3.33) to 
Eqs. (3.34), one interchanges the order of summations 
and integrations. Although these interchanges generally 
are questionable, for the case rr’ the interchanges are 
certainly permissible because of the presence of the 
exponential convergence factor in each of the summa- 
tion terms. 

Equations (3.34) provide a field representation for 
excitation of an infinite guide by volume electric and 
magnetic currents, only the former being physically 
realizable. The corresponding equations for excitation 
by surface electric and magnetic currents are obtained 
by substitution of Eqs. (3.15) into Eqs. (3.33). The 
resulting equations have the same form as Eqs. (3.34) 
except for the replacement of the volume element dy’ 
of integration by the surface element do’ =ds'dz'/(n-y) 
(see Eq. (3.14)). If, as is usual, the surface currents are 
representative of the fields nX E on apertures and HXa 
on obstacles, the field representation at any point (r+r) 
becomes, via Eqs. (3.16) and (3.33), 


B(e) Bie) f f Z(r, r’)-H(r’)Xn‘do’ 
obs 


a J f T em(, t’)-n’XE(r’)do’, 
“p (3.35) 


H(e) Hse) f f Y(r, r’)-n’XE(r’)do’ 


-ff T me(r, r’)-H(r’)Xn‘do’, 
obs 


where the various functions are defined in Eqs. (3.34) 
and where the surface integrals are extended over aper- 
ture or obstacle surfaces as indicated. The electric field 
representation in Eqs. (3.34) takes on a particularly 
simple form if only obstacles are present, namely, 


E(r) = Eine(r)— f i) Z(r, r’)-H(r’)Xn'do’, (3.36a) 
obs 


and, correspondingly, if only apertures are present, the 
magnetic field reduces to 


H(r) = Hine(r)— J J V(r, r’)-n’XE(r’)do’. (3.360) 
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Each of these field representations is basic to the solu- 
tion of diffraction problems involving either obstacles 
or apertures, respectively. 

The field representations in Eqs. (3.34)-(3.36) sepa- 
rate naturally into incident and scattered parts, and 
hence are most convenient for calculations on a scatter- 
ing basis. A more convenient representation for impe- 
dance or admittance calculations in an infinite guide is 
obtained on use of the modal solutions (3.26) (instead 
of (3.24a and b)) in the basic representation of Eqs. 
(3.32). The derivation of the desired representation for 
the general case, in which both aperture and obstacle 
discontinuities are present, requires a repetition of most 
of the elements in the previous discussion. However, 


. we shall limit ourselves to the consideration of an infinite 


guide wherein there are only obstacle or only aperture 
discontinuities. In the former case, on substitution of 
Eqs. (3.26), (3.24b), and (3.16) into Eqs. (3.32), and 
on decomposition of the impedance dyadic into a re- 
sistive (real) and reactive (imaginary) part as 


Z(r, r’) - R(r, r’)+jX(r, r’), 


the electric field can be represented as 


(3.37a) 


B)=Bote) Jf f X(r, r’)-H(r’)Xn’do’. (3.37b) 
obs 


In the latter case, on decomposition of the admittance 
dyadic into a conductive (real) and susceptive (imagi- 
nary) part as 


V(r, r’)=G(r, r’)+jBC, rv’), 


the magnetic field can be represented as 


(3.38a) 


He) Ho(e)—7 f f Bir, r’)-n’XE(r’)do’. (3.38b) 


For only the dominant H mode incident at terminals 
T; and T2, we obtain 


E,(r)=3(V it V2) E (x) — f3Z(i 4-12) EN), 
Ho(t)= 3 +12) 9° @)— FY VitV2) HO); 


V;, I, and V2, J, being the far voltages and currents of 
the dominant mode at the terminals 7; and 72, an 
integral number of guide wavelengths to the left and 
right of z=0. In terms of these voltages and currents, 
the far fields for z—-F © are 


E(r) = Vi, 2€ (r)—jZ/,, 2E(r), 

H(r) =), 2 (r)—jV Vi, 2H (4), 
where, in conformity with the definitions (3.33c), 
E(r) =3(E (r) + CE (vr) ]=e(0) cosxz, 
E°(r)=(E (r)— E(x) ]/2j=e(g) sinxz, 
§%(r)=3[ 9) + HOM] 

=h(o) cosxz— jh,(@) sinxz, 

§®(r)=[H(r)— HOW I)/2j 
=h(o) sinxz+ jh,(o) cosxz, 


(3.39a) 


(3.39b) 


(3.39c) 






OF THE ELECTRIC AND 


MAGNETIC FIELDS 819 














are real functions indicative of the possible standing 
wave distributions of the dominant H mode fields. On 
use of the forms (3.39c) for the dominant mode contri- 
butions to Z(r, r’) and Y(r, r’), as given in Eqs. (3.34c), 
one obtains for the radiative parts of the impedance and 
admittance dyadics in an infinite guide propagating 
only the dominant H mode 


R(t, 1’) =3Z(E (Er) + ECO ME’), 
Gr, )=3Y[H9° MH)+H° OH? (r)]. 


The corresponding reactance and susceptance dyadics 
are 


X(r, 1’) =3Z(E (1) E(r’) 
— E(r)E(r’) Je(z, 2’) 
+27 3IZEOMEM(r), 
Ber, r')=3Y(H9° MH? (r) 
— § (nr) H (r’) Je(z, 2’) 
+2 FV HMO MHM(r), 


where the primed summation indicates that the sum is 
to be extended over all E and H modes excluding the 
propagating mode. 

The representations (3.40) and (3.41) provide a direct 
means of deriving the field expressions (3.37b) and 
(3.38b) from Eqs. (3.36a and b). In the course of this 
derivation, it follows from the far field relations (3.39b) 
that for the case of obstacle discontinuities in an infinite 
guide 


(3.40) 


(3.41) 


Vi-Va= jz ff H(r’)Xn’-€(r’)do’, 
obs. 
(3.42a) 
n-h= f f H(r’)Xn’-€(r’)do’, 
obs. 


while for the case of aperture discontinuities in an 
infinite guide 


Vi—V2= f f n’X E(r’)-H(r’)do’, 
vs (3.42b) 
n-n=iv { f n’X E(t’) - $® (r’)do’. 


These basic dominant mode discontinuity relations 
(derivable also from Eqs. (3.25)) may be employed to 
calculate the amplitudes of the far fields excited in an 
infinitely long wave guide by known currents on ob- 
stacles or apertures therein. 

Field representations in differently terminated cylin- 
drical guides are obtained in a manner analogous to 
that illustrated above. The appropriate modal solutions 
of the transmission line, Eqs. (3.19), are first found by 
conventional engineering methods and the desired 
representation synthesized by use of Eqs. (3.32). 
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Applications of Polystyrene Particles in Conjunction with Shadow Casting 
to the Study of Polished Metallic Surfaces 


I-Minc Fenc* 
Department of Mechanical Engineering, University of Michigan, Ann Arbor, Michigan 
(Received March 9, 1951) 


This is a report of a study of polished metallic surfaces with the electron microscope. Negative collodion 
replicas were used in this experiment. The determination of width and depth of scratches by means of poly- 
styrene particles and shadow casting is briefly discussed. Experimental results are summarized as follows: 
The effect of polishing pressure applied is that greater pressure gives wider and deeper scratches and also 
causes severer flow and distortion of metal near the scratch. In comparison with unidirectional polishing, 
multidirectional polishing gives better surface finish with fewer scratches: these scratches run in all direc- 
tions and have a wide range of width and depth; mostly they are shallower and narrower than would be 
the case with unidirectional polishing. The average widths and depths of scratches on surfaces polished 
with various conditions are also given here. Harder abrasives give a higher depth/width ratio. 





INTRODUCTION 


URFACE finish is receiving increasing attention at 

the present time because of its close connection 
with friction, wearing, and scoring phenomena. Recent 
development of the shadow-casting technique and the 
amazing discovery of the remarkable uniformity of 
polystyrene latex sizes make such a study of highly 
polished surfaces much easier than before. In this ex- 
periment, the effect of polishing pressure, multidirec- 
tional polishing manipulation, and hardness of abra- 
sives are studied, and the average width and depth of 
scratches are determined for various cases. 


METHODS OF MAKING SURFACE REPLICAS 


The bulk materials of surface finish specimens are 
opaque to an electron beam. In dealing with “elec- 
tronically opaque” specimens, a thin, structureless, 
surface replica, suitable for use in the transmission- 
type electron microscope, is made to reproduce the 
original surface finish. Many methods of surface repro- 
duction have been developed with great success. One 
of the principal requirements for a satisfactory surface 
replica is that it be structureless. Methods of surface 
reproduction can be classified into two types, according 
to the principle of obtaining the structureless property. 
One of them is to change a thin surface layer of the 
original preparation into a structureless one, as first 
described by H. Mahl.' Another method is to take the 
advantage of structureless materials, such as resins, 
silica, etc. 

In methods of the first type, the thin, structureless 
surface replica, usually oxide film, is first formed on the 
surface of the original sample, and then removed from 
the bulk material by appropriate chemical means. The 
original preparation is thus destroyed in the process 
of obtaining the surface film. This places a serious 
limitation upon the application of methods of this 


* Now at Massachusetts Institute of Technology. 
1H. Mahl, Z. tech. Physik 21, 17 (1940); Metallwirtshaft 19, 
1082 (1940); Z. tech. Physik 22, 23 (1941). 


type. Furthermore, it is not always possible to find 
some way to change the original surface layer into a 
structureless one, which is another limitation. 

Methods of the second type have no such disad- 
vantages, and hence are in greatest current application, 
They can further be divided into two kinds, negative 
and positive replicas. 

In making a negative replica, a thin structureless 
coating is produced on the surface of the original 
specimen by flowing a suitable solution of a structure- 
less material over the surface and evaporating the sol- 
vent. The thin film is usually separated from the original 
surface by mechanical stripping. After mounting the 
stripped negative surface replica on a supporting screen, 
it is ready for use. It is obvious from the name, “nega- 
tive replica,” that this process yields a negative repro- 
duction of the original surface finish; that is, scratches 
on the original surface will appear as peaks on the nega- 
tive reproduction, and vice versa. 

Now, if we repeat this process by making a second 
surface replica from a negative reproduction, we will 
get a positive reproduction of the original surface. In 
this positive replica process, the first negative repro- 
duction is usually obtained by evaporating a thick 
layer of metals onto the original surface or by making 
an impression of the original surface in a plastic. 

Negative replicas are most suitable for the purpose 
of studying the surface finish of a polished metallic 
surface when the shadow-casting technique is employed. 
This is because the depth of a scratch on the original 
surface can be easily obtained from the length of the 
shadow cast by its corresponding peak on the negative 
reproduction, 


SHADOW CASTING—A VALUABLE TECHNIQUE 
IN STUDYING SURFACE FINISH 


Shadow casting is a technique of depositing an ex- 
tremely thin layer of heavy atoms obliquely onto the 
surface of a replica. Its greatest advantage is to en- 
hance the contrast. As pointed out by Williams and 
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STUDY OF POLISHED 


Wyckoff? the diffuseness of electron micrographs ob- 
tained from collodion or Formvar replicas is due to 
insufficient contrast, not the lack of sharpness of replica 
reproductions themselves. For example, as reported 
by Schaefer and Harker,’ an unshadowed replica of a 
surface, carefully polished with MgO, has a variation 
of thickness not greater than 200A,which gives such 
poor contrast that little, if any, surface detail can be 
observed under an electron microscope. Since shadow 
casting greatly enhances the contrast, it was used by 
Williams and Wyckoff to bring out the fact that such 
replicas are faithful reproductions of the original sur- 
face, and the diffuseness is due to insufficient contrast. 
Thus, the necessity of using shadow casting technique 
to bring out the surface detail of highly polished sur- 
face is obvious. 

This technique is now widely in use. It not only 
enhances the contrast but also gives the following 
advantages : 


1. It enables us to estimate the height of surface elevations 
from the length of their shadows. This method of determination 
of the height of elevation is much simpler and easier than many 
other methods, e.g., stereoscopy. 

2. It gives a direct impression of projections and depressions 
and hence a 3-dimensional feeling of the surface contours. 

3. It enables us to detect the existence of extremely small 
objects beyond the resolution limit of electron microscope. 

4. It makes the thickness of the replicas not so critical as in 
the case of unshadowed replicas. 


From the discussion above, it is obvious that shadow 
casting is a valuable technique for studying surface 
finish. 

The material used for shadow casting is usually 
metal. For satisfactory result, the metal ought to have 
the following properties: (1) it should be structureless, 
(2) it should not migrate after deposition on the replica, 
and (3) it should possess great scattering power. The 
second property is necessary for yielding sharp shadows. 
The third property allows the use of a very thin coating 
to minimize the alteration of the contours of replica 
surfaces. Chromium, gold, and uranium are most com- 
monly used. All of them yield a structureless coating 
and sharp shadows. Among them uranium is the best 
because of its inherently great scattering power, and is 
used in this experiment. 


APPLICATION OF POLYSTYRENE PARTICLES 


Spherical polystyrene particles were found by 
Williams and Backus‘ to be exceptionally uniform in 
size. The average size has been determined® to be 
2593+40A. Owing to this inherent remarkable uni- 
formity of size, they can be used for magnification cali- 





*R. C. Williams and R. W. G. Wyckoff, J. Appl. Phys. 17, 
22-23 (1946). 


«94 J. Schaefer and D. Harker, J. Appl. Phys. 13, 427-33 


wis C. Williams and R. C. Backus, J. Appl. Phys. 20, 224-5 


*C.H. Gerould, J. Appl. Phys. 21, 183-4 (1950). 
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Fic. 1. Brass surface polished with 600F Alundum, heavy 
pressure, and unidirectional polishing technique. 


bration. As mentioned before, a shadowed replica yields 
an electron micrograph which gives a 3-dimensional 
impression. The shadows of these little spheres, like 
shadows of tall telephone poles on the street, further 
assist in giving observers a 3-dimensional feeling. This 
is demonstrated very nicely by a couple of spherical 
particles in the center of Fig. 1. 

Considerable inaccuracy in the estimation of surface 
elevation from their shadow and the angle of shadow 
casting are usually introduced’ by the following sources 
of errors: 


1. The surface replica on its supporting screen is often not 
horizontal. This makes the computed angle of shadow casting 
deviate from the actual angle. 

2. The local angle of shadow casting is frequently different from 
point to point. 

The application of polystyrene particles has the ad- 
vantage that the actual angle of shadow casting at 
any point can easily be obtained. It has also the ad- 
vantage of assisting in focussing the image. 

Precautions in handling polystyrene latex are im- 
portant. As summarized byYGerould,' they include 
freezing or evaporation of water from undiluted latex, 
chemical or bacterial contamination, change of pH, 
overheating or contamination under electron bombard- 
ment, and fusing due to insufficient dilution. 


PREPARATION OF SURFACES 


The material used in this experiment was large-grain 
70-30 brass in its anealed condition. Flat surfaces of 
brass samples were ground successively with metallo- 
graphic emery papers of increasing fineness from 1/0 
to 4/0. After being ground with 4/0 emery paper, the 
surfaces were polished with 600F Alundum, which gives 
a surface with fine scratches when examined under an 
optical microscope at 100X. A number of samples were 
further polished with 0-} micron diamond dust, which 
gave a scratch-free appearance at 100. On each step 
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Fic. 2A. Diagram showing a scratch on the surface 
bounded by ridges on both sides. 


of passing from a coarser to a finer abrasive, the speci- 
mens were cleaned to avoid carrying the coarser grits 
used in the previous step over to the next step. The 
surfaces were cleaned with benzene after the last step 
of polishing, and collodion negative replicas were made 
very shortly after they had been cleaned. 


RESULTS 
1. Effect of Pressure 


In order to study the effect of normal pressure applied 
during polishing, two surfaces were polished with same 
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Fic. 2B. Sketch of the negative reproduction of the scratch. 


abrasives, 600F Alundum, but with different pressures. 
A unidirectional polishing technique was used. Figure 1 
is an electron micrograph which represents the average 
condition of a surface polished with heavy pressure. 
The scratches are running parallel. The width of the 
scratches, which can easily be obtained by comparison 
with the two polystyrene particles (2593-40A) in the 
center, is ca 0.3 micron. The length of the shadow of the 
scratches shows that the depth of scratches is ca 0.04 
micron. A point of great interest is that the heavy pres- 











Fic. 2C. Diagram showing the deposition of uranium 
during shadowcasting. 
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Fic. 2D. The sketch of a 
electron micrograph resultj 
from such a shadowed replig 
as shown in Fig. 2C. 





sure causes a noticeable flow of metal near the scratch, 
This is clearly indicated in Fig. 1 by the dark ling 
which are interpreted as ridges on the original sy. 
faces, bounding both sides of almost every scratch, 
This interpretation is further illustrated by a number 
of sketches as follows: Fig. 2A shows a scratch on the 
original surface, bounded by ridges 7 and re. The 
negative reproduction has the form shown in Fig. 2B, 
The scratch s appears as a peak s’, while ridges r; and 
ro, aS valleys r;’ and ro’, on the negative reproduction, 
During the shadow-casting process, the valleys 1; 
and ro’ do not receive any uranium. Figure 2C shows 
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Fic. 2E. Same as Fig. 2C but with a depression due to 
surface tension. 


the situation after shadowcasting. Figure 2D gives the 
corresponding sketch of an electron micrograph (with 
dark shadow) resulting from such a shadowed replica. 
Two very dark lines, 7;’’ and r2”, bounding the scratch 
are due to valleys, r;’ and r2’, on the negative replica, 
where, in addition to the absence of uranium, the thick- 
ness of the collodion film is relatively thinner than on 
the surrounding area. 
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Fic. 2F. Same as Fig. 2E but without valley. 
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Deacon, Ellis, Cross, and Sennett® showed that the 
free surface of the replica has a depression, d, near the 
scratch, as Shown in Figs. 2E and 2F, because of the 
action of surface tension. Nothing conclusive regarding 
the presence of such depression can be obtained from 
Fig. 1. We can have three possible cases: (1) only the 
depression due to surface tension is present on the 
negative replica as shown in Fig. 2F, (2) only the 
valleys 71’ and r:' are present as shown in Figs. 2B and 
2C, and (3) both are present as shown in Fig. 2E. The 
presence of only the depression due to surface tension 
causes the collodion film to be thinner than its sur- 
roundings on both sides of scratch, but will not cause 
two dark lines to appear on both sides of the peak in 
an electron micrograph. It is possible for only one to 
appear on the shady side, the side away from the source 
of shadow casting, because on the sunny side of the 
peak the effect of the uranium coating upon the ap- 
pearance of the electron micrograph overcomes the 
effect due to variation of the film thickness. Further- 
more, in the case of the presence of the depression only, 
the boundary of the dark line could not be very sharp. 

Figure 1 shows that the presence of only the de- 
pression is not the case. There is no way to determine 
whether (2) or (3) is the case. Nevertheless, there is no 
doubt about the presence of ridges bounding both sides 
of scratches as the result of a flow of metal under heavy 
polishing pressure. 

Figure 3 gives the appearance of a second surface 
which was prepared the same as the first surface, ex- 
cept that this second surface was polished with light 
pressure, while the first one was polished with heavy 
pressure. As the result of unidirectional polishing, 
scratches are also running parallel. Comparing with the 
calibration spheres, the width of scratches is ca 0.2 
micron, which is narrower than that on the first sur- 
face polished with heavy pressure. The scratches are 
also shallower. Their depth is ca 0.03 micron, which is 
obtained by comparing the length of their shadow with 
that of the spheres. No noticeable ridge on either side 
of the scratch is observed. This indicates that the flow 
and distortion of the metal near the scratch is much 
less in this case than in the case where a heavy pressure 
was used. 

Thus far, we can see that heavier pressure gives 
wider and deeper scratches and also causes a severer 
flow and distortion as indicated by the ridges bounding 
both sides of the scratches. 


2. Unidirectional vs Multidirectional Polishing 


It is a common manipulation to rotate the specimen 
counterwise to the rotation of the polishing wheel during 
the polishing operation. A specimen was polished this 
way with 600F Alundum abrasives and light pressure. 
Figure 4 shows the multidirectional nature of the 





wwe Ellis, Cross, and Sennett, J. Appl. Phys. 19, 704-12 


METALLIC SURFACES 823 





Fic. 3. Brass surface polished with 600F Alundum, light 
pressure, and unidirectional polishing technique. 


scratches on a surface thus prepared, because such a 
manipulation gives a continuous change of direction 
of polishing. This continuous change of direction of 
polishing causes the deep, long, continuous scratch 
which is formed at a certain instant to become shallower 
at later stage, then to change into discontinuous 
segments, and finally to be washed out. This is fully 
demonstrated by Fig. 4. Scratches are running in all 
directions; the number of scratches appear to be fewer 
due to the washing-out action; the width and depth of 
scratches vary over a wide range; there are compara- 
tively fewer wider and deeper scratches, most of the 
scratches are narrower and shallower in comparison 
with that shown in Fig. 3; some scratches show the 
early stage of breaking down into discontinuous seg- 
ments, and some scratches have reached the disappear- 





Fic. 4. Brass surface polished with 600F Alundum, light 
pressure, and multidirectional polishing technique. 








Fic. 5. Brass surface polished with 0—-} micron diamond dust, light 
pressure, and unidirectional polishing technique. 


ing stage so that only faint traces of small broken seg- 
ments are left. 

Another pair of specimens was further polished with 
0-4 micron diamond dust. The pressure applied was 
light. The average width and depth of scratches ob- 
tained are ca 0.05 and 0.01, respectively. Figure 5 
shows the electron micrograph of a surface finished by 
unidirectional polishing and Fig. 6 that of another 
surface finished by the multidirectional polishing ma- 
nipulation. They show the same improvement of the 
surface finish as a result of the application of multi- 
directional polishing manipulation. 


3. Effect of Hardness of Abrasives 


It is also interesting to notice that harder abrasives 
gives a higher depth/width ratio. Diamond dust (10 on 


I-MING FENG 








Fic. 6. Brass surface polished with 0—} micron diamond dust, light 
pressure, and multidirectional polishing technique. 


Mohs scale) gives a ratio of ca , while Alundum (8-9 
on Mohs scale), a ratio of ca 74. 
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On the Nonspecular Reflection of Electromagnetic Waves* 
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The nonspecular reflection of plane electromagnetic waves of arbitrary polarization by certain perfectly 
conducting surfaces composed of either semicylindrical or hemispherical bosses on an infinite plane is 
analyzed. Solutions for the problem of the single boss on an infinite plane and a plane wave at an arbitrary 
angle of incidence are given and extended subject to the single-scattering hypothesis to obtain the far field 
solutions for certain small finite patterned distributions and both small finite and infinite uniform random dis- 
tributions of bosses small compared with the wavelength. The results for the various cases are then compared 
in the plane of incidence and similarities between the analogous expressions for the distributions of semi- 
cylinders and hemispheres are noted. Expressions are obtained for the ratios of the components of the re- 
flected intensity and radial energy flux polarized parallel and perpendicular to the plane of incidence as well 
as for the total intensity and radial energy flux for the case where the incident wave is unpolarized. It is 
found that for certain values of the parameters the reflected radiation may consist only of either the specular 
or the scattered contributions, while for other values one of the scattered contributions, either the parallel 
or perpendicular component, may vanish. The results also indicate the occurrence of an extremum in the 
reflected radiation in the vicinity of the specular angle of reflection, which for certain ranges of the parameters 
for the small finite distributions may be a minimum rather than a maximum. For these cases there is also 
some critical angle of incidence (not necessarily +/2 or grazing incidence) for which the reflection at the 
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specular angle is completely specular. 


The analogous distributions of cylinders and spheres are also considered. 





I. INTRODUCTION AND FORMULATION 
OF THE PROBLEM 


HE analysis of nonspecular reflection has received 

a certain amount of attention in the literature. 

The range where the surface irregularities are large 
compared with the wavelength (the geometrical optics 
region) has been investigated! (usually with a view to 
deriving the empirical Lambert’s law of diffuse reflec- 
tion) and some consideration has also been given to the 
range where the irregularities are small compared with 
the wavelength (the “Rayleigh scattering” region). 
Rayleigh? obtained perhaps the first exact solution to a 
problem of nonspecular reflection in solving the prob- 
lem of a plane wave incident normal to the axis of a 
perfectly conducting semicylindrical boss on an infinite 
plane. Rayleigh® also considered the problem of a plane 
wave incident on a corrugated surface whose cross 
section could be represented by a fourier series—work 
which has recently been extended by Tai‘ and Rice*°—as 





* The research reported in this paper has been made possible 
through support and sponsorship extended in part by the Geo- 
physical Research Directorate of the Air Force Cambridge Re- 
search Laboratories under Contract No. AF-19(122)-42. The 
mathematical details of this paper will be found in Research 
Report No. EM-26, Math. Res. Group, W.S.C., N.Y.U. (1950). 

‘W. W. Barkas and R. F. S. Hearman, Proc. Phys. Soc. (Lon- 
don) 51, 274 (1939); W. A. Rense, J. Opt. Soc. Am. 40, 55 (1950); 
L. Ornestine and R. Van der Berg, Physica 4, 1181 (1937). A 
| wns deal of work, not yet published, has also been done by W. S. 
Ament. 

* Lord Rayleigh, Phil. Mag. 14, 350 (1907). 

*Lord Rayleigh, Theory of Sound (Dover Publications, New 
York, 1945), § 272a. 

*C. T. Tai, “Reflection and refraction of a plane electromagnetic 
wave at a periodical surface,” Harvard Tech. Report No. 28. 
Cruft Laboratory, January, 1948. 

*S. O. Rice, “Wave propagation over rough surfaces,” paper 
delivered at the Symposium on the Theory of Electromagnetic 
Waves, New York University, June, 1950. 
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well as other problems relating to diffraction and reflec- 
tion gratings which are also essentially nonspecular 
surfaces. 

The technique we will employ is essentia!ly an exten- 
sion of Rayleigh’s problem of the boss, and the procedure 
we will follow will parallel that employed by the writer 
for the analogous scalar acoustics problems.* Exact 
solutions obtained for the reflection problem of a plane 
wave of arbitrary polarization incident at an arbitrary 
angle on either a semicylindrical or hemispherical boss 
on an infinite plane will be extended, subject to the 
single-scattering hypothesis, to obtain the far field solu- 
tions for certain patterned and uniform random distribu- 
tions of bosses of radii small compared with wavelength. 
These solutions will then be employed to derive expres- 
sions for the physical quantities usually measured. For 
brevity and lucidity the following two sections will be 
concerned only with a discussion of the techniques em- 
ployed to obtain the fields for the various cases con- 
sidered and a statement of the derived fields, while the 
last section will discuss and compare the significant 
measurable quantities. 

The problem of the single boss on the infinite plane 
and the incident plane wave can be formulated as 
follows. The electric field intensity or polarization vector 
of the incident plane wave, E‘, is resolved into com- 
ponents parallel and perpendicular to the plane of 
incidence (AE‘, BE‘; the complex constants so intro- 
duced to be determined from proscribed initial condi- 
tions), and we seek to determine the reflected field 
specified by E’, H’, so that E= E‘+-E* and H=H‘+H’" 
satisfy Maxwell’s equations subject to the boundary 
condition that Etan|surtace=0 and the Sommerfeld radia- 


5 V. Twersky, J. Acoust. Soc. Am. 22, 539 (1950). 
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Fic. 1. (a) A plane wave incident on a semicylindrical boss 
(whose axis is parallel to the z axis) which lies on an infinite 
yz-plane. The plane of incidence is the plane of n; and the «x axis. 
The unit vector n; makes an angle 8 with the z axis, while its 
trace on the xy-plane makes an angle @ with the x axis. (b) Two 
plane waves, n; and its image in the yzs-plane, n,, simultane- 
ously incident on a circular cylinder of radius a@ whose axis is 
parallel to the z axis. The solutions in regions bJ and al are 
identical. 


tion condition that the scattered components of the 
field reduces to outgoing waves at infinity. 

This problem is soluble by an image technique 
whereby the original problem (as in Figs. 1a, 2a) is 
replaced by that of the scattering by either a cylinder 
or sphere (as in Figs. 1b, 2b) of two plane waves—the 
original F‘, and its image in the removed plane, F?—and 
the determination of the scattered field F**. (For 
brevity and where no confusion will arise, the symbol 
F will be used to denote either E or H.) 


Il. THE SEMICYLINDRICAL BOSS 
A. The Single Boss 


The geometry of this problem is as indicated in Fig. 1. 
For a periodic time factor exp(— iw?) the incident wave 
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can be expressed as 
Ei= AE,,'+ BE,‘ 


eiKi-R 
=- { A[ (1—sin’@ cos*a)i 
(1—sin?6 cos*a@)! ; 





—sin’@ cosa sina }jo+sin8 cos8 cosaky | 


+ BlcosBjo+sin8 sinaky }} 
| eiKi-R 
= (inate costal (A[cosé—sin?B cosa cos(@— a) ] 
+B cos sin@)ro 
+(A[—siné+sin?6 cosa sin(@— a) ] 
+B cos6 cos@)@o 


+sinB(A cos cosa+B sina)ko}, 





where 


R=r(cos@ip+ sin6}o) + zko, 
K;= Kn;= K(sin8 cosaio— sin sinajo+cosBko) 
= (2m/X)n,, 


and H‘ may be obtained from the above by replacing A 
by —B and B by A and multiplying through by 
n= K/yw=(e/u)'. Similarly for the image wave (the 
specularly reflected wave that would be obtained were 
the boss absent) we replace K; by K,= Kn,= K(sing 
Xcosaig—sin8 sinajo+cosfko) in the above and obtain 
E? by changing the signs of the jo and ky components 
of E‘, and H? by changing the sign of the ip component 
of H‘. The solution (obtained by decomposing the field 
into components of the electric and magnetic type and 
discovering the suitable Hertz potentials) can then 
be expressed, subject to the boundary conditions 
(E,= E,=0)o—/2, (E,= Es _ 0) r=a, aS 
E=E‘+ E+E, 
E*= {[ 4) cosB >> An’An’*S1°Sn 
ome (4a/K’r) > A a Hin .'Sa Keo 
+[— (46 cosB/K’r) >> An’Hpn*S1°Cn 
+24 > €nAn’Hn'*Ci Cr 100 
[—i4b sinB © An’ Hn*Sn°Sn |ko} ; (2) 
H=H'+H?+H-s, 
H¢= — n{[.2a cosB > €nAn”’Hn'*Ci"Cn 
= (4b/K’r) ys A n A an*S Co |to 
+[ (4a cos6/K’'r) >> An” H,n°C,!S,, 
—4b ¥ An’ Hy’*S 1S 2100 
—[i2a sinB S €nAn”’Hn%Cn°C, |ko}, 
where the sums range from 0 or 1 to ~, (e, being the 
usual Neumann’s factor equaling 1 for n=0 and 2 for 
n>); where the H,, are the hankel functions of the first 


kind of argument Kr sin6= K’r, and the 17,’ their deriva- 
tives with respect to argument; where the scattering 
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coeficients are A,’= —i""J,,/H,, An” = —i""J,'/H,’, 
the argument of the cylindrical functions being K’a; 
and where for brevity 


b=[exp(iKz cos8)/(1—sin?8 cos?a)*] 
X(A cos8 cosa+ B sina), 
a=[exp(iKz cos8)/(1—sin?8 cos?a)*] 
X(—B cos8 cosa+A sina), 
«§ =sinn(47+a), %C,=cosn($r+a), 
*S,=sinn(4r—0), and °C,=cosn(37—8). 


For brevity the » components of the above will hence- 
forth be referred to as the specular components, the c 
components as the scattered components, and their sum, 
r, as the reflected components for the region | 6|<7/2. 

For K’r>1, K’a<1, to the order of (K’a)?/(K’r)}, 
the scattered quantities may be approximated by 


0fe= — (ri/2K’r)*(K’'a)*e**'"{ 26 cosB cosa cosOro 
+a(1+2 sina sin@)@)— 26 sin8 cosa cosbky}, (3) 
*He= — n{ cosB°Eo°to+ (°E,*/sinB8)0o—sinB°E oko} , 


where the left superscript 0 has been introduced to 
indicate that this is the approximate scattered wave for 
a boss located at the origin (or rather along the z axis) 
of the reference coordinates and to facilitate their ex- 
tension to distributions of bosses where the 0 will be 
replaced by either a discrete index (g) or a continuous 
variable (y) and the expressions multiplied by a suitable 
phase factor chosen so that the phase at the reference 
origin is zero. When the plane wave is incident perpen- 
dicular to the axis of the boss (8= 2/2 and the xy-plane 
is the plane of incidence), expressions (2, 3) reduce to 
those obtained by Rayleigh,’ and the expressions are 
“separable in the polarizations.” 


B. Distributions of Bosses 


The approximate solutions obtained for the single 
boss can be extended to consider some problems of 
scattered reflection from certain distribution of such 
bosses. The initial assumption is that the spacing of 
any two bosses is sufficiently greater than the incident 
wavelength so that the excitation of each boss is essen- 
tially only the incident plane wave; i.e., the contribu- 
tions to the excitation of each boss arising from the 
waves scattered by the remaining bosses is neglected— 
the so called “single scattering hypothesis.’’f 


t Note added in proof: An exact solution for the scattering of a 
plane wave by an arbitrary configuration of parallel cylinders has 
recently been obtained by the writer by a technique of “multiple 
scattering” and applied to general planar configurations of bosses. 
It was shown that, provided the separation of any two bosses 
was of the order of magnitude of the wavelength, single-scattering 
theory was valid for the polarization component parallel to the 
axes of the bosses. For the perpendicular polarization component, 
however, the effects of multiple scattering were significant unless 
(Ka)? times a relatively large and involved factor depending on 
the geometry of the configuration was very small compared with 
unity. It is interesting to note that the solution for the reflection 
grating obtained in this fashion yields many of the “Wood 
anomalies” or “grating anomalies” first observed by R. W. Wood 
in 1902 [Phys. Rev. 48, 928 (1935)]. This new material will 
appear shortly as a report for the Mathematics Research Group. 
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1. Patterned Distribution 


Consider the wave characterized by E*‘ incident on 
2N+1=M bosses of radius a whose axis lie in the yz- 
plane parallel to the z axis and are spaced symmetrically 
along the y axis with spacing b—a reflection grating of 
bosses.” The point of intersection of the axis of each boss 
with the y axis of the reference frame is considered to 
be the origin (located at 0, gb, 0 in the xyz-reference 
frame of the central cylinder, g=0) of a cylindrical 
coordinate system, r,, 9,, z, in which a field point 
is specified by R,=7,(cos@o+sinO,jo)+2ko=r cosbio 
+r, sin6,jo+zko. The scattered component of each boss 
(subject to single scattering) differs from (3) only in 
possessing 74, 94, Tog, 4, and in being multiplied by 
the phase factor exp(—iK’gb sina). The scattered con- 
tribution of the entire distribution may then be ex- 
pressed as 

N 
Fe= >> °F* exp(—ik’gb sina). (4) 
q=—N 
Now if the extent of the distribution is <r (i.e., Wb<r), 
then the total reflected wave can be expressed ap- 
proximately as 


Fr=Fe+ Fe sinal/sin!, T= K’b(siné+sina)/2. (5) 


The above may be readily extended to a superposition 
of several such reflection gratings—which are parallel 
and coplanar and overlap only at the central boss and 
differ in the number of elements, their spacing, and their 
radii—by summing the contributions of the various 
gratings. We would then obtain (5) but containing 
>; a7[(sinv,T;/sinl’;)— n;_], where 7;=0 for the grating 
of largest a; and n;=1 for all the others to compensate 
for the overlap at the center. At the specular angle 
of reflection (essentially when 6=—a) this equals 
>; 47(S;—n;), which for all a;=a yields a? >>; (9;—n;) 
=a’N, where MN is the total number of bosses in the 
superposed distribution. We therefore obtain 


Fr=Fe+ Fg, 0=—a. (6) 


This procedure may also be extended to consider 
overlaps occurring elsewhere than at the center (i.e., 
when the spacings of various gratings are commensur- 
ate) by compensating for them, as abeve, by the addi- 


.tion and the subtraction of the missing terms. It can be 


seen that at the specular angle these terms are equal 
to 1, so that we again obtain (6). Since this is valid for 
any distribution which may be decomposed into pat- 
terned distributions, we may therefore conclude that 
it is also valid for any distribution of parallel bosses of 
equal radii subject to the initial restrictions and to the 
same order of approximation (viz., the single-scattering 
hypothesis and that the extent of the distribution be 
<r)—i.e., that at the specular angle the effect of such 
a distribution may be found by multiplying the effect 
of the central boss (°F*) by the total number of bosses. 


7C. Schaefer and F. Reiche, Ann. Physik 35, 817 (1911). 








2. Uniform Random Distribution 


Consider E‘ incident on a uniform random distribu- 
tion of parallel bosses of equal radii on an infinite 
yz plane; the axes of the bosses being distributed along 
the y axis according to a density function M which is 
independent of y, so that Mdy equals the number of 
bosses on area of width dy and unit length. Analogous 
to the summation procedure of the preceding section 
and based as previously on the single-scattering hy- 
pothesis we must now evaluate 


P=M [oF exp(—iK’y sina)dy. (7) 


The superscript y indicates that in (3) for °F* we replace 
r, 0, by r’, 0’, which are functions of y (and similarly for 
the unit vectors)—i.e., the running coordinates from a 
point on the distribution to a fixed field point P (while 
r, 0, will be retained to specify the position of P in 
the reference coordinate frame at the center of the 
distribution.) 

(a) Small finite distribution.—For a finite distribution 
extending from y= —d/2 to y=+d/2 (dr), we obtain 

Fr=F+ FeMd sin’ /T, (8) 
with I as in (5) with d replaced by d. 

This may also be extended, by summation, to a 
superposition of such distributions which are parallel 
and coplanar and where each is characterized by a 
different density function, length, and boss radius. Then 
provided that all a;=a@ we would again obtain (6) at the 
specular angle with N=) >; M,d; for the total number 
of bosses in the distribution. 

(b) Infinite distribution.—For a distribution extending 
from y= — © to y=+ the integral can be evaluated 
by the method of stationary phase (the phase being 
stationary at #’=—a) to yield 
E*= E+ Es, 

E*= —i2K’'V exp[iK’r cos(0+ a) | 
Xseca{[b cos8 cos(0+ a)2 cos? 
+a sin(@+ a) cos2a }ro 
+[—} cos@ sin(@+ a)2 cos?a 
+a cos(0+ a) cos2a ]@o 
—b sinB2 cos*ako} ; 9 
Hr= H+ Hs, ( ) 
H¢= — i2K’V exp[iK’r cos(0+ a) ] 
Xseca{[—a cos8 cos(@+ a) cos2a 
+5 sin(6+ a)2 cos*a |ro 
+[a cos@ sin(6+ a) cos2a 
+5 cos(@+ a)2 cos*a ]85 
+a sin8 cos2ako}, 


where V=Mza?/2 and provided that a<7/2. 
The above may also be rewritten as 
E*= —i2K’V seca{_2 cos*aE’?+cos2aE’’? }, 9” 
H*= —i2K’V seca{_2 cos*aH’?+-cos2aH’’? ], 
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where E’?+ E”?= Ep, and similarly for H?. The primed 
and double-primed quantities indicate the breakdown 
into fields of the electric and magnetic types which are 
associated with distributions of electric and magnetic 
dipoles, respectively. The total reflected wave then con- 
sists of a superposition of plane waves of different ampli- 
tudes and phase traveling in the specular direction so 
that, effectively, the plane and bosses can be replaced 
by a smooth plane with appropriate physical constants 
which are functions of a, K’, and V. The quantity V, 
the volumetric departure from the plane (i.e., the total 
volume of bosses per unit area of distribution, having 
the dimension of a length) is introduced to eliminate 
all explicit trace of the boss from the expressions. 

For a superposition of such distributions, which are 
parallel and coplanar, we obtain the above expressions 
containing >> V;, which we then define as V, the total 
volumetric departure, to leave the results unaltered. 


C. Distributions of Cylinders 


The results of the preceding section can be readily 
extended to the problem of E* incident on similar dis- 
tributions of whole cylinders. The expressions for the 
total scattered wave, F*, for the small finite distribu- 
tions (as in (4)—(8)) are formally identical with those 
that would be obtained for the analogous distributions 
of cylinders if it is understood that °F¢ represents the 
approximate solution for the single cylinder at the 
center of the distribution, i.e., 


°R¢= — (in/2K'r)te**'? 
X {[b cos6[1/In(yK’a/2)+ (K’a)® cos(@— a) Ito 


+ (a/2)(K’a)*L1+2 cos(6—«) ]6o (10) 
—b sin6[1/In(yK’a/2)+ (K’a)? cos(6— a) ]ko}, 
(y= 1.781), 


°H*= — n{ cosB°Eo*to+ (°Ez*/sin8)no— sinB°E ko} . 
For the infinite distribution, provided a< 7/2, 
Fe= —iK’Mra? seca(Q’F’*+0"F”), (11) 
where for x>0: 
q=p, Q’=(1/(K’a)? In(yK’a/2) ]+cos2a, 
QO” = (1+2 cos2a)/?2, 
while for x<0: 
q=i, Q’=[1/(K’a)? In(yK’a/2)]J—1, Q”’=—}; 
and where F’?, F’’”, can be obtained from (9), (9’), by 
inspection, while 
E’‘= exp[ —iK’r cos(@— a) |b{cosB cos(@—a)ro 
—cos8 sin(@— a)@+sinpko}, 
E”’'= —exp[—iK’r cos(@— a) Ja{sin(@— a)ro 
+cos(@—a)@}, E'+E”'=E'; 


and H’: is obtained by replacing —a by 7b in E’”‘ and 
H” by replacing 5 by na in E’, 
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Ill. THE HEMISPHERICAL BOSS 
A. The Single Boss 


The geometry of this problem is as indicated in Fig. 2. 
In general the incident wave can be expressed as 


E‘=AE,,'+ BE, ' 
= { A(—cosaip+sinaky)+ Bjo} e** 
= {[ A(—cosa sin@ cos¢+sina cosé) 
+B siné sing ]ro (12) 
+[—A (cose cos@ cosg+sina siné) 
+B cos@ sing ]0o 
+[A cose sing+ B cos¢ }¢o} e*, 
where r=r(sin®@ cosgip+sin@ sin gjo+cos#ko), K;= Kn; 
=— K(sinaio+cosaky), and H* may be obtained from 
the above by replacing A by —B and B by A and 
multiplying through by 7. Similarly for the image wave, 
we replace K; by K,=Kn,=K(—sinaio+cosaky) in 
the above and obtain E? by changing the signs of the ip 
and jo components of E‘ and H? by changing the sign 
of the ko component of H‘. The solution can then 
be expressed, subject to the boundary conditions 
(E,=£,= 0)emr/2, (Eg= Ep=0) Ha, 
E'=E'+ E?+E;, 
E*=(1/Kr) >on n(n+1)an'ltn Km [AP nam 
— B(P,™/sina)mS m |to 
+23 n {(an'[Krha)/Kr) Sm CAP nam 
— B(P,",/sina)mS m_ | 
+ ian ln Ym l—A(P2”/siné sina) mC » 
+ B(P,™./sin9)mS m |} O 
— Yon {(an'LKrh,\'/Kr) m 
<[B(P,.”/siné sina)m’C », 
+A(P,™,/sin9)mS m | 
—idn” htn Dm LBP a™atCm 
+A(Px™,/sina)mSm|}¢o; (13) 
H'= H'+ H?+H-:, 
H'= —(n/Kr) >, n(n+1)an” hn Yom LBP aa m 
+A(P,”/sina)mS m \to 
+ Yon {idn' hn Sm CB(P2™/sin@ sina) mC n 
+A(P,™,/sin9)mS m | 
— dn!" ((Krha|'/Kr) Ym CBP n™ atm 
+A(P,™,/sina)mS m |} 0o 
+ Yon {idan Km LAP n™atCm 
— B(P,,™,/sina)mS m | 
— dn!" ((Krh,|'/Kr) ¥m 
X[A(P,.™/siné sina) mC, 

_ B(P,.™,/sin9)mS m |} do, 
where the sums over range from 1 to ~, while the 
sums over m range from 0 to n, and for brevity the 
notation >>, “<m indicates a sum over m and m so that 


the indices have odd parity, while >>, >¢m indicates 
that the indices have even parity, where the /, are the 














II (region of Z negative) I (region of Z positive) 


(b) 


Fic. 2. (a) A plane wave incident on a hemispherical boss on 
an infinite xy-plane. The plane of incidence is the xz-plane in which 
n; makes an angle @ with the z axis. (b) Two plane waves, n; 
and its image in the xy-plane, n, simultaneously incident on a 
sphere at the origin. The solutions in regions 6I and al are iden- 
tical. 


spherical hankel functions of the first kind (Morse’s 
notation) of argument Kr and the primed brackets are 
to be differentiated with respect to Kr; where the 
scattering coefficients are 


An! = —[2i-"-1'(2n+-1)/n(n+1) Kaj, |'/LKah,], 

Ay!’ = —[2i-"™-1'(2n+1)/n(n+1) jn/hn ] 
—the argument of the spherical functions being Ka; and 
where, for brevity, 

P».™=([é€m(n—m)!/(n+m)!]P.™(cosé)P,™(cosa), 
Cn=cosmy, Sm=sinmg, 

the subscripts a, @ indicating differentiation of the ap- 
propriate Legendre function. 

For Kr>1, Ka<1, to the order of (Ka)*/(Kr), the 
scattered quantities may be approximated by 
06 = — eiKr(K%q3/r) 

X {[A(2 sin®é sina+cosy)— B sing cosa |®> 
—[A cos sing+B cos@ cosy cosa |go}, (14) 

°H*= — 9° E,"09+ n° Eo" $0, 


where the superscript 0 has been introduced as for (3). 


B. Distribution of Bosses 


Subject to essentially the same restrictions as for the 
cylindrical case, the approximate solution for the single 
boss will now be employed to consider certain planar 








distributions of bosses. The interactions of the bosses 
will be neglected as previously and the finite distribu- 
tions considered will be such that their maximum extent 
is much less than r siné@ (or less than r, if a=0). 


1. Patterned Distributions 


When E* is incident on 2V+1=% bosses of radius a 
whose centers are spaced symmetrically (with spacing-b) 
along a line in the xy-plane through the origin making 
an angle » with the x axis (a “ray” of bosses), we pro- 
ceed as for the previous reflection grating. The total 
scattered wave can be expressed as in (4), the phase 
factor now being exp(—igb cosy sina), to yield the total 
reflected wave 


Fr= Fe+ F* sinnT/sinI’, 


l'= Kd{ sina cosu+siné cos(u— ¢) |/2. (15) 


For any distribution of bosses in the xy-plane which 
can be decomposed into lines at arbitrary angles u with 
the x axis—each line consisting of a superposition of 7 
rays each characterized by a different number of bosses, 
spacing, and boss radius (all lines and rays having the 
central element in common)—we would sum over j 
and yu to obtain (15) but containing 


Dou Dos Bil (SinN jy T jeu)/sinT jy) — nicuy ]- 


(See discussion following expressions (5) and (6).) 

Essentially the same technique may be applied to 
the problem of a reflection lattice of bosses sym- 
metrically distributed with respect to perpendicular 
axis, x’, y’ (which have been rotated through an angle 
8 from the reference x, y axes) and characterized by 
Nb., Nyb,, to obtain 


Fr= Fe+F* sintt,T, sint,T,/sinl’, sinT,’, 
l',,=Kb,-[_cos6 sina+sin@ cos(g—) ]/2, (16) 
I, = Kb,{.—sin8 sina+siné sin(g— 8) ]/2. 

For a planar superposition of such distributions with 

a common central boss, (16) would contain >} g > ja* a) 
_— sinN yj) Ty’ j¢@)/sinl’ 25g) sinT’y’;<)) 
— 13(8) I+ 


2. Uniform Random Distributions 


For E‘ incident on a uniform random distribution of 
bosses in the xy-plane characterized by a density func- 
tion M such that Mdxdy is the number of bosses in 
area dxdy we proceed in analogy to the above by 
evaluating 


P-uf {F exp(—ikp cosu sina)dxdy, (17) 


where p= (x?+-y")!, tanu=y/x. 
(a) Small finite distribulions.—For a ray of length-d 
and unit width we obtain 


Fr= Fe+ F*Md sinT' /T 


(T as in (15) with 6 replaced by ¢). “® 
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For a rectangular patch d, by d,-, rotated an angle 8 
from the x, y axes as for the lattice, we obtain 


Fr=Fe+°F*Md,d, sinl, sinl,/T,T, 


([, Ty, as in (16) with the b’s replaced by d’s). (19) 


For a circular patch of radius dy we obtain for the 
plane of incidence 


Fr = Fe+ F*Mad,?2J (To) /To, 


I'p= Kd)(sind+sina), (20) 


where @ is + for x=0. 

These results may also be extended by summation to 
a coplanar superposition of such distributions character- 
ized by different density functions, extent, and boss 
radius. 

It can be seen that at the specular angle all of the 
above expressions for the small finite distributions ((15), 
(16), (18), (19), (20)) (as well as those for the super- 
posed distributions), provided that all a;=a, can be 
expressed as 


F°=F?+ FN, 0=a, g=T7, (21) 


where 9% is the total number of bosses in the distribu- 
tion. We may therefore conclude that this is also true, 
subject to the initial restrictions and to the same order 
of approximation, for any distribution (of maximum 
extent <r sin@) of bosses of equal radii. (See discussion 
of expression (6).) 

(b) Infinite distribulion.—For a distribution extend- 
ing from x, y=— © to x, y=+~, the integral can be 
evaluated by the method of stationary phase (the phase 
being stationary at 6’=a, ¢’=7, the specular angle) 
to yield 
E’= E’+E;, 

E*= —i3KV secae‘*o't 
X {LA cos2a(cosa sin@ cosg+sina cosé) 
— B cos*a siné sing |r» 
+[A cos2a(cosa cos@ cosy—sina sin@) 
— B cos’a cos@ sing ]@o 
—[A cos2a cosa sing+ B cos*a cos¢ |¢o} 
= —i3KV seca{cos2aE,,?+ cos’aE,” }; 
H’=H’+H:, 
H*= —in3KV secae**e't 
< {LB cos*a(cosa sin? cosg+sine cos@) 
+A cos2a sind sing ]ro 
+[B cos’a(cosa cos# cosg—sina sin#) 
+A cos2a cosé sing |65 
—[B cos’a cosa sing— A cos2a cos¢ }¢o} 
= —i3KV secal_cos?aH,,?+ cos2aH,? |, 


(22) 


where V=M2za*/3 and provided that a<m/2. The 
subscripts I] and .L have been introduced to indicate 
the components parallel and perpendicular to the plane 
of incidence (the initial constants A, B being absorbed 
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in the new notation). The total reflected wave is again 
a superposition of plane waves, so that the plane and 
bosses can be replaced by a smooth plane with physical 
constants depending on a, K, and V. 

For a superposition of such distributions we proceed 
as for the cylindrical case and consider the above V to 
be the total volumetric departure from the plane. 

The same qualitative results as the above (or as for 
the cylindrical case for 8= 2/2, incidence perpendicular 
to the axes of the bosses) may also be obtained from 
physical considerations of a very general nature.* Con- 
sider the reflection of a plane wave, E‘, from a perfectly 
conducting infinite plane covered with an arbitrary 
distribution of surface irregularities. If the surface were 
perfectly smooth, the reflected wave would be the specu- 
larly reflected plane wave, E?”. The wave reflected from 
the rough surface would of course not be plane but 
would be pitted and corrugated in an irregular manner. 
If, however, the irregularities are small compared with 
the incident wavelength, the reflected wave, having a 
large specular component, could be considered as essen- 
tially plane. (The following argument should be under- 
stood to apply to only either the component polarized 
parallel or perpendicular to the plane of incidence rather 
than to their sum.) We might then express thé reflected 
wave as E”e” or as E?(1+-); u being a small complex 
quantity indicating that the reflected wave, although 
plane, has undergone an amplitude and phase change 
on reflection. This quantity, “, can be but a function of 
the volume and shape of the irregularities and their 
density distribution on the plane (or essentially the 
volumetric departure from the plane, V, if we ignore 
point or edge effects), the incident wavelength, and the 
angles of incidence and observation. Hence, we write 
u=u(Xd, V, a, 0), which from dimensional considerations 
and the fact that # must approach zero as V-0 or 
\> 0, yields w= yKV g(a, 0), where vy is a phase factor 
and g is an even function of a and @. (The choice of KV, 
rather than this quantity raised to some power is justi- 
fied by there being no @ priori physical basis for con- 
sidering that the scattered component can be anything 
but a function of the volume of the irregularities. This 
consideration could of course be obviated by assuming 
a series in powers of KV and retaining only the first 
term with the understanding that A>>V.) Then through 
essentially the same physical considerations that justify 
the method of stationary phase (i.e., that the rapid 
variation in phase for values of @ not in the vicinity of 
the specular angle produces destructive interference and 
virtually complete cancellation between the waves from 
adjacent elements) we would surmise that practically 
all the contributions to the scattered reflection were due 
to the components at the specular angle, and write 
u=7KVg(a) where g is an even function of a. We there- 


* The above argument will be found in somewhat greater detail 
for the acoustical case in V. Twersky, “On the theory of the non- 
specular reflection of sound,” pp. 11-14, 64-66, Doctoral disserta- 
tion, New York University, 1949, 
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fore obtain E*= E*1+~7KV g(a) |—for either the com- 
ponent polarized parallel or perpendicular to the plane 
of incidence—which is essentially of the form obtained 
previously. 


C. Distributions of Spheres 


The results of the preceding section can be readily 
extended to the problems of E*‘ incident on similar dis- 
tributions of whole spheres. The expressions for the F* 
for the small finite distributions (as in (15)—(21)) are 
formally identical with those that would be obtained for 
the analogous distributions of spheres if it is understood 
that °F* represents the approximate solution for the 
single sphere at the center of the distribution; i.e., 


0B = e'Xr(K2q3/2r) 
X {[—A(2 siné sina+2 cos¢ cosé cosa+ cosy) 
+B sing(2 cos6+ cosa) ]@ 


+[A sing(2 cosa+cosé)+ B(sin@ sina (23) 
+cos¢ cos@ cosa+2 cos¢) |¢o}, 
o=Hs=— — 2 E,*Oo+ nE¢° do. 
For the infinite distribution (provided a< 7/2) 
E*= —iKMra® seca[Q,E,,?+02E,*¢], (24) 


H*=—iKMra’ seca{Q2H,,°+0:H,", 


where for z>0: g=p, Q:1=1+2 cos2a, Q2=2+cos2a, 
while for <0: g=i, Qi=Q2=-—1. 


IV. DISCUSSION AND COMPARISONS 


In this section further consideration will be given to 
the approximate solutions derived previously. For sim- 
plicity and to facilitate comparison the discussion will 
be restricted to the plane of incidence, and for the 
cylindrical case we will take 8=2/2 (incidence per- 
pendicular to the axes of the bosses), and for the spher- 
ical case we will adopt the convention that ¢=0 and 
that @ is positive or negative depending on x=0. It is 
then seen that the corresponding expressions for the 
two cases resemble each other closely. 

The incident wave may then be expressed as 


E‘= {— A[sin(@— a)ro+cos(6— a) |+ Beo} 
Xexp[—iKr cos(@— a) ], 
‘= { BLsin(@— a@)ro+cos(@— a) |+Aeo} 
Xexp[—iKr cos(@—a) ], 


(25) 


where €)= Ky for the cylindrical case and e9= ¢o for the 
spherical case. For brevity the total reflected fields for 
the finite distributions may be written as 


E*= {A sin(6+a)ry+A[cos(6+ a) —Qee'*]6, 
— BL1—Q.e'* Jeo} expliKr cos(6+ a) ], 

H’= »{ B sin(6+ a)ro+ Bl cos(0+ a)—Q.¢' 16, 

+ A[1—Q¢e** Jeo} exp[iKr cos(0+ a) ], 


(26) 





where 


g-= 2Kr sin*[ (0+ a)/2 ]+ 7/4, 
Qo°=A(x/2Kr)'(Ka)*{ (1+2 sina siné)+ 0.(Ka)*: - -}, 
Qx°= A(x/2Kr)(Ka)*{2 cosa cos6+ ©,/(Ka)?---}, 

qs= 2Kr sin*{ (6+ a)/2], 

Qo" = A(K°a*/r){(1+2 sina siné)+ 0,(Ka)*:--}, 


and 
QO," = A(K°a'/r) {cosa cos6+ ©,’(Ka)?---}; 


where A, the “A-function” of type and shape that 
characterizes the particular distribution (the various 
Fraunhofer factors obtained previously), equals 9 the 
total number of bosses for its maximum value (or one 
of its maxima) at the specular angle of reflection. For 
the infinite distributions the total reflected fields are 


E’= { A(1—iK,)[sin(6+ a)ro+cos(0+ a)@ | 
— BL1—iK:2 Jeo} exp[iKr cos(6+ a) ], 
r= n{B(1—iK:2)[sin(0+a)ro+cos(0+ a) 6, | 
+ A[1—iK; Jeo} exp[iKr cos(6+ a) ], 


(27) 


where 
K,°=2KV, seca[.cos2a+ 0,(Ka)?:- + ], 
K.°=4KV, seca{_cos*a+ 0,’(Ka)*- - - ], 
K,'=3KY, seca[cos2a+ 0,(Ka)*:-- ], 
and 


K.'=3KV, seca[_cos’a+ 0,’(Ka)?- - - ]. 


The expressions for the reflected fields, F’= F°+F°*, 
consist essentially of two parts. The first (or specularly 
reflected plane wave component) indicates the effect of 
the plane, while the second (scattered cylindrical or 
spherical waves for the single boss and its finite distri- 
butions, or plane waves for the infinite distributions) 
indicates the effect of the bosses. It can be seen that as 
either a or V0 or A> (also as r—~ for the finite 
distributions), then FF? as would be expected from 
physical considerations. 

To the order of approximation of the above expres- 
sions it can be seen that the reflected radial component 
is completely specular, while the reflected @) and e9 com- 
ponents possess both specular and nonspecular com- 
ponents for the finite distributions and only specular 
components for the infinite distributions. For all cases, 
however, the 6) and ep components are reflected with 
altered amplitude and phase (as is also the rp component 
for the infinite distributions), so that the polarization 
of the reflected wave differs from that of a plane wave 
undergoing specular reflection at a smooth surface. 

The angular dependence of the amplitudes of the 
scattered fields for the analogous cylindrical and spher- 
ical cases resemble each other closely and differ essen- 
tially only in the factor 2 possessed by the ky term. For 
the infinite distributions, the over-all resemblance of 
the corresponding expressions, although at first startling, 
might conceivably have been predicted from statistical 
considerations of both rough and striated surfaces and 
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the similarity of their cross sections in the plane of 
incidence—since a rough surface may be approximated 
by just such a distribution of hemispherical bosses, while 


‘ a striated surface may be approximated by the analo- 


gous distributions of parallel semicylinders. 

We will now derive expressions for the electromag. 
netic quantities which are usually measured and for the 
ratios of the components of these quantities polarized 
parallel and perpendicular to the plane of incidence. 

The reflected intensity (as measured with a nondirec- 
tional bolometer) is proportional to J= Re(E’-E™) go 
that for the finite distributions we have 


J=Jyt+J,= | A|*1+0¢—2Q¢ cos(6+ a) cosg] 
+|B\*L1+02—20, cosg], (28) 
while for the infinite distributions 
Ja=SyetSs2= |A ?(1+K2)+ |B|*(i+-K,?). (29) 


It can be seen that Q¢ vanishes when sina sind= —} so 
that the component of the reflected radiation polarized 
parallel to the plane of incidence consists only of the 
specular contribution from the plane. At the specular 
angle, 2=—a, this occurs when sin’a=} or a=2/4, 
Similarly Q, and the scattered component polarized 
perpendicular to the plane of incidence vanish when 
either a or 6=7/2. For the infinite distributions the 
scattered parallel component vanishes for a= 7/4, while 
the scattered perpendicular component might be con- 
sidered as vanishing at a= 2/2 provided A =0 (although 
this latter extension ignores the fact that this region of 
a has been excluded from consideration). 

The ratios of the reflected intensities polarized parallel 
and perpendicular to the plane of incidence may be 
expressed as 

p=Ji/Js,  px=SIux/J ax. (30) 
Although the originally derived expressions were accu- 
rate only to the order of (Ka)? or (Ka)? for the cylin- 
drical and spherical cases, respectively, the retention of 
both Q? (or K?) and Q to only the lowest order terms can 
be justified for moderately large values of A (or M). 

For the finite distributions, if 0<1, we neglect Q? and 
obtain 


pe=(|A|?/| B\*){1—A[(142 sina siné) 
Xcos(@+ a)— 2 cosa cos |(27/Kr)}(Ka)’ 

Xcos(2Kr sin*{ (6+ a)/2]+7/4)}, 

p.=(|A!*/| B[*){1—A[(142 sina siné) 

Xcos(#+ a)— cosa cos@ |(2K2a*/r) 

Xcos(2Kr sin*{ (6+ a)/2}), 
which are functions of all the parameters of the problem 
and possess extrema depending on Kr, 0, and a. To this 
order of approximation it can be seen that the scattered 


parallel contribution also vanishes at 6+a=7/2. At 
the specular angle A and the above reduce to 


pe=(|A|?/|B|*)[14+9(x/Kr)*(Ka)*], 
ps=(|A]?/|Bl2)[1+9t sin’a2K2a*/3]. 


(31) 


(32) 
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A significant difference between the behavior of the 
ratios for the two cases is that only the latter expression 
js a function of the angle of incidence—having its 
maximum value at a= 2/2 and its minimum or specular 
value at a=0. These expressions also indicate that the 
maximum values of the p’s as functions of @ occur at 
essentially the specular angle (primarily because of the 
behavior of the A-functions). 

For the case Q?>1, as for large A but with Ka<1, 
we obtain, on the assumption that the remaining terms 
may be neglected, that 


pe=p»/4=(|A|?/| B]?)(1+2 sine sind)?/ 


(2 cosa cos6)?. (33) 


The negative square root of p, for an unpolarized inci- 
dent wave (A = B=1) was the only quantity considered 
by Rayleigh with the assumption that the specularly 
reflected component could be avoided—an assumption 
that might be justified except for the vicinity of the 
specular angle. Rayleigh found qualitative agreement 
between this expression and experimental results (ob- 
tained with visible light and ruled metallic surfaces or 
surfaces covered with linear protuberances) for the cases 
a=0, 0=7/2, or conversely, and for the case where a 
and @ both made abtuse angle on the same side of the 
normal. He did not, however, find experimentally 
that the reflected parallel component vanished as 
1+2sinasind—0 and surmised that the condition 
Ka<1 had not been fulfilled. (This might of course also 
have been due to the fact that the neglected specular 
contributions were significant.){ The expressions (33) 
may be considered valid except when either the numer- 
ators or the denominators approach zero. It can be seen 
that these quantities depend essentially only on the 
angles of incidence and observation and that the ration 
of p, to ps is 3, or the effect of the hemispherical boss 
in introducing a relative change of polarization is four 
times as great as for the semicylindrical boss. 
Now if (6+ a)= 72/2, we obtain 


p-=(|A|?/| Bl?) [csc2a+1 P= p,/4; 


so that, for example, when a=0= 7/4, p, is 4 times its 
specular value and p, is 16 times its specular value, 
while if a=15° and 6=75° (or conversely), then p, is 9 
times its specular value and p,, 36 times its specular 
value. At the specular angle (33) reduces to 


p-= p,/4=(|A|?/| Bl?) cos?2a/4 costa (34) 


which is valid only as above. 
For the infinite distributions the latter expression of 
(30) gives some indication of the orders of magnitude 


t Note added in proof: The recent solution for the cylindrical 
case mentioned in a previous footnote (f) indicates that the radia- 
tion polarized parallel to the plane of incidence (perpendicular to 
the bosses) may have a large scattered component resulting from 
the effects of multiple scattering even when 1+2 sina sind=0. 
The components perpendicular to the plane of incidence are, 
however, unaltered, 
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to be expected, and also reduces to (34) for K,,.2>>1 as 
for M large and Ka<1. 

The real part of the radial component of the complex 
Poynting vector, the average outward energy flux as 
measured with a directional device, can be expressed as 
S=Re(Eo’H ."*—E."H¢'*)/2=S,,+S,. Hence, for the 
finite distributions 


S= (n/2){| A |*(cos(6+a)+Q¢? 
—Q¢ cosg[1+cos(6+ a) }) 
+ | B|*(cos(6+a)+02 
—Q- cosgl1+cos(6+ a) })}, 


while for the infinite distributions 


S.= (n/2) cos(6+ a) 
X{|A|*?1+Ky)+|Bl21+K2")}. (36) 


The behavior of these quantities as regards their de- 
pendence on the Q’s and K’s is essentially as for the 
previous J’s (28, 29), and in addition the specular com- 
ponents vanish when (6+ a)= 7/2. 

The ratios of the components polarized parallel and 
perpendicular to the plane of incidence can be ex- 
pressed as 


(35) 


o=S,,/S, (37) 


for the finite distributions, while for the infinite distri- 
butions we obtain o.=p. as in (30). For the case O<1 
we obtain 


oe=(|A|?/|B|?){1—AL1—2 cos(6+a)] 
X[1+sec(6+ a) ](4/2Kr)*(Ka)? 
Xcos(2Kr sin?[ (6+ a)/2]+7/4)}, 
?){1—A[1—cos(6+ a)+sina sind ] 
<([1+sec(6+ a) ](K2a*/r) 
Xcos(2Kr sin*[ (0+ a)/2])}. 


To this order of approximation it can be seen that both 
these quantities reduce to their specular values when 
6+ a= and that in addition ¢, also has its specular 
value when 6+ a= 72/3. Now if 0+ a= 7/2 these quanti- 
tiesreduce to ¢= (| A|?/| B|*)Q./Q, whichexhibitsessen- 
tially the same behavior as (33) and might therefore 
account for the qualitative agreement with experiment 
which Rayleigh found for this range of values—the 
vanishing of the specular components obviating any 
additional assumptions as to their significance. (These 
results are also preferable for comparison with Rayleigh’s 
experiments, since he employed directional visual de- 
vices.) At the specular angle the above quantities reduce 
to those of (32). 

For the case Q?>1, if we neglect the remaining quan- 
tities, the expressions for the o’s become identical with 
those of (33). 

We will now consider the total reflected intensity and 
radial energy flux for the case where the incident wave 
is unpolarized. The desired quantities are obtained by 
setting A= B=1 in (28, 29, 35, 36). 


o.=(|Al?/|B (38) 
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For the case V1 we have 


J,.=2{1—A[(1+2 sina sin@) cos(6+ a) 
+2 cosa cos ](x/2Kr)*(Ka)* 
Xcos(2Kr sin’ (6+ a)/2]+7/4)}, 
J,=2{1—A[(1+2 sina sin@) cos(6+ a) 
+ cosa cosé ](K*a*/r) 
Xcos(2Kr sin*{ (0+ a)/2])}, 
S.=n{cos(6+a)—A[1+2 cos(@—a) ] 
[1+ cos(6+ a) ](r/8Kr)*(Ka)? 
Xcos(2Kr sin*{ (0+ a)/2]+7/4)}, 
S,=n{cos(6+ a)—A[1+cos(@— a«)+sine sind ] 
[1+ cos(6+ a) ](K2a*/2r) 
Xcos(2Kr sin*[ (6+ a)/2})}, 
which simplify for the case 6+ a=2/2—in particular, 
the specular contribution vanishing for the energy 
fluxes. At the specular angle (39) reduces to 


S.= (n/2)J- 
= nl1—9(1+2 cos2a)(x/4Kr)*(Ka)?}, (40) 
S.=(n/2)J.=nL1—N(1+3 cos2a)(K*a*/2r) ], 


which are approximately the extrema of (39) with re- 
spect to @. It should be noted that at the “critical 
angles” a=60° and a~55°, for the cylindrical and 
spherical cases, respectively, the quantities in (40) re- 
duce to their specular values; i.e., the radiation reflected 
at the specular angle consists only of the specular com- 
ponents. Hence for all values below these critical angles 
there is a minimum in the intensity and energy flux at 
the specular angle, while for greater values they indicate 
a maximum. The extrema of (40) with respect to a 
occur at a=0, /2—the former yielding a minimum 
and the latter a maximum. (It should be noted that the 
critical angles for the analogous acoustics problems for 
nonabsorbent surfaces occurred at 45°, 55°, respectively.) 

Had the incident wave been polarized parallel to the 
plane of incidence, as obtained by setting A=1, B=0, 
in the initially derived expressions, then only the Qe 
term would be present in (39) so that the scattered 
component of (40) would be proportional to cos2a and 
the critical angle for both cases would occur at a= 45°. 
Had the incident wave consisted only of the perpen- 
dicular component, A=0, B=1, then only the Q, would 
be present in (39) and the scattered components of (40) 
would be proportional to cos*a so that the critical angle 
for both cases would occur at a= 7/2, or at grazing in- 
cidence. The extrema of (40) with respect to a for these 
cases still occur as for the general case discussed above. 

For the case 0?>1, we have approximately 


J .=2+A°[(1+2 sina sind)? 
+ (2 cosa cos@)? |jrK%a*/2r}, 
J ,=2+A°{(1+2 sina siné)* 
+ (cosa cos@)? |K*4a*/r*} , 
S.=n{cos(@+ a)+ A*[(1+2 sina sin@)? 
+ (2 cosa cos6)? }rK*a‘/4r}, 
S,=n{cos(6+a)+ A*{ (1+ 2 sina sind)? 
+ (cosa cos)? |K*a*/2r’} , 


(39) 


(41) 


which, at the specular angle reduce to 


S.= (n/2)J- 
= n{1+907[2 cos*2a+ 2 cos2a+ 1 ]rK*%a*/4r} , 
S.=(n/2)Ju (42) 


=n{1+9(5 cos?2a+2 cos2a+1 |K*a®/8r?}. 


These are approximately the extrema of (41) with re. 
spect to @ and indicate a maximum at the specular angle 
for all angles—the expressions not reducing to their 
specular values for any real values of a. The extrema 
of (42) with respect to @ occur for a=0, 1/2, 2/3 for 
the cylindrical case and for a=0, 1/2, ~51°, for the 
spherical case—the expressions possessing maxima at 
the first two values of a (that at a=0 being the greater) 
and a minimum whose value is still greater than the 
specular value, at the third value of a. Had the incident 
wave consisted only of the parallel component, then (42) 
would contain only cos?2@ so that the expressions would 
reduce to their specular values at a= 2/4 but would be 
the maxima of (41) for all other values of a. The ex. 
trema of (42) occur at a=0, 2/2, r/4—being maxima 
for the first two values of a and a minimum (the specu- 
lar value) for the third. Had the incident wave consisted 
only of the perpendicular component, then (42) would 
contain only cos‘a so that the expressions would reduce 
to their specular values at a=2/2 but would be the 
maxima of (41) for all other values of a. The extrema 
of (42) then occur at a=0, r/2—being a maximum for 
the first and a minimum (the specular value) for the 
second. It should be noted that these special cases of 
(42), ie., the incident wave being linearly polarized 
parallel or perpendicular to the plane of incidence, 
possess two of the identical critical angles as obtained 
for the special cases of (40) so that in general the ex- 
trema at the specular angle may be either a maximum 
or a minimum. 

For the infinite distributions we obtain on setting 
A=B=1 in (29, 36) 


S.=(n/2) cos(6+a)J.=7 cos(@+a)[1+2K°V 2 
Xsec2a(2 cos?2a+2 cos2a+1) ], 

S,= (n/2) cos(@+ a)J,=n cos(6+ a)[1+ (9/8) K°V2 
Xsecta(5 cos?2a+2 cos2a+1) ]. 


At the specular angle cos(6+ a) would be replaced by ! 
to yield the maximum values for the S’s. 

It is unfortunate that no quantitative experimental 
data are at present available with which the above 
could be compared. The expressions indicating a mini- 
mum in the radiation reflected at the specular angle 
until some critical angle of incidence is reached (for 
which the reflection is completely specular at the specu- 
lar angle) and a maximum in the reflected radiation 
above the critical angle are of particular interest and 
should be compared with results obtained for striated 
and rough surfaces. It should be noted that minima at 
the specular angle were observed by Skudrzyk® when 


* E. Skudrzyk, Akust. Z. 4, 189 (1939) 


(43) 
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sound underwent nonspecular reflection at a rough 
surface (in the shape of a finite rectangle) whose irregu- 
larities were of the same order of magnitude as the wave- 
length, lending some credence to the expressions derived 
for the acoustical case which indicated essentially the 
same behavior in this respect. It would also be of inter- 
est to attempt to verify such expressions that predict 
that the hemispherical boss introduces a greater relative 
change of polarization between the components polar- 
ized parallel and perpendicular to the plane of incidence 
than does the semicylindrical boss. 

The analysis of this paper can be extended to consider 
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the analogous problems of nonspecular reflection for 
the cases where the bosses are absorbent (and B= 2/2 
for the cylindrical case) by replacing the scattering 
coefficients employed in this paper by those obtained 
subject to the usual continuity conditions on the tan- 
gential field components for the problems of a plane 
wave incident on the absorbent cylinder or sphere. 

The writer expresses his thanks to Professor Joseph 
B. Keller, Professor Bernard Friedman, and Mr. Jerry 
Shmoys for valuable discussions and to Professor Fritz 
Reiche and Professor George E. Hudson for their 
interest. 
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The Electronic Torch and Related High Frequency Phenomena 
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This paper presents the design of a high frequency electronic torch operating at 1000 mc/sec, and some 
of the physical characteristics of the gaseous discharge produced. The flame produced by polyatomic gases 
is capable of melting many refractory materials due to the heat of association of the dissociated molecules. 
Monatomic gases produce little heat. Probe measurements indicate an electron temperature of the order of 
10° deg K. The gas temperature near the outer edge of the flame appears to be of the order of 3000°K. 


INTRODUCTION 


IGH frequency atmospheric pressure discharges 

have been observed by various workers. Babat! 
refers briefly to a “high frequency torch,” which was 
apparently a torch-like flame stabilized by convection 
current or gas blast and attached to one end of a hf 
conductor. Brief reports have been made by Asami 
and Hori,? Cristesku and Grigorovici,? and Mochalov.‘ 
The power frequency in each case seems to have been 
at 10° cps or less. This report covers the results of a 
study of a high frequency, torch-like flame produced 
with equipment designed at the General Electric Re- 
search Laboratory. 


APPARATUS 


The electronic torch and associated apparatus are 
shown in Fig. 1. The magnetron used to supply the 
microwave power is coupled into the cavity, which is 
in turn coupled to the coaxial line terminating in the 
torch section. The cavity was tuned by the rod, and the 
length of the coaxial line is adjustable, as shown by the 
sliding section to facilitate matching. The gas to be 
studied entered at the gas inlet and flowed out axially 
along the coaxial section. Various developmental mag- 
netron tubes (not commercially available) of 1-kw 
won I. Babat, Jr., J. Inst. Elec. Engrs. (London), III, 94, 27 
?Y. Asami and T. Hori, Nature 144, 981 (1939). 

*G. Cristesku and R. Grigorovici, Naturwiss. 29, 511 (1941). 


(1945 N. Mochalov, Doklady Akad. Nauk S. S. S. R. 67, 241 





rating were used to obtain a frequency range from 500 
mc/sec to 1100 mc/sec. Most of the data was taken 
with the above described apparatus. A torch was also 
developed for the higher power available with the 
G. E. 5-kw Magnetron Electronic Heater (Model 
4HD501A1), which supplies microwave power at 915 
mc/sec. 


ELECTRONIC TORCH CHARACTERISTICS 


In operation the discharge was established by touch- 
ing the end of the inner conductor with a carbon rod or 
an insulated wire to draw an initial discharge. Once 
started in this way, the discharge was stable after the 
system was tuned to match its impedance. The tuning 
was accomplished by adjusting the tuning slug of the 
cavity and the telescopic section of the coaxial line 
(Fig. 1). 

The characteristics of the electronic flame in poly- 
atomic gases for the 1-kw unit are shown in Figs. 2-4 
for air, nitrogen, and carbon dioxide. These photographs 
were taken at an exposure of 1/167 sec on Ansco 
Triple-S ortho film. The gas flow was at a linear ve- 
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Fic. 1. Design of 1-kw electronic torch and driving unit. 
Material brass unless otherwise specified. 
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Fic. 2. Discharge in air. 


locity of 50 to 200 ft/min at the orifice. There was visual 
evidence of a bright central core in all of these gases, 
but it is only shown in the photograph of CO: (Fig. 4). 
In some cases, the bright core appeared to have a rela- 
tively dark space around it which was in turn sur- 
rounded by a luminous shell of lower intensity than 
the core. Each of these gases heated objects placed in 
the flame to high temperatures. The surface of firebrick 
(fired at 1537°C) was melted when the flame impinged 


on it. A pyrometer indicated that the melted spot was | 


at 1800-2000°C. Wolfram (1/16” diam) (tungsten, 
mp=3370°) rods were melted by the action of the 
flame in these polyatomic gases. As an example of the 
use of the flame, some fernico parts were welded with 
it in nitrogen. Naturally, the amount of material melted 
depends on both the input energy and the energy losses 
by conduction, convection, and radiation. 

The appearance of the flame in welding grade helium 
(0.3 percent Hz) is shown by Fig. 5. This photograph 
shows quite clearly the annular structure of the flame. 
This gas produced a moderate amount of heat, but 
quite low compared to the gases mentioned above. 

The characteristics of the argon flame, Fig. 6 a and b, 
are quite different from the gases mentioned above. 
The active length of this flame appears greater in the 
photographs than for the other gases. This is partly 
because the Triple-S ortho film did not respond to the 
reddish color of the tips of the flame of the other gases, 
but the luminosity of the argon actually appeared to 
persist longer in the gas stream than for the other gases. 
As the photographs show, the argon flame shows the 


Fic. 3. Discharge in nitrogen. 
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Fic. 4. Discharge in COs. 


effects of turbulence more than the other gases. The 
most interesting aspect of the argon flame is the fact 
that it is quite cool. The flame of the 1-kw unit would 
not ignite paper when impinging normal to the surface 
but would ignite a thin edge of paper held axially in 
the flame. The maximum rf power input to the torch 
that was possible with the 1-kw unit with argon was 
of the order of 100 watts compared to a maximum of 
700 watts for the polyatomic gases. 

It seemed probable that the reason the argon flame 
was cool was because of the absence of dissociable im- 
purities. If most of the heat produced at the surface 
is the heat of association of atoms dissociated from 
molecules of the gas, then helium should also be cool. 
The fact that considerable heat was developed by the 
discharge in welding grade helium might be owing to 
the presence of the 0.3 percent hydrogen. To verify 
this, a glass enclosure was made so that the flame 
could be operated at slightly above atmospheric pres- 
sure. The discharge was started in ordinary helium to 
flush out the system and then spectroscopic helium 
was valved into the system. As soon as the spectro- 
scopic helium had displaced the impure helium, the dis- 
charge was as cool as in argon. Clearly, the principal 
contribution to the heating of objects placed in the 
flame is the heat of association of the molecules dissoci- 
ated by the discharge. Subsequently, spectrograms 
showed that the welding helium discharge (0.3 percent 
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the 


ms 
ent 








ELECTRONIC TORCH AND RELATED HIGH FREQUENCY PHENOMENA 837 





Fic. 6. Discharge in argon. 


H; present) was supported entirely by the hydrogen 
impurity, no lines of helium being present. 

The discharge has also been operated in a number of 
other gases. Oxygen produces considerable burning of 
materials inserted in its flame but is not otherwise 
different from the air or nitrogen discharges. A very 
small flame resulted when “forming gas” (10 percent 
H.+90 percent N»2) was used, but sufficient dissocia- 
tion resulted to melt a quartz rod placed 6 inches down- 
stream from the visible tip of the flame. The flame was 
dificult to maintain in illuminating gas and could not 
be established in hydrogen. A very bright flame was 
produced in nitrogen passed through CCl,, probably 
due to incandescent particles of carbon. A moderately 
intense flame was produced in a mixture of nitrogen 
and wet steam. In general, the best rate of flow for the 
gas was found to be about 70 ft/min at the nozzle. 
Low velocities resulted in a broadening of the flame at 
the base with resulting flashover between the inner and 
outer conductors. A high flow rate results in turbulence 
and in excessive cooling of the flame. 

The discharge in argon has a very interesting ap- 
pearance when the magnetron is pulsing. Figure 7a and 
b shows two photographs of this phenomenon taken 
with a 1/167 sec exposure. The streamers from the tip 
of the flame terminate on the inner surface of a sur- 
rounding glass shield. Apparently, under this abnormal 
operation, momentary high rf voltages develop be- 





Fic. 7. Discharge in argon with magnetron pulsing. 


tween the tip of the flame and the surrounding space, 
causing momentary random discharges from the flame. 

Magnetic fields up to 1500 gauss have no apparent 
effect on the flame or on the power input. The flame 
was not affected by frequency in the range 500 to 1100 
mc/sec. 

It was found that the nature of the tip material had 
a considerable effect on the characteristics of the dis- 
charge. This is due to the fact that the upstream end 
of the flame rests on the end of the inner conductor, 
which is, therefore, subject to heating by the flame. 
When brass and copper were used without water cooling, 
the maximum power input was limited by the sudden 
formation of a vapor discharge of considerably lower 
power. A small amount of vapor reduced the heating 
ability of the flame. Considerable vapor caused an in- 
stability of the system because of the magnitude of the 
impedance mismatch with the magnetron. A silver tip 
permitted the power input to the discharge to be con- 
siderably increased. Even the silver tip suffered con- 
siderable erosion. 

The maximum power input to the discharge was ob- 
tained when the tip was made of tungsten. A water 
cooled tungsten or molybdenum tip suffers little erosion 
and appears to have a very long life. The discharge will 
operate with the tip covered by a quartz cap, but the 
polyatomic gases soon melt the quartz. 

It is not certain whether the electrode erosion is due 
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Fic. 8. Discharge footpoint in argon. 


entirely to heating and evaporation or whether some 
sputtering caused by positive ion bombardment takes 
place.® 

The electrode end of the flame for polyatomic gases 
is essentially the same in appearance as the. column. 
However, for the inert gases, the electrode is covered 
by a glow considerably larger than the cross section of 
the flame. Figure 8 shows the appearance of the foot- 
point of the discharge in argon. Close examination of 
the negative of this picture shows that the footpoint is 
much like a Lichtenberg figure in appearance. 


PROBE CHARACTERISTICS 


Probe volt-ampere characteristics of the flame were 
obtained by means of a thin-walled nickel tube (0.090” 
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Fic. 9. Dc volt-ampere characteristics of rf electronic 
torch in nitrogen. 


5 J. I. Lodge and R. W. Stewart, Can. J. Research 26A, 205 
(1948). 
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o.d., 0.013” wall) cooled by a strong stream of air pass. 
ing through it. The probe was located on the axis of the 
flame and passed through the flame at right angles, 
The potential of the probe was measured relative to 
the inner conductor, i.e., the footpoint of the discharge, 
The probe voltage was varied by means of a potenti- 
ometer and a series of “B”’ batteries. Figure 9 shows the 
probe characteristics obtained for the discharge jp 
nitrogen. These data were taken with the 1-kw torch 
for various lengths L of discharge path between probe 
and electrode footpoint. The power output of the 
magnetron was about 350 watts, except where }-power 
is indicated. 

The probe characteristics obtained with this atmos. 
pheric pressure discharge are similar to those for the 
low pressure glow discharge. For each position there is 
a considerable range of negative voltages (relative to the 
electrode footpoint) for which the probe current js 
constant, indicating the collection of the random 
positive-ion current of the plasma. When the probe is 
made sufficiently negative, ie., of the order of 125 
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Fic. 10. Dc volt-ampere characteristics of rf electronic torch. 


volts for nitrogen, a sort of glow is established at the 
probe, similar to a glow cathode. In this region, the cur- 
rent increases at nearly constant voltage as in a normal 
glow discharge. At a sufficiently positive voltage in the 
probe, the current increases, as required by the Boltz- 
mann relation, for a short range and then increases more 
slowly with increasing voltage in two regions. Two 
characteristics are presented for the shortest active 
length, one at the same power level as the other char- 
acteristic and one at one-half power. It is interesting to 
note that the curves for various positions along the 
flame are considerably displaced in voltage. The po 
tential at which the net current to the probe is zero is 
only slightly affected by the power level, as the curvé 
for the nearly equal lengths at 1.28 cm and 1.37 cm 
show. Figure 10 compares the probe characteristic o 
argon with that of nitrogen for the same length dis 
charge. The negative probe in argon apparently 
tablishes a glow cathode at a relatively low voltage. 
Figure 11 shows the relation between the probe-to- 
electrode voltage for several values of probe current. 
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These curves indicate a dc gradient of the order of 20 
v/cm. This is about the same gradient as obtained for 
a nitrogen arc of 10 amperes at atmospheric pressure. 
This gradient is constant over the uniform portion of 
the discharge, even for a net current of zero. Near the 
tip of the flame, the voltage distribution curves depart 
from linearity. The extrapolations of the curves indi- 
cate a voltage only slightly above the first resonance 
potential of nitrogen (6.3 ev) at zero length. This is, of 
course, rather too far to extrapolate the curves, and it 
may be that the near-zero-length potential is of the 
order of the ionization potential or 14.5 volts, which is 
divided in some way between the probe and the elec- 
trode. These curves suggest a positive space charge 
distribution along the column producing a dc potential 
difference of the order of 75 volts between the tip and 
the footpoint on the electrode, with the tip positive 
relative to the electrode. The existence of radial dc 
potentials in high frequency discharges has been sug- 
gested by Lodge and Stewart' to explain the sputtering 
that they observed. It may be that the shape of the 
flame and the effect of the longitudinal gas flow is re- 
sponsible for the dc gradient observed in the present 
case. Small de potentials are observed along a bunsen 
flame,® and it is not unreasonable to expect much higher 
values in a flame such as the rf torch. The mass trans- 
port of ions by the gas flow would tend to produce a 
charge separation which would result in an increased 
gradient in the plasma. 

The semi-logarithmic plots of the electron current at 
the probe, as a function of the probe voltage, are shown 
in Fig. 12. These curves indicate a value of electron 
temperature ranging from 7.85X10* deg K at the tip 
to 13.4X10* deg K near the inner electrode. Reducing 
the power level to 3 did not appreciably affect the elec- 
tron temperature, as shown by the curves for 1.28 and 
1.37 cm. Electron temperatures of this order are not 
unusual in the low pressure electrodeless discharge. 
With such a high value of electron energy, of the order 
of 10 to 17 ev, it would seem that a considerabie amount 
of dissociation would be probable as well as the excita- 
tion spectrum of ionized atoms and molecules. 

The results of probes used in high pressure discharges 
may not always be interpreted according to the Lang- 
muir theory,’ especially if the gas temperature is high, 
as in the high pressure arc.* The “thermal gradient” 
dark space observed by Mason did not appear to be 
present at the probe in the electronic torch discharge. 
The mean free path is very short compared with the 
dimensions of the probe so that any space charge zone 
formed must be relatively thin. The only structure at 
the probe that was observed in the course of this study 
was that associated with very strongly negative volt- 
ages on the probe. This produced what appeared to be 





*H. A. Wilson, Revs. Modern Phys. 3, 156 (1931). 


ft and H. Mott-smith, Gen. Elec. Rev. 27, 449 et seq 


*R. C. Mason, Phys. Rev. 51, 28 (1937). 
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Fic. 11. De volt-ampere characteristic of rf electronic torch 
in nitrogen. Voltage between probe and conductor tip vs length 
of discharge involved. 


a negative glow and, undoubtedly, a hidden cathode 
dark space of a dc glow in a plasma whose ionization 
is maintained by the rf field. If this is true, the cylin- 
drical probe used in these experiments is not unlike a 
very large plane probe at low pressures. The probe is, 
of course, too large for an accurate determination of the 
plasma potential since it might span a zone which might 
represent a voltage drop of 4 or 5 volts. An additional 
complication occurs in the present case because of the 
presence of moderately strong rf fields about the flame 
and the presence of rf currents in the probe circuit. 
As far as could be determined, these rf currents had 
no effect on the dc system. 

Rompe and Steenbeck® indicate that electron tem- 
perature determinations are possible at high gas pres- 
sures but that concentration data is very uncertain. It 
seems probable that the electron temperature deter- 
minations obtained above are at least of the correct 
order of magnitude. The trend in temperature as the 
probe is moved from tip to electrode is reasonable. 
However, the electric field must be much more intense 
near the electrode, which could result in a rather high 
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Fic. 12. Probe characteristics for rf discharge in nitrogen. 


*R. Rompe and M. Steenbeck, Ergebnisse der Exakten Natur- 
wissenschaften (Verlag. Julius Springer, Berlin, 1939), Vol. 18. 
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TABLE I. Impedance of rf discharge for output power of 3.75 kw. 











Gas velocity Impedance 

Gas (ft/min) (ohms) 
Nitrogen 85 5—741.5 
Oxygen 85 4—j51.5 
Air 85 4—747.0 
Air 150 4—j51.5 








number of electrons having largely directed energy. 
Calculations of ion density are quite unsatisfactory. 
Using the probe data in the usual way, an electron 
density of the order of 10° cm- is indicated. If the elec- 
tron density is calculated from j=n,eK .E, using for j 
the column dc current density, i.e., the de probe cur- 
rent flowing in the column, the column “gradient,” E, 
and assuming an electron mobility of K.=10,000, a 
value of the order of 10" is found for n,. Since the gas 
density is not known, there is considerable uncertainty 
in the value of K,. Negative ions are a source of uncer- 
tainty and can be present in considerable numbers, 
even in the case of nitrogen, which was not pure. Clearly, 
the observation of Rompe and Steenbeck, mentioned 
above, applies to the charge density in the present 
case. The actual value of ion density probably is be- 
tween the indicated values. 


DISCHARGE IMPEDANCE 


The impedance of the discharge was measured by 
means of a standing wave detector located between the 
5-kw power unit and the torch. Table I summarizes 
the results for three gases at a constant power input of 
3.75 kw. Since the high conductivity core of the flame 
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Fic. 13. Curve of mean displacement of flame. Insert is photo- 
graph of nitrogen flame from horizonta] torch (gas velocity = 200 
t/min), 


acts as a radiator of microwave energy, this impedance 
represents both the characteristics of the excitation of 
the flame and of its radiating properites. A change jn 
gas affects the real and imaginary components ap- 
parently by about the same amount. Increasing the 
gas velocity has no effect on the real component, but it 
increases the reactive component. The increase in re. 
active component with gas velocity is probably associ. 
ated with the increased electron density resulting from 
the mass transport of positive ions along the column, 
The reactive component is capacitive, as has been 
found for the atmospheric pressure arc'® and for lower 
pressure, high conductivity discharge." 


TEMPERATURE OF THE FLAME 


The temperature of the flame of a discharge similar 
to the one herein reported, but at a frequency of 
6.25—8.45 107 cps, was measured by Cristesku and 
Grigorovici.2 They determined the temperature from 
the rotational lines of the molecular bands of the spec- 
trum of the discharge in air. The above results were also 
checked by the sodium line reversal method. By their 
study, the outer flame or mantle was found to be 
3000°K and the inner core to be 3600—3800°K. A more 
recent measurement” indicates an outer zone tempera- 
ture of 2200°K. These assume thermal excitation which 
is probably true in the outer sheath. However, thermal 
excitation is most unlikely in the core where the excita- 
tion is largely due to electrons in the high frequency 
field.'!2 Dr. F. P. Bundy* attempted to measure the 
temperature of our torch flame by the sodium line 
reversal method, but he found the method unsuited to 
our discharge for this reason. 

An estimate of the mean gas temperature of the 
flame can be made from its buoyance as evidenced by 
the upward deflection of the horizontally directed flame. 
The insert in Fig. 13 shows a photograph of the torch 
using nitrogen and operated horizontally. The rf 
power input to the torch was about 4 kw in this test. 
A definite vertical displacement is even evident along 
the column near the nozzle. The gas in the column will 
be assumed to move horizontally with a constant ve- 
locity » and to move vertically under buoyant force } 
per unit length. Then 


d*y/d?=b/m, (1) 


where m is the effective mass per unit length, y is the 
vertical displacement, and ¢ is time. Taking x as the 
horizontal displacement, the trajectory of the heated 
gas is 


y= (1/20?) (6/m)x?+ const. (2) 


10 Cobine, Cleary, and Gray, J. App. Phys. 21, 1264 (1950). 

1 FE. Everhart and S. C. Brown, Phys. Rev. 76, 839 (1949). 

12 Mochalov, Nikiforov, and Bogonostev, J. Exp. Theo. Phys. 
U.S.S.R. 20, 474-7 (May, 1950). See also reference 4. 

. omoene Electric Research Laboratory, Schenectady, New 
York, 
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The mean displacement of the flame from an arbi- 
trary horizontal line is plotted in Fig. 13 from data 
taken from the photograph insert in this figure. The 
constants of Eq. (2) were found by using two points on 
this experimental curve, which give 


y=0.041822+-4,593. (3) 


The calculated points from this curve are shown as x 
in Fig. 13. It is evident that within the limits of experi- 
mental error, the displacement follows the form of 
Eq. (2) to about 5.5 cm, where convection effects 
cause it to rise faster than the parabolic form. From 
Eqs. (2) and (3), 


(1/2?) (b/m) = 0.0836, 
or, since >= 100 cm/sec (= 200 ft/min), 


b/m= 836; (4) 
(5) 
where r is the radius of the cylindrical section, g is the 
gravitational constant, po is the gas density outside of 
the flame volume, and p; is the gas density within the 
flame. The effective or inertial mass m for transverse 
motion of the cylinder is the mass of the gas actually 
within the cylinder plus the mass of the gas displaced," 
which is 


now 
b=nr’g(po—pi), 


m=r?(pit+po). (6) 


From Eqs. (4)—(6), 
b/m= g(po—pi)/(po+ pi) = 836. (7) 


Substituting the value of po for 760 mm Hg and 25°C 
gives the mean gas density within the flame 


pi=0.0000945, (8) 
pi=pol/(1+fa)To/T, (9) 


where f, is the fraction of the gas dissociated, To is the 
temperature of the surrounding gas, and T is the mean 
flame temperature. If fa is taken as zero, i.e., small 
compared to unity, 


T = 3740°K. 
Taking fa=1 gives 

T= 1870°K. 
These values seem to represent reasonable limits for 
the mean temperature of the flames. A temperature of 
3000°K as measured by Cristesku and Grigorovici* for 
their lower power, lower frequency discharge would 
correspond to a degree of dissociation of 25 percent if 
applied to the present case. Examination of similar 


*H. Lamb, Hydrodynamics (Cambridge University Press, 
Teddington, England), sixth edition, p. 77. 
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photographs of the ‘“‘cold” flame in argon do not reveal 
any displacement up to the point of contamination of 
the gas by the surrounding air. 


DISSOCIATION ENERGY 


An estimate can be made of the maximum energy 
that could be given up to an object placed in the 
discharges by dissociated atoms. With a minimum gas 
flow of v=1 ft/sec and a flame cross-sectional area 
A=0.124 cm’, the number of particles entering this 
area in one second is #pAv=2.7X 10'* 12 2.540.124 
= 1.02 10° sec, where mo is the Loschmidt number. 
If each of these particles is dissociated and nitrogen is 
assumed with a dissociation potential of 9.76 ev," the 
amount of power involved is 


P=9.76X1.6X 10-X 1.02 10°°= 159 watts. 


In actual operation, the gas velocity was more nearly 
2 ft/sec, to prevent flashovers at the nozzle, so that the 
above figure should be doubled, or 318 watts. The 1-kw 
unit operating with a flame of the size indicated above 
usually put about 250 watts into flame, radiation, and 
other losses. In argon, where no dissociation energy was 
possible, the maximum power input to the flame and 
losses was about 90 watts. The degree of ionization, as 
indicated by conductivity, was probably about the 
same in the two cases. It is not unreasonable, therefore, 
to expect at least 200 watts of the output power for 
the nitrogen flame due to dissociation. There are some- 
what compensating factors neglected in the above rough 
calculation: (1) the degree of dissociation is very 
probably considerably less than 100 percent, and (2) gas 
is feeding into the flame from the sides as well as from 
the end to increase the amount of gas available for dis- 
sociation. In addition, newly associated molecules may 
be dissociated again. Some may return to the surface 
of recombination and add to the heating. The process 
involved in producing the dissociation should be in- 
dicated by a spectrographic study. 

The possibility that energy was radiated in the ultra- 
violet was checked for argon with the spectroradiometer. 
If there is any unusual amount of ultraviolet energy, 
it must be below 2000A, since the level between 2000- 
4000 was of the same order as that from a low pressure 
glow discharge. 
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In order to measure the mechanical properties of soft plastics over wide frequency and temperature 
ranges two new techniques have been devised. The first one, which operates in the frequency range of a few 
cycles, uses a horizontal oscillating pendulum. The shear impedance of the sample is measured by mounting 
a small pad of the material between the vibrating pendulum and a fixed platform and determining the 
change in frequency and the change in the decrement caused by the sample. From these measurements the 
shear mechanical resistance and reactance of the specimen can be determined. The other technique, which 
is applicable in the frequency range from 100 cycles to 10,000 cycles, makes use of a vibrating tuning fork. 
Two identical samples are mounted between a stationary weight and the moving tines, and the shear me- 
chanical impedance is determined by determining the change in frequency and change in decrement caused 
by the specimen. These two techniques have been applied to measuring the shear properties of a number of 
soft plastics including Pyralin, Koroseal, Keldur, polyvinyl butyral, Thiokol, and gum rubber. All of these 
show relaxation effects. The polyvinyl butyral appears to be approaching a crystalline elastic stage at the 
low frequency of 1000 cycles, while gum rubber remains in a quasi-configurational stage from 2 cycles to 





1000 cycles. 





I, INTRODUCTION 


N studying the properties of rubbers and soft plastics 
considerable information on the structural units 
operating in these materials can be obtained by meas- 
uring the mechanical stiffness and internal dissipation 
of such materials over wide frequency and temperature 
ranges. Such materials also have definite practical 
uses in damping out vibrations in such structures as 
relays and loud speakers. The most information can be 
obtained by studying the shear properties of the ma- 
terials from a few cycles per second up to high fre- 
quencies. Such studies usually require a number of 
techniques to cover the whole frequency range. It is 
the purpose of the present paper to describe two tech- 
niques, one an oscillating pendulum for frequencies in 
the order of a few cycles per second and the second a 
vibrating tuning fork which can measure shear im- 
pedances from one hundred cycles up to six kilocycles. 
This last technique has been used rather extensively by 
I. L. Hopkins! to measure the properties of a number 
of rubber-like polymers. 


Il. THEORY OF OPERATION OF PENDULUM 
AND TUNING FORK 

Both types of units operate by determining the effect 
of a small sample of material, sheared between the 
vibrating structure and a stationary platform, on the 
frequency and decrement of the structure. In calculat- 
ing the properties of the material the assumption is 
made that the mode of vibration of the pendulum or 
fork is not changed by the addition of the small amount 
of damping material. By considering the effect of the 
loading on the fork motion, Hopkins! has shown that 
this is a valid approximation provided the mass and 
stiffness of the specimen is small compared to the 
equivalent mass and stiffness of the fork. 

1T. L. Hopkins, “Dynamic shear properties of rubber-like 


armel paper No. 59-F-24, American Society of Mechanical 
ngineers, Fall meeting September 19-21, 1950. 


The construction of the horizontal pendulum is in- 
dicated by Fig. 1. The weight is supported by a wire 
to the fixed platform at its top. The shank was a steel 
rod § inch in diameter notched at the end so that oscil- 
lation can occur about this elastic hinge. The length of 
the pendulum was 27 inches, and different frequencies 
were obtained by attaching different weights at the end, 
thus changing the effective length. The specimen to be 
measured was cut in the form of a circle of about $ inch 
in diameter and in varying thicknesses from 0.050 to 
0.070 in. This was placed between the pendulum and 
the fixed platform near the fulcrum. Cleaning of the 
pendulum and platform with alcohol or water led to 
adequate adhesion between the metal surfaces and the 
specimens without the use of adhesive. Smoothness 
and flatness of the specimen faces were obtained by 
grinding, wherever found necessary. 

The measuring process consisted of observing the 
period and rate of decay of the specimen before the 
sample was attached, and then observing the difference 
with the sample present. For the pendulum a micro- 
scope and a stop watch were used for observing the 
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Fic. 1. Horizontal pendulum for low frequency 
shear measurements. 
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amplitude of motion and determining the period. The 
method for calculating the stiffness and elasticity is 
discussed in the next section. 

The vibrating pedulum is useful for very low fre- 
quencies, i.e., in the order of a cycle or two per second, 
but cannot be made to oscillate at high frequencies. 
For this purpose a tuning fork was used whose construc- 
tion is shown by Fig. 2. The fork is set in motion by a 
periodic driving force applied to the two ends by two 
electromagnetic telephone receivers. The vibrations of 
this fork are picked up by means of a rochelle salt or 
ADP crystal, and the amplitude is plotted as a function 
of the driving frequency. Two specimens, as nearly 
identical in thickness and area as possible, are placed 
between the tines of the fork and a fixed bar held sta- 
tionary by its own mass. Figure 3 shows a photograph 
of the fork with two specimens in place. The bar resting 
on the fork is placed on top of these in the manner 
shown by Fig. 2. A low frequency oscillator supplies the 
driving power for the forks, and by accurately deter- 
mining the change in frequency and the change in 
decrement caused by the specimen, all the data are 
obtained necessary to calculate the stiffness and in- 
ternal damping of the specimens. The Q’s of the fork 





Fic. 2. Tuning fork for higher frequency measurements. 


alone and for the sample are measured by plotting a 
response versus frequency curve and determining the 
frequency separation of the two frequencies whose re- 
sponse is 3 db (or 1/vV2) less than the value at the 
maximum. The Q is equal to the mean frequency di- 
vided by the frequency separation. A check on this 
value is obtained when the width at 7 db down (0.447 
of the amplitude) is determined. The 7-db width should 
be twice the 3-db width. The position of the specimen 
on the tuning fork is adjusted until an easily readable 
change in frequency and change in decrement are ob- 
tained. The change in position acts effectively as a 
transformer to introduce less strain in the material than 
would occur if they were mounted at the ends of the 
tines. As discussed in the next section, this transforma- 
tion ratio can be evaluated by determining the effects 
of known masses attached at these points on the reso- 
nant frequency of the fork. 

Different frequencies are obtained by using forks of 
different resonant frequencies. It is possible also to use 
a single fork at two separate modes which are separated 
by factors of about 6 to 1. In this way frequencies from 
100 cycles to 6000 have been used. 
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Fic. 3. Picture of tuning fork and driving arrangement. 


III. METHOD FOR CALCULATING THE ELASTIC AND 
INTERNAL DISSIPATION IN THE SPECIMEN 


A tuning fork clamped on one end and free on the 
other responds to an applied sinusoidal force approxi- 
mately in the manner of a tuned circuit having }th 
the total mass of the bar and a compliance equal to? 


pls 
C= » M=— 
Yolm* K 4 


4h 1 





y ., (1) 


where / is the length, S the cross-sectional area, J the 
moment of inertia of the cross section of the bar, p 
the density, Yo the value of Young’s modulus and m 
is a root of a transcendental equation having the values 


m,=1.875, m2=4.6943---. (2) 


K is the stiffness, i.e., the inverse of the compliance. 
Hence the rod has an equivalent circuit shown by 
Fig. 4 in which a resistance R has been added to repre- 
sent a dissipation of the rod material or the mounting. 
A tuning fork can be considered as two such bars 
effectively in series. 

If now we place two identical specimens at the ends 
of the tines, these specimens can be represented in their 
effect by a stiffness K, in series with a resistance R, 
which represents the internal dissipation at this fre- 
quency. Without the specimen the resonant frequency 


M C=1/K R 
LOTT —— fm WW 





FSINWt 








Fic. 4. Equivalent circuit for calculating stiffness and damping. 


* This is proved by W. P. Mason in Electromechanical Trans- 
ducers and Wave Filters (D. Van Nostrand Company, Inc., New 
York, 1948), second edition, page 91. 
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TABLE I. 
“ 
Units of 10 
Frequency Temp n dynes per 
Material cps } poise cm? Q* 
DuPont Pyralin 23 2 820,000 19 1.55 
X-7775 1024 25 41,000 340 1.37 
Koroseal 2.3 25 1,200,000 29 1.48 
1530 27 56,000 500 0.90 
Keldur 1024 25 680 5.4 1.24 
Polyvinyl! butyral 2.3 24 840,000 6.2 0.50 
1024 26 55,000 470 1.30 
Thiokol 2a 235 560,000 23 2.8 
30X287-FA 1024 25 15,500 280 2.8 
Plasteline 1024 27 20,000 850 5.3 
modeling wax 
Rubber commercial an @ 9400 46 32.0 
grey sheet 1024 25 264 13.6 8.2 








_ * This Q is the ratio of the reactance of the specimen to its resistance, 
i.e., O =p/wn. 


and the Q are given by 
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(3) 


if the bar has a rectangular cross section, where /; is 
the thickness in the direction of vibration. By placing 
the specimen at the end, a change in frequency and a 
change in Q occurs which are given by the equations 


| 17 K+Kiy! (14%) 
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Fic. 5. Shear stiffness, viscosity, and Q of DuPont X-7775 Pyralin. 


Ordinarily the fork or pendulum is too highly damped 
by putting the material at the end, and it is usually put 
nearer a nodal point. This effectively decreases the 
effect of the added impedance in a ratio equal to the 
square of the ratio of the amplitude at the point of 
insertion to the amplitude at the end of the device, Op 
account of the shape of the tuning fork this ratio jg 
difficult to calculate exactly, and it is usually calibrated 
by determining the effect of adding a known mag. 
The resonant frequency caused by the addition of q 
mass at any position is given by 


” 1 K fr 
tr -—( :) a » 6) 
2x \M+M1/¢ (1+M,/M¢’)! 





where ¢* is the impedance transformation ratio to be 
determined. Hence solving for ¢* we find 
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Fic. 6. Variation with temperature of the properties of 
DuPont Pyralin. 


The mass M can be found approximately by calculation 
but can also be evaluated by adding known masses at 
the ends of the tines where ¢g’, the transformation ratio, 
is unity. 

Knowing M, we can find K from the measured 
resonant frequency and Eq. (3). If the specimen is 
placed near the base of the tines, Eqs. (4) determine 
the reduced stiffness and resistance 

A A : 
ek =K(24~); eR=2eu| = 4] (7) 
Fr Sr Y Q 
Since ¢* can be evaluated independently from Eq. (6), 
the actual stiffness and material resistance of the pad 
can be measured. The same considerations and formulas 
can also be applied to the pendulum. 

After the stiffness K, and series viscous resistance R; 
of the specimen have been evaluated, the modulus o 
rigidity and the “equivalent” viscosity may be fount 
by the usual expression 


rigidity »=Kyt/A, viscosity 7=Ri/A, ©) 
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DYNAMIC INTERNAL DISSIPATION AND ELASTICITY 


where ‘=thickness of the specimen and: A the area. 
There will be a slight error arising from the free edges 
of the specimen. A correction* however may be applied. 
With a specimen § inch in diameter, the true values of 


, and 7 will be greater than given by Eqs. (8) by the , 


following factors 











Thickness (Inches) Factor Thickness(Inches) Factor 
0.003 -0.0075 1.01 0.034-0.039 1.07 
0,0075-0.013 1.02 0.039-0.044 1.08 
0.013 -0.019 1.03 0.044—0.049 1.09 
0.019 -0.024 1.04 0.049-0.054 1.10 
0.024 -0.029 1.05 0.054-0.059 1.11 
0.029 -0.034 1.06 0.059-0.064 1.12 

0.064-0.070 1.13 
10 T T T T ] 
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Fic. 7. Shear stiffness, viscosity, and Q of Koroseal. 


The shear modulus and viscosity are then given in 
terms of a series electrical circuit corresponding to a 
Voigt model with parallel mechanical elements. The 
corresponding maxwell elements are given by 
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Fic. 8. Shear stiffness, viscosity, and Q of polyvinyl butyral. 





*W. T. Read, “Effect of stress free edges in plane shear of a 
flat body,” Trans. Am. Soc. Mech. Engrs. Paper No. 50-APM-6. 
This discusses the square plate specifically, but to a good approxi- 


mation the results hold for a circular plate if the ratio of thickness 
to diameter is used. 
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Fic. 9. Shear stiffness, viscosity, and Q of Thiokol. 


IV. EXPERIMENTAL RESULTS 


Several common soft plastics have been measured 
over a frequency range from 2 cycles to 6000 cycles. 
This includes DuPont Pyralin X-7775, Koroseal, poly- 
vinyl butyral, Thiokol # 30X287-FA, commercial soft 
rubber, Keldur, and plasteline modeling wax. Table I 
shows some of these measurements for the frequencies 
and temperatures shown. These are in terms of the 
series electrical elements (Voigt model). 
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Fic. 10. Shear stiffness, viscosity, and Q of commercial 
soft rubber. 


In addition several of these materials have been 
measured over wider frequency and temperature ranges. 
Figure 5 shows measurements of DuPont Pyralin from 
2.3 cycles to 6000 cycles at 25°C. Figure 6 shows the 
variation of u and » over a temperature range for a 
frequency of 1024 cycles. Figure 7 shows a measure- 
ment for Koroseal from 2 cycles to 4500 cycles for a 
temperature of 25°C. Figure 8 shows similar measure- 
ments for polyvinyl butyral, Fig. 9 for Thiokol and Fig. 
10 for commercial soft rubber. All of these materials 
show relaxation effects. It appears that the stiffest of 
them, polyvinyl butyral, is approaching a crystalline 
elastic stage at the low frequency of 1000 cycles.‘ 
Commercial rubber on the other hand remains in its 
quasi-configurational* range from 2 cycles up to 1000 
cycles. 


* Mason, Baker, McSkimin, and Heiss, Phys. Rev. 75, 936- 
946 (1949). 
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Branching of Slip Lines in Alpha-Brass 


Harry CzyZEwskI 
University of Illinois, Urbana, Illinois 
(Received March 21, 1951) 


OW that there are many models for the production of slip 
lines in metals, it appears that the experimental observa- 
tions of slip lines are inadequate to determine the correctness of 
the various models. In addition to good quantitative data, it 
appears necessary to determine the behavior of slip lines in the 
neighborhood of various interfaces which are present in the metal. 
The following is a report of some observations of slip which 
occurred in a specimen of alpha-brass (70 Cu-30 Zn) which con- 
tained annealing twins. In this face-centered cubic metal both 
slip and annealing twins occur on the (111) planes. 

The specimen was prepared by electrolytic polishing, followed 
by a light electrolytic etch. Deformation was produced by abrasion 
of the specimen with a Vickers-type diamond penetrator. A single 
field consisting of part of a single grain is shown in the electron 
micrograph, Fig. 1. This field shows several differences of slip 








Fic. 1. Electron micrograph of slip across annealing twins in alpha-brass 
(10,000 x). 


behavior in the region of twin interfaces. Several sets of slip lines 
cross the field from the top to the bottom edge of the photograph. 
These slip lines change direction at the twin interfaces. Two twin 
interfaces are present which extend from the left to the right edge 
of the photograph. 

The first slip line on the left shows normally expected behavior 
of slip—that is, the slip changes direction at the twin interfaces 
and continues along the appropriate (111) plane in each twin. 
Also, the slip decreases in intensity as it crosses the grain from the 
top to the bottom of the field. 

The second set of slip lines from the left is a cluster of two slip 
lines. The spacing between the slip lines is about 700 angstrom 
units in the plane of the photograph. In this set, one of the slip 
lines decreases in intensity from the top to the bottom of the field, 
whereas the other slip line increases in the same direction. 

The third set of slip lines from the left begins as a single slip line 
entering the field at the top of the photograph. At the upper twin 
interface the single slip line branches to become a cluster of two 
slip lines across the twin. The spacing between these branches is 
about 2000 angstrom units. Only the “main” branch of the slip 
proceeds across the lower twin interface and to the bottom of the 
field. The branching of the slip line at the twin interface occurs 
with attendant slip on the twin interface. The writer knows of no 
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instance in which either the branching of slip or slip along the 
twin interface has been reported in the literature. 

The fourth set of slip lines from the left (the set farthest to the 
right) shows still another phenomenon. The single slip line entering 
the field at the top of the photograph, changes direction in a 
normal fashion at the upper twin interface. At the lower twin jn. 
terface this slip line almost disappears entirely; but at a nearby 
point, slip begins at the twin interface and crosses the grain to the 
bottom of the field. It appears as though the slip skipped out of 
place along the twin interface. Apparently, however, this slip 
was initiated at this particular location on the lower twin interface 
by a combination of deformation across the twin without slip 
and slip along the twin interface. Duplex slip has occurred, and one 
set of slip lines has entered the field from the left on the upper 
twin interface, has crossed over the twin at the second set of 
vertical slip lines, and then continued along the lower twin inter. 
face to the last set of vertical slip lines. That duplex slip has 
occurred is also evident by the fainter slip line, parallel to the twin 
interfaces, in the upper part of the photograph. The differences in 
intensities of the slip lines on opposite sides of the intersections of 
slip lines with slip lines and/or with twin interfaces is most readily 
explained by cross-slipping and by branching of slip, in the 
particular cases. 

It appears that the “rippling,” near the twin interface at the 
slip line in the fourth set, represents deformation by bending and 
rotation without slip. This type of deformation has evidently 
caused the cross-slipping of the slip on the twin interface at a dis- 
tance from intersection of the vertical slip and the twin interface. 

On the basis of this evidence, a model for slip in face-centered 
cubic systems must include the following behaviors: 

1. The slip may occur on the twin interface. 

2. The slip may branch at changes in crystallographic order, as 
at twin boundaries. 

The writer wishes to thank Frank C. Perkins and William J. 
Craig for assistance in preparation of replicas and the electron 
micrography. 





Electron Temperature vs Noise Temperature in 
Low Pressure Mercury-Argon Discharges 


M., A. EASLEY 


General Electric Company, Lamp Development Laboratory, 
Nela Park, Cleveland, Ohio 


AND 
W. W. Mumrorp 
Bell Telephone Laboratories, Inc., Holmdel, New Jersey 
(Received April 4, 1951) 


HE microwave noise power! of the positive column of de 

discharges in mixtures of mercury vapor and argon has 
been compared with the electron temperature? of similar dis- 
charges. The microwave noise power has been interpreted in terms 
of a “noise temperature” by means of the relation 


Py=kTyB, (1) 


where Ty is the noise temperature in °K, Py is the available 
noise power in watts, & is the Boltzmann constant in ergs per °K, 
and B is the band width in cycles per second. The electron tempera- 
ture was determined from probe measurements. 

Mumford! suggested that the noise temperature and the electron 
temperature should depend upon each other, and Johnson* sug- 
gested that they are equal. Parzen and Goldstein‘ concluded from 
theoretical considerations that they should be nearly equal. A 
report by Kojima and Takayama’ stated that they were of the 
same order of magnitude, but their data showed the noise tempera- 
ture greater than the electron temperature by as much as four 
to one. 

Our published results? have given the electron temperature for 
a 400-ma dc discharge in a 14-inch (0.d.) tube and the excess 
microwave noise (Ty/290—1) of a 6-watt discharge in a §-inch 
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TaBLe I. Comparison of electron temperature and noise temperature 
as a function of current. 





———————— 
SS 





Microwave noise 
temperature °K 
}-inch bulb (o.d.) 


Electron 
temperature °K 
1}-inch bulb (o.d.) 


11,300° 
12,000° 





Full-rated current 
Half-rated current 











(o.d.) tube. Typical results for a bulb wall temperature of 40°C 
are given in Table I. 

This shows that neither the noise temperature nor the electron 
temperature was a strong function of the discharge current and 
that they both increased about the same percentage when the 
current was reduced from full to half the normal operating value. 
The agreement between Ty and T, was good in spite of the 
difference in the diameters of the discharge tubes. 

Another comparison involving the ambient temperature (i.e., 
the mercury pressure) is given in the next table. Microwave noise 
measurements! indicated that the excess noise followed the 
relation 

10 log(T y/290—1) = 15.84—0.055(Ts— 40) (2) 


where 15.84 is the noise measured with a wave guide temperature 
of 32°C, or a bulb wall temperature Tg of 40°C, and —0.055 is the 
change in noise per degree change in temperature. The empirical 
relation (2) was used to calculate the noise temperature for a 75-ma 
discharge in a 3-inch bulb for various bulb wall temperatures. The 
results are given in Table II along with electron temperatures 


TABLE II. Comparison of electron temperature and noise temperature 
as a function of bulb temperature. (Bulb sizes are different.) 








oL” 


Ty —°K 
§-inch (0.d.) bulb 





Te—°K 

Tp-°C 14-inch (0.d.) bulb 
17 15,100 13,000 
30 12,900 12,000 
40 11,400 11,300 
50 10,100 10,100 
60 8900 9300 








obtained from probe measurements for 400-ma dc discharges in a 
1}-inch diameter bulb operated in a water bath at the indicated 
temperatures. The comparison indicates that the noise tempera- 
ture and the electron temperature are both dependent upon the 
ambient temperature, with almost identical temperature coeffi- 
cients, and that the noise temperature for the small bulb is the 
same, within the experimental error, as the electron temperature 
for the large bulb. 

The results tabulated above indicated such close agreement 
between Ty and T,, in spite of the different bulb diameters, that 
microwave measurements on a discharge in a 14-inch diameter 
bulb were undertaken in order to eliminate the lamp diameter as 
an assignable cause for differences. The results of these observa- 
tions are given in Table III. The agreement is not as good as that 
shown in Tables I and II. A possible cause is the difference in 
methods of determination of bulb temperature. For the probe 
determinations of T., the bulbs were operated in a water bath 
with the temperature thermostatically controlled. For the noise 
measurements, the bulb wall temperature was measured with a 
resistance thermometer in contact with the glass bulb inside the 
wave guide. The data do indicate, however, a reasonable cor- 
respondence between the microwave noise temperature and the 
electron temperature. 


TaBLE III. Comparison of electron temperature and microwave noise 
temperature as a function of bulb temperature. (Bulb sizes are alike.) 











Tn —-°K Te—°K 

Tp-°C 14-inch bulb (0.d.) 14-inch bulb (o.d.) 
30 11,400 12,000 
40 10,600 11,300 
50 10,100 10,100 
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We may conclude from these observations that the electron 
temperature and the microwave noise temperature in gaseous 
discharges are in agreement, thus corroborating the theoretical 
considerations of Parzen and Goldstein,‘ but not the results of 
Kojima and Takayama.’ The cooperation of Mr. E. L. Chinnock 
of the Bell Telephone Laboratories at Holmdel, who so care- 
fully measured the microwave noise temperatures, is gratefully 
acknowledged. 


1W. W. Mumford, Bell System Tech. J. 28, 608 (1949). 

2M, A. Easley, “Probe technique for the measurement of electron 
temperature.” Presented at the Conference on Gaseous Electronics, New 
York, October, 1950. 

* Harwick Johnson, ‘‘Super-high-frequency noise source.’’ Signal Corps 
Project 322 C-1. (To be published in the Proc. Inst. Radio Engrs.) 

4 P,. Parzen and L. Goldstein, Phys. Rev. 79, 190 (1950). 

5S. Kojima and T. Takayama, Phys. Rev. 80, 907 (1950). 





Modification of a Positive-Replica Technique 
for Electron Microscopy 
A. E. Austin AND C. M. SCHWARTZ 


Battelle Memorial Institute, Columbus, Ohio 
(Received February 28, 1951) 


TECHNIQUE for the production of positive replicas for 

electron microscopy has been described.! The thin positive 
Formvar replica was cast upon a thick negative polyvinyl] alcohol 
(PVA) replica which was subsequently dissolved away in water. 
The resins were each insoluble, of course, in the solvent for the 
other. This technique proved to be satisfactory in principle, but in 
the case of several alloys, corrosion occurred during drying of the 
aqueous solution of polyviny] alcohol. 

This difficulty has been overcome by substitution of zapon 
Acquanite ‘“‘A” lacquer? for the water-soluble PVA. Zapon is a 
proprietary nitrocellulose lacquer, films of which have the re- 
quired physical properties to serve as intermediate replicas. The 
solubility requirements are fulfilled: zapon is soluble in amyl 
acetate which does not attack Formvar; ethylene dichloride, the 
solvent used for Formvar, does not dissolve zapon. Both polyvinyl 
alcohol and zapon have been used on the same samples with com- 
parable results. 

In preparing the intermediate replica, the zapon solution is 
applied full strength over the specimen surface and dried before a 
heat lamp. Embrittlement due to excessive drying must be 
avoided. Properly dried, the mechanically stripped film is tough 
and flexible but not pliable enough to deform. The positive replica 
is cast thereon from dilute ethylene dichloride solution, as pre- 
viously described,! and the composite film is cut into small squares 
for dissolution of the zapon intermediate. 

Some difficulty was experienced at this stage, compared to the 
original procedure. In contrast to PVA, which floats on water, 
zapon sinks in amy] acetate. A limited search failed to yield a 
substitute solvent of suitable density and with the necessary 
selective solvent power. Therefore, the procedure for dissolving 
the intermediate has been modified to eliminate the need for a 
solvent of higher density. 

The technique for handling fragile films, described by Jaffe, has 
been used with considerable success. The zapon-Formvar com- 
posite film is placed Formvar side down on a specimen screen, as 
shown in Fig. 1B. The specimen screen is placed upon a coarse 
wire-mesh rack in a petri dish, Fig. 1A, and solvent is added until 
it just wets the support screen. Care must be taken to avoid 
flooding the replica, which in this case would wash away. The dish 
is covered and allowed to stand at room temperature. Liquid is 
drawn up by capillary action to wet the edge of the film. In addi- 
tion, solvent vapors condense on the film from the saturated 
atmosphere, and this appears to hasten the dissolution. Washing 
action is automatic; the resin-laden solvent descends, and is 
continually replaced with fresh solvent. Agitation is unnecessary. 
When the replica is free of zapon, usually in about half an hour, 
the support screen and Formvar replica can be removed for ex- 
amination and metal shadowing. 
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The advantages of using a thick backing film, to support thin 
negative replicas during stripping from the specimen, are also 
fully realized. In this case the composite film is placed zapon side 
down, Fig. 1C, and the zapon dissolved away as above. In Figs. 1B 
and 1C, the disposition of the composite film on the specimen 
screen is such as to expose the correct surface for metal shadowing. 
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Fic. 1. Arrangement of components used in Jaffe method of removing 
thick intermediate replicas or thick backing films from replicas. A. General 
arrangement of components used in Jaffe method. B. Detail of arrangement 
for removing thick negative replicas from thin positive replicas. C. Detail 
of cre used tor removing thick backing films from thin negative 
replicas 
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It has been the experience of this laboratory that the method 
described is superior to one employing condensed hot vapors is a 
reflux column. Dissolution takes place with extremely gentle 
action, without heat which might soften the replica and without 
agitation. The specimen screen supports the film throughout the 
entire process, facilitating the handling of very thin films. Positive 
and negative replicas, prepared from Formvar solutions in cop. 
centrations as low as 0.2 percent, have been successfully stripped, 
The thick zapon, used either as the intermediate negative replica 
or as backing for the Formvar negative, gives practically a 100 per- 
cent yield of satisfactory replicas. Strain lines, resulting from 
stress during stripping or washing, are minimized. The thin 
replicas permit use of lighter etching and thinner metal shadowing, 

1 Schwartz, Austin, and Weber, J. Appl. Phys. 20, 202 (1949), 

2 Made by Atlas Powder Company, and obtainable in small quantities 


from the Star Chemical Company, Inc., Chicago, Ill. 
3 Mary S. Jaffe, J. Appl. Phys. 19, 1191 (1948). 





Erratum: Dry Metallic Friction as a Function of 
Temperature between 4.2°K and 600°K 


3, Simon, H. O. McCMAnon, AND R. J. BowENn 
Arthur D. Little, Inc., Cambridge, Massachusetts 
[J. Appl. Phys. 22, 177 (1951)] 


T has been brought to our attention that prior to the reference 
indicated in our paper, the adhesion hypothesis was conceived 
and the formula for the coefficient of static friction in terms of the 
shear strength and the hardness was derived by R. Holm (Wiss. 
Veréff. Siemens-Werke 17, 38 (1938); R. Holm and B. Kirschstein, 
ibid. 18, 193 (1939)). 
Apparently, the same formula was derived independently 
by E. Merchant (J. Appl. Phys. 11, 230 (1940)). 





On the Volume Diffusion of Metals* 


G. J. DIENES 


Atomic Energy Research Department, North American Aviation, Inc., 
Downey, California 
(Received March 23, 1951) 


N a recent paper the writer described an empirical correlation 
between the frequency factor, Do, and activation energy, EZ, for 
the volume diffusion of metals.' It was shown that self-diffusion 
data and intermetallic diffusion data obtained at low concentra- 
tions fall along a single correlation curve when logio(Do/v*) is 
plotted against E/T,,, where y= Debye frequency, \= interatomic 
distance, T,,= melting point in °K. A theoretical interpretation 
was suggested in which E/7,, was identified with the entropy of 
activation. 
Zener, in a recent paper,” has advanced a different explanation, 
an essential feature of which is that the empirical entropy of 
activation, calculated as 


(AS/k)exp= In(Do/v>*), 


must always be positive. Negative entropies of activation are, 
however, observed experimentally in many cases. As an explana- 


tion Zener suggests that negative AS’s either reflect an inaccuracy 
in the experiments or imply short-circuiting paths for diffusion. 

Since these papers were written, several new experimental 
diffusion studies have appeared in the literature. The purpose of 
this note is to comment briefly on these new developments. 

The new diffusion data*~* are collected and analyzed in Table I, 
according to the scheme of the previous paper.' An examination of 
the data shows that these points fit very well on the logio(Do/v)?) 
vs E/2.3RT,, correlation proposed by the writer and given in 
Fig. 1 of reference 1. 

The results for tin are of particular interest since self-diffusion in 
this material is characterized by very low activation energies and 
Do values. Fensham’s study* was carried out on single crystals, 
was carefully done, and covered a wide enough temperature range 
so that E and Dp are very well defined. The only previously 
available example exhibiting very low E and Dp values was the 
diffusion of cadmium in copper, which was admittedly of question- 
able accuracy as well as probably complicated by concentration 
effects and polycrystallinity. The results for tin are very useful 
in defining the low Dp and low E range of the correlation diagram 
referred to above. In terms of the Zener entropy of activation, 


self-diffusion in tin is characterized by a very large negative 


TABLE I. Recent diffusion data on metals. 














Frequency Activation Melting E Interatomic Debye Debye . 
factor, Do energy, E point, Tm ———-_ distance, \ frequency, » tempera- (AS/kexp 
System cm? sec™! logio(Do/vd*) Keal/mole °K 2.303RTm cm X10-8 sec! X10" ture 0 =1n(Do/v*) 
Sn in Sn* tt c-axis 1.2 X1075 —2.66 10.5 505 4.56 3.17 5.5 260 — 6.1 
Snin Sn 1 c-axis 3.7 X1078 —5.13 5.9 505 2.56 3.02 $$ 260 —11.8 
Co in Co» 3.7 X107 1.86 67.0 1753 8.4 2.51 8.2 385 4.3 
Au in Cue 1.0 X107 1.36 44.9 1357 7.24 2.55 6.6 315 3.1 








*® From reference 3. b From reference 4. 


© From reference 5. 
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yalue as shown in the last column of Table I. It should be added 
that all other systems in which self-diffusion has been studied 
exhibit a positive (AS/k)exp. This fact leads to no contradiction 
as far as the writer’s correlation scheme is concerned. It is difficult 
to believe, however, that a large number of short-circuiting paths 
for self-diffusion exist in single crystals of this particular metal as 
required by Zener’s theory. 


* This document is based on work performed under Contract No. 
AT-11-1-GEN-8 for the AEC. 

1G. J. Dienes, J. Appl. Phys. 21, 1189-1192 (1950). 

2C. Zener, J. Appl. Phys. 22, 372 (1951). I am indebted to Dr. Zener for 
permitting me to read his manuscript prior to publication. 

3P. J. Fensham, Australian J. Sci. Res. A3, 91-104 (1950); A3, 105-108 

0). 

it od Nix and F. E. Jaumot, Jr., Phys. Rev. 82, 72 (1951). 

5A. B.- Martin and F. Asaro, Phys. Rev. 80, 123 (1950). 





Erratum: A Theory of the Envelope Type of 
Thermal Conductivity Tests 
{J. Appl. Phys. 22, 282 (1951)] 
ARTHUR L. LOEB 


Department of Metallurgy, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


The following misprints appeared in my article. 
k A—As3 


P. 283, Eq. (2b): read =Ot7 oak 





(0:—9s) ; 





= 1 \; 
P. 284, under C, line 6, read: x ee ; 


1 1 
P. 285, under G, line 18, read: nj «—_.—=— ; 


fra: Aci’ 


P. 285, in the big formula for T(r,t) read: sin(nx?*—"), 


"Fy 
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Antennas 


By Joun D. Kraus. Pp. 553+-xii, Figs. 15.34. McGraw-Hill 
Book Company, Inc., New York, 1950. Price $8.00. 


This volume is at once an advanced textbook and a valuable 
reference book, prepared as an outgrowth of the author’s lecture 
notes. Its subject has assumed increasing variety and specializa- 
tion with the advent of shorter waves, because antennas can be 
made comparable with the wavelength in size, or even much 
larger. This book reflects the recent stages of evolution, in devot- 
ing most attention to such “wavelength” antennas, suitable for 
short waves or microwaves, at the expense of “small” antennas 
intended for wavelengths much greater than the antenna dimen- 
sions. 

The author is a recognized authority on his subject. During 
the latter part of World War II he was active in the Radio 
Research Laboratory at Harvard University, specializing in 
antennas. He was already known for some antenna developments, 
such as the corner reflector. More. recently he has specialized in 
the end-fire helical antenna. He is now Professor of Electrical 
Engineering at Ohio State University, where he is active in 
antenna research. 

The comprehensive scope of this volume may be inferred from 
the variety of topics and viewpoints represented by a few samples 
that caught this reviewer’s attention. 


The directivity is expressed relative to the hypothetical iso- 
tropic” antenna. The effective area of pick-up is givenfor’ this 
type, as well as for practical types such as dipoles, arrays, and 
horns. 

There is an excellent treatment of arrays of point sources, 
from simple types to large arrays. The rules for tapering the 
excitation in an array include the Stone binomial formula and the 
Dolph-Tchebyscheff “optimum” formula. 

While most of the treatment is on a theoretical basis, that 
of the end-fire helix is also experimental. This is consistent with 
the complicated process of radiation from such a structure that 
defies theoretical prediction. 

Slots and other complementary forms are presented as appli- 
cations of Babinet’s principle. 

Several methods of measurement are described briefly, with 
special attention to elliptical polarization. 

In order to leave most of the space for the main subject, the 
reader is presumed to be familiar with some topics ordinarily 
associated with antennas, such as wave guides, transmission lines, 
and circle diagrams for impedance plotting and computation. 

The presentation in general is a happy compromise on the 
scale between advanced theory and practical models. The illustra- 
tions are plentiful and well planned. There are a sufficient number 
of footnote references for further study, as well as a comprehensive 
list of reference books. There are many tables for presenting sets 
of formulas and other data. The now accepted rationalized mks 
units are used and are especially well tabulated in an appendix. 

This book is recommended to any engineer studying or practic- 
ing the ideas underlying antennas and the practical embodiment 
of these ideas. 

HaroLp A. WHEELER 
Great Neck, New York 


Radio Communication at Ultra High Frequency 


By Joun Tuomson. Pp. 203-+xix, Figs. 85. John Wiley and’ 
Sons, Inc., New York, 1950. Price $4.50. 


Current works in the field of ultrahigh frequency engineering 
tend to emphasize radar and other noncommunication applica- 
tions. The aim of this particular work is to survey, for frequencies 
above 100 mc, modern developments in circuit elements, vacuum 
tubes, modulation techniques, etc., particularly applicable to 
communication systems. The author, John Thomson, is Professor 
of Physics and Electrical Engineering at the Royal Naval College, 
Greenwich; and his book is drawn from his experience in what is 
now the Royal Naval Scientific Service. It is hardly a complete or 
well-balanced survey of its field, but seems rather to reflect 
some particular interests of its author with emphasis on some 
material to the almost total exclusion of other equally appropriate 
material. Chapter 1 is concerned with passive circuits and circuit 
elements. Chapters 2 and 3 discuss phenomena in high frequency 
vacuum tubes and typical triode and velocity-modulated devices. 
Chapter 4 by P. E. Trier, a former colleague of Professor Thomson, 
treats receiver input characteristics in detail with a very good 
discussion of noise. Chapters 5 and 6 are on modulation techniques 
and frequency control, respectively; and Chapter 7 very highly 
treats communication systems. The treatment of propagation and 
antennas is particularly sketchy. 

Mathematical developments, when used, are accurate and com- 
plete, but lacking in hints to the reader which would lend emphasis 
to the body of fundamental principles and analytical techniques 
useful in the field. The use of bibliography, which might otherwise 
provide a substitute for some of the subjects omitted or lightly 
treated, is very slight. 

Altogether, the book is very concise and contains an amazing 
amount of material for its size. It is written in a clear, straight- 
forward style. Although not an outstanding contribution to its 
field, Professor Thomson’s book is well worth reading, expecially 
by those whose work has been limited to lower frequencies. 

EVERARD M. WILLIAMS 
Carnegie Institute of Technology 
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Chemical Thermodynamics 


By Freperick D. Rossini. Pp. 514+xix, Figs. 14. John 
Wiley and Sons, Inc., New York, 1950. Price $6.00. 


In his new text Professor Rossini has presented a reasonably 
comprehensive treatment of chemical thermodynamics with 
emphasis on applications, particularly in the latter chapters. 
The manner of presentation is conducive to the understanding of 
basic principles and concepts in contrast to many of the existing 
texts in this field which tempt the student to substitute math- 
ematical mechanics for genuine understanding. 

The author has subdivided the text into a relatively large 
number of short chapters, thirty-five in all. While this procedure 
has some pedagogical advantages, the continuity of the text has 
been appreciably affected. The material has been organized in 
such a fashion as to eliminate references to statements in later 
chapters, a serious fault in many texts. Subject matter is pre- 
sented in a logical order rather than according to historical 
development. The first five chapters cover background material, 
the next twenty-five chapters are concerned with the three laws 
and their development, and the last five chapters present special 
applications, illustrative calculations, and sources of data. 

Professor Rossini has included a number of appropriate refer- 
ences to standard texts as well as the literature at the end of 
most of the chapters. Unfortunately, the text has very few 
problems which prompt the reader to consult these references. 

A major limitation of this text is the nature and the scope of 
the problems, particularly in the first half of the book. In many 
chapters the practical applications presented in the problems 
are very restricted. In general, there is a lack of challenging 
problems which would permit the student to test his understanding 
of the principles. The use of short chapters adds to this situation, 
for the problems in many cases require only the limited informa- 
tion of the preceding chapter and hence present little opportunity 
for choite as to which equations or principles are intended for 
the solution of the problems. : 

Little use is made of equations of state other than the perfect 
gas law, particularly in the first half of the text. An introductory 
chapter on equations of state as well as subsequent problems 
involving these equations would have been very worthwhile. 

This text is recommended for senior and first-year graduate 
students in physics and chemistry who have had no previous 
experience in thermodynamics. In addition to differential and 
integral calculus, a background in physics and a basic course in 
chemistry are prerequisites. The graduate student who has been 
introduced to thermodynamics through the second law in a course 
in physical chemistry or its equivalent may find this text some- 
what unchallenging. 

In the past, some physicists have been biased against thermo- 
dynamic texts which have the term chemistry in the title. This 
situation is unfortunate, for the majority of the applications of 
thermodynamics involve chemistry. 

ERNEST YEAGER AND 
FRANK HOvORKA 
Western Reserve University 


Industrial and Safety Problems of Nuclear Technology 


Epitep BY Morris H. SHAMOs AND Sipney G. Roru. Pp. 
368+-ix. Harper and Brothers, New York, 1950. Price $4.00. 


This book contains a series of papers from a symposium at New 
York University, with the stated purpose of “presenting in a single 
source certain fundamental information which is felt to be of 
particular importance to industry.” The papers discuss the 
pertinent activities of the Atomic Energy Commission, methods 
by which industry may do business with and obtain the scientific 
support of the Atomic Energy Commission, technical facilities and 
knowledge required for the use of radioactive materials, and the 
health and safety problems which are pertinent. 

In general, the book has achieved the goal set for it, although 
there are bound to be repetitions and, of course, different views 


and interpretations of available facts. It is obvious that radio- 
isotopes are of value in industrial problems. The editors are 
assisting industry by making available in a single volume these 
interesting papers. 
Joun Z. Bowers 
University of Utah 


Applied Nuclear Physics 


By Ernest POLLARD AND WILLIAM L. Davipson, Jr. Pp. 
352+x, Figs. 104, 15X23.5cm. John Wiley & Sons, Inc., 
New York, and Chapman and Hall, Ltd., London, 2nd 
Edition, 1951. Price $5.00. 


The first edition of this book was published in 1942 at a time 
when the large scale production of isotopes was propelled into 
existence by the invention of nuclear piles. Since the book con- 
centrates on techniques in artificial radioactivity and the possi- 
bilities in radioactive tracer studies, it became widely accepted 
for its down-to-earth, intimate descriptions of many of the 
problems in this infant technology. 

The second edition is presented in order to keep pace with a 
changing science. Many of the chapters have been rewritten, and 
some new sections have been added. The revised chapters include 
the Properties of Nuclear Radiations, The Detection of Nuclear 
Particles, Methods of Accelerating Atomic Particles, Transmuta- 
tion, Technique in Artificial Radioactivity, and Artificial Radio- 
activity in Practice. The second edition has added a new chapter 
on nuclear chain reactions and special sections on pile theory, 
neutron diffraction, cross sections, and cosmic rays. The tables of 
nuclear data have been brought up to date. 

The book should serve as an important guide to the novice as 
well as the expert, especially in the improved and more complete 
form of the second edition. It would serve equally well in a science 
survey course or in an undergraduate nuclear physics course. The 
book has general appeal because it not only describes clearly in an 
informal manner the problems of nuclear physics, but these de- 
scriptions are made adequately sophisticated to prevent boring the 
accomplished physicist. Numerous tables exhibiting such com- 
parisons as particle properties, ranges, and absorption coefficients 
make the book a valuable source of well-presented fundamentals. 

The coverage in both editions was not intended to be all in- 
clusive. Many important topics such as the applications of the 
naturally radioactive isotopes to medical therapy, the applications 
of tracers to metallurgy and radiology, and the use of radio- 
activities for earth age determinations should rightfully appear in 
this text, but are not or are incompletely described. The authors 
have apparently accepted the virtues of incomplete coverage in 
order to permit an orderly, although at times too intensive, pre- 
sentation of a small number of topics. 

Although in their preface the authors rationalize the presenta- 
tion of a limited number of references (primarily review articles), 
one cannot help but feel that the book could become much more 
useful if the references were more specific and organized. 

In spite of the minor objections cited, the second edition of 
Pollard and Davidson’s book promises to continue to intrigue the 
reader, as did the first edition, with the multiple possibilities of 
nuclear physics research. The fluent and well-written text makes 
for interesting reading as well as profitable study. 

H. W. Kocu 
National Bureau of Standards 


The Anatomy of Mathematics 


By R. B. KersHNER AND L. R. Witcox. Pp. 416+xi. The 
Ronald Press Company, New York, 1950. Price $6.00. 


As could perhaps be expected from the title, this book is an 
introduction to fundamental concepts upon which mathematical 
development is based. Emphasis is on mental discipline. The 
authors say that, with a firm conviction that logic can be of great 
value to any open-minded man, this book is devoted to an ex- 
emplification of modern standards of logical thought. The topics 
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treated are language, numbers and space, sets, algebra of relations, 
the postulational methods, groups, the positive integers, finite 
sets, induction and the principle of choice, operations, infinite 
sets, categorical systems of axioms, order relations, rational 
numbers, one-dimensional continua, real numbers, and fields. 

The basic ideas of these topics are developed in expansive 
detail, with many examples and remarks designed to promote 
understanding. Many explanations could have been deleted or 
abbreviated if the authors had not persisted in the habit of using 
one of the words “all” or “every” when the word “each” would be 
preferable. For example, the authors take much space to say in 
different words that their statement “for all men there is a day of 
judgment” means that for each man there is a day of judgment, 
with the possibility of different days for different men. The in- 
troduction and text contain some statements which seem at best 
to be unfortunate. It is said that “there is nothing even remotely 
irrational about irrational numbers.” If a young student needs 
remarks on this terminology, it would seem more profitable to 
tell him that rational means like a ratio or quotient, and that 
irrational numbers are real numbers that are not quotients of 
integers. The really interesting phenomenon here is that sensible 
ideas and persons are likened to quotients of integers. The axio- 
matic method in many high school courses in euclidean geometry, 
“which almost certainly does more harm than good,” is said to be 
out-of-date by well over twenty centuries. If this is so, it would be 
interesting to know what mathematical developments made the 
early printed editions of Euclid’s elements so very far behind the 
times when they began appearing in 1482. If remarks involving 
Euclid’s postulates and standards of rigor are to be made, it would 
seem more enlightening to say that they were sufficiently precise to 
enable struggles with the parallel postulate to represent one of the 
really significant developments of early mathematical research; 
and that these postulates and standards paved the way for many 
modern developments in mathematics. In any case, an axiomatic 
treatment of euclidean geometry is said to be too difficult to in- 
clude in this book and is omitted. 

The book is very well organized, and carries ideas from chapter 
to chapter with much less notational mystification than is fre- 
quently found in books on the logical foundations of mathematics. 
There are no references to authors or sources of material except 
that the name of Peano is mentioned in connection with his 
axioms for the positive integers, and a list of 11 books is suggested 
for further reading. The book concludes with 45 pages of answers 
and hints for problems in the text, and a good index. 

RALPH P. AGNEW 
Cornell University 


Handbook of Experimental Stress Analysis 


Epitep By M. Hetényi. Pp. 1077+-xii, Figs. 18-23+C-2. 
John Wiley & Sons, Inc., New York, 1950. Price $15.00. 


Thirty-one eminent stress analysts contributed to this volume 
under the editorship of Dr. Hetényi. It is an outstanding produc- 
tion not only in that it brings together the various procedures 
available in the field but also in that a continuity of viewpoint 
and presentation is maintained. Every effort has been made to 
develop a book useful to both practicing engineers and engineering 
students. In virtually all sections the principles of operation and 
limitations of the equipment are clearly stated, and most of the 
characteristic equations are derived rather than merely stated in 
handbook style. Liberal use has been made of diagrams and 
photographs of equipment. A keen appreciation of the practical 
aspects of the subject is maintained throughout the volume, and 
each section is well documented with pertinent reference to original 
sources. 

The 1060 pages of text are divided into eighteen sections and 
three appendices. The eighteen sections include mechanical proper- 
ties of materials, testing machines, mechanical gauges and extenso- 
meters, optical methods of strain measurement, electrical re- 


sistance guages, electrical inductance gauges, electrical capacitance 
gauges, motion measurements, strain rosettes, working stresses, 
residual stresses, methods of crack detection, interpretation of 
service fractures, brittle models and brittle coatings, structural 
model analysis, analogies, photoelasticity, and x-ray analysis. 
Discussions of the fundamentals of the theory of elasticity, 
dimensional analysis, and precision of measurements comprise the 
appendices. 
The handbook is definitely a volume which should be available 
to all engineers who use experimental techniques of stress analysis. 
GLENN MURPHY 
Towa State College 


Advances in Colloid Science, Vol. III 


EpiTep By H. MARK AND E. J. W. VERWEY. Pp. 384-++xi, Figs. 
17. Interscience Publishers, Inc., New York, 1950. Price $7.50. 


This volume contains ‘seven chapters dealing with selected 
topics in colloid science. (1) “Atomic Forces and Adsorption” 
(J. H. De Boer) is largely the classical electrostatic approach de- 
veloped during 1920-1940. Aside from the now familiar treatments 
by London and Pauling, which are included, more recent quantum- 
mechanical contributions to the topic are conspicuously scarce, 
through no fault of the author. Also, those interested in hetero- 
geneous catalysis will find that this subject was excluded from 
the scope of the article. (2) “Surface Chemistry and Colloids” 
(A. E. Alexander) is an excellent, condensed account of the recent 
surface chemistry of proteins, foams, polymers, emulsions, pastes, 
and related biological systems, especially as deduced from mono- 
layer experiments. (3) “Quantitative Interpretation of the Electro- 
phoretic Velocity of Colloids” (J. T. G. Overbeek) is mainly a re- 
vies of the Debye-Hiickel treatment of charged colloid particles, 
as modernized and extended by the present school of Dutch 
investigators. (4) The article on “Lyogels” (E. A. Hauser and D. 
S. LeBeau) gives brief attention to modern theories of gel and 
polymer structure, placing chief emphasis on phenomenology and 
morphology. This may disappoint readers now accustomed to 
somewhat different styles and methods for studying colloids. (5) 
“Ultracentrifugal Sedimentation of Polymolecular Substances” 
(P. O. Kinell and B. G. Ranby) is a good, up-to-date account of 
ultracentrifugal studies of high polymer solutions and their 
polymolecularity. Theory and experiment are well coordinated 
in a treatment that should appeal to workers in this field. (6) The 
most comprehensive chapter in the book is “Fatigue Phenomena 
in High Polymers” (J. H. Dillon). This presents a large fund of 
fatigue data for various materials, and the theory, although ad- 
mittedly far from complete, receives able review. Those concerned 
with mechanical properties of polymers will find Dillon’s data, 
discussion, and abundant documentation both interesting and 
useful. (7) The concluding chapter, on “Flotation” (S. R. B. 
Cooke), is a concise account of the science and technology of this 
very important, but rather complex, topic. The subject is ably 
presented, and serves as an excellent example of applied colloid 
science. 

All the topics in the present volume, according to the editors, 
“have grown rapidly or shown unexpected development during 
the last few years.”” However, the reference dates for the various 
chapters show a wide variation in the percentage of each group 
that was published more recently than 1940. Following the same 
order as the above reviews, the figures for the: various chapters 
are 20, 65, 30, 39, 80, 70, and 28 percent, respectively. These 
suggest far from equal rates of recent growth for the various topics. 
Accordingly, the reception given to the present volume by the 
specialist will very likely be governed by his particular field of 
interest. On the other hand, the nonspecialist and the average 
student of colloid science should find much to learn, and ponder 
over, in every chapter. 

JOHN REHNER, JR. 
Standard Oil Development Company 
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Fluorine Chemistry, Vol. I 


Epitep By J. H. Sruwons. Pp. 615+ xvii. Academic Press, Inc., 
New York, 1950. Price $12.00. 


Rather infrequently a book appears on the market which is the 
answer to a long-felt need. Many research people interested in 
fluorine and its compounds will recognize in this volume such an 
answer to their need for a general treatment of a field which has 
been expanding rapidly in recent years. Bringing the main facts 
into focus, the over-all picture of each branch of fluorine chemistry 
is clearly presented, while unusually complete bibliographies, 
listing a total of almost 2000 items, make it possible for the reader 
to obtain more detail on any point easily. 

Volume 1 contains sixteen chapters written by recognized 
experts in the various fields, as follows: “‘Nonvolatile Inorganic 
Fluorides” by Emeleus, “Volatile Inorganic Fluorides” by Burg, 
“Chemistry of the Fluoro Acids” by Lange, “Halogen Fluorides” 
by Booth and Pinkston, “Boron Trifluoride” by Booth and 
Martin, “Hydrogen Fluoride” by Simons, “Hydrogen Fluoride 
Catalysis” by Simons, “Preparation of Fluorine” by Cady, 
“Physical Properties of Fluorine” by Cady and Burger, “Theo- 
retical Aspects of Fluorine Chemistry” by Glockler, “Action of 
Fluorine on Organic Compounds” by Bigelow, ‘Fluorocarbon 
Production” by Simons, ‘“Fluorocarbon Properties and Wartime 
Development” by Brice, “Fluorocarbon Derivatives” by Pearlson, 
“Aliphatic Chlorofluoro Compounds” by Park, and “Fluorine 
Compounds in Glass Technology and Ceramics” by Weyl. Volume 
2 is scheduled to appear at the end of the year and will contain, 
chapters on organic and inorganic compounds containing fluorinel 
fluorocarbon chemistry, analytical fluorine chemistry, biochemical 
properties of fluorine-containing ions, and fluorine in its relation 
to teeth and bones. 

Although some differneces in authors’ styles are to be noted, the 
material is in general interestingly presented in as uniform a 
manner as can be expected with a minimum of duplication. Since 
such a variety of material is treated, it would seem that anyone, 
however expert in a particular branch of fluorine chemistry, could 
profit from reading chapters on other phases of the subject. Taken 
altogether, the only very disappointing thing about this book is 
its price. 

K. J. RADIMER 
Little Falls, New Jersey 


Basic Electrical Measurements 
By MELvILLeE B. Stout. Pp. 504+viii. Prentice-Hall, Inc., 
New York, 1950. Price $5.75. 


This book describes, in a simple, direct manner, the methods 
and equipment that are in common use for measuring electrical 
quantities. Written primarily as a textbook for undergraduate 
students, it is directed particularly at the power engineer. 

A brief history of the development of the electrical units in- 
troduces a short section on probable error, accuracy and precision, 
significant figures, and approximations. Methods of measuring 
electrical quantities are then described, with chapters devoted to 
the necessary equipment inserted as necessary to complete the 
description. A chapter on the measurement of resistance, for in- 
stance, for instance, is followed by a chapter on galvanometers 
and shunts; four chapters on various kinds of ac bridges are fol- 
lowed by chapters on characteristics of bridge components, and on 
bridge accessories. Interwoven, in a logically developed pattern are 
chapters on standard cells, potentiometers, shielding, instrument 
transformers, and magnetic measurements. The book closes with a 
chapter on electrical-indicating instruments and oscillographs. 

Covering, as it does, a very great deal of ground, the book con- 
tains much practical information about the present state of the 
instrumentation art. It is illustrated profusely with photographs 
and circuits of current commercial measuring equipment, and is 
not burdened with descriptions of obsolete methods and devices. 
Illustrative problems for the reader to solve have been introduced 





wherever numbers can be associated with the material under 
discussion. 

As a textbook, it provides both a comprehensive and a quanti- 
tative survey of contemporary practice. As a reference book, 
however, it is less valuable because of the very treatment that 
makes it a good text. Painstaking attention to detail is character- 
istic of measurement and instrumentation, and it seems im- 
probable that the exhaustive treatment that would be valuable as 
reference material for the advanced practitioner can be readily 
combined with the elementary treatment that describes measure- 
ments as they relate to the general field of electrical engineering, 

D. B. SrncLarr 
General Radio Company 


The Philosophy of Mathematics 


By Epwarp A. Maziarz. Pp. 286+viii. The Philosophical 
Library, Inc., New York, 1950. Price $4.00. 


The purpose of the book, according to the author, was “to 
meet [the] widespread interest in the philosophy of mathematics 
by charting the course of its historical development and by offering 
a solution that meets the requirements of recent developments.” 

The “charting of the course” turns out to be a tour of the 
“isms.” Pythagorean mysticism, platonic idealism, cartesian 
rationalism, British empiricism, and the contemporary directions, 
“logicism,” “formalism,” and “intuitionism” are all accounted for, 
Just wherein lies the “solution that meets the requirements of 
recent developments” is hard to say, since the author fails to 
state explicitly what those requirements are. 

Dr. Maziarz lists five modern approaches to the philosophy of 
mathematics. The first he calls the “pre-scientific” and relates it 
directly to contemporary number mysticism and astrological 
practices. One is surprised at first at this classification, since little 
or no concern with mathematics is found in current numerological 
and astrological literature. Dr. Maziarz, however, does not mean 
the fortune-telling rackets. For some reason he chooses to link 
with “mysticism” the modern popularizers of mathematics, specifi- 
cally mentioning Kasner and Newman (Mathematics and the Im- 
agination), Richardson (Fundamentals of Mathematics), Dresden 
(An Invitation to Mathematics), and others. (Incidentally, this is 
not the only one of Dr. Maziarz’s quaint classifications. On 
another occasion he lists under the “physical sciences” psychology, 
ethics, and sociology.) 

In another category as philosophers of mathematics Dr. 
Maziarz places'the scientists Jeans (““God is a Mathematician”) and 
Eddington (“Geometry is an Experimental Science’’) as prototypes. 
Einstein is mentioned in two sentences, once among persons enu- 
merated as philosophizing mathematicians, once as “seeming to 
lead towards idealism.” 

The third category comprises the logicians (Boole, Peano, 
Russell, etc.). Their attempts to unite mathematics with logic 
are labeled “logicism” and are thereby shown to be inadequate. 

The mathematicians themselves are found in the fourth cate- 
gory. It is clear to Dr. Maziarz that they cannot create a compre- 
hensive philosophy of mathematics, since they cannot see the 
philosophy for the mathematics. 

Finally, in the fifth category are the metaphysicians, and it is 
they, says Dr. Maziarz, who hold the true “properly metaphysical 
view on the nature of mathematics.” In support of this opinion, 

“metaphysics” is assigned the topmost position in the hierarchy 
of human knowledge. If in struggling through the tedious first part 
of the book, one wonders why the author has devoted so much 
more attention to the history of philosophy than of mathematics, 
one can see the reason in the second part. The author views the 
history of philosophy as a deplorable decline of interest in meta- 
physics; and, in his opinion, the supremacy of metaphysics must 
be re-established if a true philosophy of mathematics is to flourish. 

In seeking a justification for such a view, one finds paragraphs 
that look as if such justification is intended. In fairness to the 
author, however, we cannot attempt to interpret their meaning, 
and so they must speak for themselves. 
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“Metaphysics, like all sciences, originates ultimately from the 
senses; the things with which it concerns itself by constituting 
them as scientific objects, however, being independent of matter 
in being conceived, known and defined. . . . Metaphysics is 
properly said to deal with whatever is, inasmuch as it is; or, as is 
frequently said, it deals with being as such. 

“The inherent excellence of metaphysics, then, is due to the 
fact that it is a scientific attainment of the very being of reality, 
and that it is the most perfect manner of knowing of which the 
human mind is capable. . . . Metaphysics offers a Weltan- 
chauung (sic) and a Lebensanchauung (sic) that is only limited by 
the limits of whatever is or can be.” (Pp. 168-169.) 

It is conceivable that there are readers who are able to make 
sense of such discourse. Your reviewer, however, found himself in 
an uncomfortable position of being unable to meet the author on 
the Jatter’s ground; nor did it seem fruitful to evaluate the author’s 
remarks on the basis of the reviewer’s orientation, addicted as the 
reviewer is to operational definitions and logical analysis. A few 
more excerpts will serve to illustrate the difficulties. 

“True philosophy has always argued with idealists and sceptics 
and maintained that our minds know things and not merely im- 
pressions or ideas of things.” (P. 148.) 

This could have been taken from Lenin’s Materialism and 
Empirio-criticism. The resemblance would not be worth noticing 
but for the fact that Dr. Maziarz, like Lenin and many other dis- 
coverers of the “‘most perfect manner of knowing,” consistently 
fails to specify the criteria which their “true philosophies” offer for 
distinguishing “things” from “ideas of things.” 

“The first scientific study of things in the philosophy and in the 
sciences of nature is one which is based on the intrinsic and 
necessary relation which things have to be joined to matter for 
their very existence and, accordingly to be known.” (P. 160.) 

What does this sentence (if it is a sentence) convey? 

“The distinction of the movement of the mind as being simply 
apprehensive in which the mind obtains simple quiddities, natures 
or essences is vastly different from that which is proper to the 
judgment which directly attains existence.” (P. 168). 

These are fairly random examples of the kind of writing that 
pervades Dr. Maziarz’s volume. If it were only a matter of 
penetrating the obscurities of stilted syntax and questionable 
grammar to get at some interesting ideas, one could, perhaps, 
discount the opaqueness of Dr. Maziarz’s expression. However, 
the effort to get at his meaning has remained utterly unrewarding 
to your reviewer. He still does not know what the author was 
trying to say, aside from his approval of metaphysics and theology 
and his disapproval of excessive “scientism” and “mathema- 
ticism.” It must be pointed out, however, that these attitudes were 
stated on page 1. It is doubtful whether any one can get much 
more by plowing through the remaining 285 pages, of which 21 
pages are bibliography and 89 pages (yes, eighty-nine) are foot- 
notes—a grand total of 857 footnotes. 

ANATOL RAPOPORT 
University of Chicago 


Ionization Chambers and Counters 


By D. H. Wirkinson. Pp. 265+-ix, Figs. 79. Cambridge Uni- 
versity Press, New York, 1950. Price $4.50. 


As pointed out in the author’s preface to this volume, this is 
the era of the crystal counter, spark counter, scintillation counter, 
and other strong competitors to the classical ionization chamber, 
proportional counter, and Geiger counter. With this in mind, it is 
quite easy to overlook the capabilities of these latter instruments 
or to misjudge their limitations. This volume thus provides a 
welcome addition to the field of detection devices and succeeds 
admirably both in its effort to present a clear exposition of the 
principles of operation and also in bringing the reader up to date 
on the later advances in this rather disorganized field. 

This book can be divided roughly into two parts. The first four 
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chapters are devoted to the principles inherent to detection by 
ionization of a gas and are applicable to either ionization chambers 
or counters. In this section are discussed such subjects as specific 
ionization, the range-energy equation, and straggling. An ex- 
cellent chapter on mobility of ions and electrons, electron capture 
and loss, recombination and diffusion is included with emphasis 
on suitable gases for various counting devices. This part is con- 
cluded with a chapter on the electrostatics of pulse formation. 
Although this book does not discuss any auxiliary electronic 
equipment, this chapter in itself would prove valuable to the 
electronicist in its discussion of the pulse profile and the effect of 
differentiation, which consideration is necessary in matching 
circuits to the detector. 

While the preceding chapters have been concerned mainly with 
all gaseous detectors, the next three chapters in order are con- 
cerned specifically with the individual problems of the ionization 
chamber, proportional counter, and Geiger counter. This refers to 
such topics as the discussion of contamination, screening, in- 
sulators, fast and slow ionization chambers, and neutron chambers. 
The author is not above the practical approach in such cases, as 
in his discussion of spurious pulses wherein he concludes a listing 
of possible sources of noise with the recommendation that if the 
trouble is not found soon the quickest solution is to “throw every- 
thing away and start again.” 

The chapter on proportional counters is perhaps the weakest 
of the three, but this is made up with a thorough description of 
the Geiger counter, including a discussion of development of 
charge and propagation of discharge, dead time and recovery time, 
and constructional details. A brief chapter on speed and statistics 
including such topics as counting laws and build-up of pulses 
concludes this volume. 

This book is excellent in its presentation of these principles 
and provides an extremely readable explanation of background 
material for those interested in obtaining a clear description of 
counter detection and features to be considered in their selection 
and design. This book does not go into the detailed construction 
of specialized counters such as presented in Rossi and Staub’s 
Ionization Chambers and Counters: Experimental Techniques. 
However, for those interested in such specialization this book 
would provide very valuable preliminary reading. 

W. J. MAcINTYRE 
Western Reserve University 


Fundamentals of Acoustics 


By Lawrence E. KInsLer AND Austin R. Frey. Pp. 


516+vii. John Wiley & Sons, Inc., New York, 1950. Price 
$6.00. 


The material is presented largely in the form of case studies. 
This is an effective form of presentation, particularly when the 
cases are well chosen. An outstanding feature of the book is the 
excellent choice of material. The treatment of the cases is generally 
based on the concept of impedance. Perhaps the uniformity is 
carried somewhat too far in that the dual concept of admittance is 
practically excluded. In many instances the characteristic relation- 
ships can be more clearly indicated in terms of admittance than in 
tems of impedance. It appears that the avoidance of admittance 
as a tool leads to an inconsistency in the treatment of the dynamic 
loudspeaker in that the equivalent circuits shown in chapters one 
and ten are not equivalent to each other. The general presentation 
is so orderly that a discrepancy of this kind stands out. 

The sequence of material is entirely logical. The tools of 
analysis are developed in the earlier chapters and applied to 
specific problems in the later chapters. In addition there are 
numerous well-chosen problems, and tables of useful constants 
and functions. The relative emphasis on the various branches of 
the subject is nicely balanced. There appears to be a departure 
from a high standard in the development of the general wave 
equation. The attack seems to lack the deft precision that char- 





854 


acterizes the attack on the more difficult problems. The short- 
comings, real or fancied, are more than offset by the uniformly 
excellent introductions that head the chapters. These paragraphs 
give a clear over-all picture in fine perspective of the particular 
subject matter to be examined in detail. 


BOOKS 


Although the authors state that the book is intended primarily 
as a textbook for classroom use, it should also have distinct value 
as a supplementary source of reference. 

R. D. Fay 
Massachusetts Institute of Technology 
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